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Preface

This book is an introductory text on a number of topics in discrete
mathematics, intended primarily for students undertaking a first degree
in computing. The first edition of the book grew out of a set of lecture
notes of mine which were used in a first-year subject in discrete
mathematics at Monash University. The subject was taken by students
undertaking a computing degree with a major in computer technology,
information systems, software development or computer application
development.

Since the publication of the first edition in 1995, the rapid growth of
computing has continued unabated. The explosion in the extent and use
of the World Wide Web, the development of new methods and standards
in software engineering, the invention of programming languages and
methodologies dedicated to specific needs, and the general increase in the
speed and power of both hardware and software, have combined to
produce a field in which, more than any other, newly gained knowledge is
at risk of becoming rapidly out of date. Yet the mathematical foundations
of the subject remain essentially the same. This second edition covers the
same topics as the first, with the addition of new sections on constructing
mathematical proofs, solving linear recurrences, and the application of
number theory to public key encryption. Some new problems have been
added, and some textual changes made to bring the material up to date.

The term ‘discrete mathematics’ encompasses a collection of topics that
form the prerequisite mathematical knowledge for studies in computing.
Many textbooks are available with the words ‘discrete mathematics’ and
either ‘computing’ or ‘computer science’ in their titles. These books
generally cover the same broad range of topics: symbolic logic, sets,
functions, induction, recursion, Boolean algebra, combinatorics, graph
theory and number theory, and also in some cases probability theory,
abstract algebra and mathematical models of computation. The unifying
themes in these otherwise rather disparate topics are an emphasis on
finite or countably infinite (hence ‘discrete’) mathematical structures, the
use of an algorithmic approach to solving problems, and the applicability
of the topics to problems arising in the study of computers and
computing.

Academic authors often justify writing a new textbook by claiming that
there was no book on the market that met the needs of their course. This
was indeed the case here, but some further explanation is in order. There
are many excellent discrete mathematics textbooks addressed principally

xiii



to students of computer science. The authors of these books typically
assume that the reader has obtained at least a solid grounding in
mathematics at final-year school level, the mathematics is often presented
in a rather abstract style and many of the examples used to illustrate the
theory are drawn from computer science.

However, many courses in computing provide a different emphasis,
notably in the areas of information systems, software development and
commercial computing. Often, the students entering these courses come
from a wide range of mathematical backgrounds. Some have substantial
mathematical studies behind them, but there are others who have studied
only a little mathematics in their final two years of school, in some cases
many years before they commenced their tertiary studies. Furthermore,
the more abstract topics in theoretical computer science hold little
interest for these students.

My aim, therefore, in writing this book, has been to cover the topics in
discrete mathematics that I believe are appropriate for a course of this
nature, and to present them in a way that makes them accessible to
students with a modest mathematical background. A knowledge of
calculus is not required, and even the level of facility assumed in algebra
is fairly basic. A student who has seen sets and functions before will be at
an advantage, but these topics are not prerequisite knowledge. A
knowledge of programming is not required either, although most
students using this book would be studying programming concurrently,
and would be able to relate that work to the material on algorithms in this
book.

A brief summary of the contents of the book follows. Algorithms are
discussed in Chapter 1, and a pseudocode notation is established which is
then used frequently in the subsequent chapters. Chapter 2 deals with
non-decimal number systems, and in Chapter 3 the representation of
integers and real numbers in a computer is explained. This is perhaps an
unusual topic to find in a discrete mathematics textbook, but it provides
an opportunity for students to relate mathematics to their work in other
subjects. Chapter 4 is an introduction to propositional and predicate
logic. It includes a new section on techniques for constructing
mathematical proofs. Chapter 5 deals with sets and relations, and Chapter
6 with functions. Given the difficulty that many students have with
grasping abstract mathematical concepts, the treatment of these topics in
particular is gradual and informal. In Chapter 6, the emphasis is on
thinking of functions as processes with input and output; the ‘ordered
pair’ definition of a function is not mentioned. An unusual feature in
Chapter 6 is a discussion of the relationship between the mathematical
and programming concepts of a function. Chapter 7 deals with recursive
algorithms and proof by induction; it includes a brief section on
recursion in programming languages, and a new section on techniques
for solving linear recurrences. Chapter 8 begins with a careful
introduction to Boolean algebra, in which it is made clear that this topic is
not just propositional logic in another notation but a branch of
mathematics that can be used to unify the study of logic, sets and other
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structures. The sections on digital circuit design and Karnaugh maps
might seem out of place in a textbook with an emphasis on information
systems, but these topics provide a realistic example of an area in which
Boolean algebra is used, and for this reason I believe that a worthwhile
purpose is served by including them. Chapter 9 deals with basic
combinatorics. Graph theory is introduced in Chapter 10, and this leads
into the study of trees and their applications in Chapter 11. Chapter 12 is
an introduction to number theory; it includes a section on the application
of modular arithmetic to the generation of pseudo-random numbers, and
a new section on the RSA public key cryptosystem. Finally, Chapter 13
provides an introduction to the concepts of the time complexity and
tractability of algorithms.

The exercises at the end of each chapter include questions that provide
practice in routine computational techniques, as well as some more
challenging problems designed to develop a deeper level of understanding
of the material. Answers to all exercises for which a short answer can
sensibly be given are provided at the end of the book.

My aim throughout the book has been to present the material in a fairly
informal style, without sacrificing mathematical correctness. There is a
danger that, in aiming for informality, one can easily write mathematical
statements that do not stand up to scrutiny when analysed carefully. It
would be very easy, for example, to inadvertently define a cycle in a graph
in a way that admits a single vertex as a cycle, which of course would then
make nonsense of the definition of a tree as a connected graph with no
cycles. The definitions in this book might not always be expressed with
the level of mathematical formality to which professional mathematicians
are accustomed, but they do mean what they say!

I would like to express my gratitude to a number of people whose
assistance has been indispensable in the preparation of this book. First, I
wish to thank my former colleagues at Monash University: Cristina
Varsavsky, Pam Norton, Ian Kirkwood and Chris Avram, whose
criticisms of a draft of the first edition were invaluable to me. I am very
grateful to the students who made suggestions for improving the book
and pointed out some errors. The artwork for the diagrams was very
capably produced by Liz Butler and Jean Sheldon, to whom I express my
sincere thanks. Finally, I would like to thank Tracey Alcock and Esther
Thackeray of Palgrave Publishers Ltd for their assistance during the
production of the second edition of this book.
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Introduction to
algorithms

1.1 What is an algorithm?

A central theme in computing is the design of a process for carrying out a
task. The task might be sorting names into alphabetical order, finding the
cheapest way to link a set of computing sites into a network, converting a
number to its representation in the binary system, encrypting a message
for secure transmission, designing a digital circuit for a microchip, or
determining the shortest path to be followed by a robotic arm. There are
many occasions throughout this book when we find ourselves
investigating problems of this nature, and asking: How can this task be
performed by a person or a computer? In each case, the answer takes the
form of a precise sequence of steps known as an algorithm.

An everyday example of an algorithm is provided by the steps you carry
out when you withdraw cash from an automatic teller machine. We could
write them out like this:

1. Insert your card into the slot.

2. Key in your personal identification number (PIN).

3. Select ‘Withdraw cash’ from the menu.

4. Enter the amount you want to withdraw.

5. Take your card, cash and transaction slip.

Steps 1–5 form a sequence of instructions to be carried out one after
another. Each instruction is clear and unambiguous. (To some extent, this
is a matter of opinion; for example, Step 1 does not specify which way
round to insert the card, and Steps 2–4 do not tell us what to do if the
machine rejects any of the input. Nevertheless, most people would
probably agree that the instructions are clear enough for a person of
normal intelligence to follow.) Finally, and importantly, the process is
guaranteed to stop after a finite number of steps (five in this case). These
are the essential features of an algorithm.
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Definition An algorithm is a finite sequence of steps for performing a task, such that:

each step is a clear and unambiguous instruction that can be executed
in a finite time;

the sequence in which the steps are to be executed is clearly defined;

the process is guaranteed to stop after a finite number of steps have
been executed.

Notice that the algorithm in our example has some other properties that
are not included in the definition, but that we would expect any useful
algorithm to have. First, there is input (in this case the information keyed
in), and output (the cash and the transaction slip). Second, the algorithm
has been designed with a purpose in mind (to withdraw cash).

The definition of an algorithm may remind you of a computer
program. A program contains the implementation of an algorithm in a
particular programming language. We use the term ‘programming
language’ here to include not only general purpose programming
languages such as Pascal, C and Java, but more specialised languages such
as the macro command languages used in spreadsheets and database
management software. Designing an algorithm is one of the steps in
writing a program. For the rest of this book, we will be primarily
concerned with algorithms that are intended for implementation as
programs on a computer.

In order to separate the process of designing an algorithm from the
other aspects of programming in a particular language, the algorithms in
this book will be written in a form of structured English called
pseudocode. This will allow us to concentrate on the structure of the
algorithm itself, without getting sidetracked by the details of a particular
programming language.

Here is a simple example of an algorithm of the type that could be
readily incorporated into a computer program.

Example 1.1.1 Write an algorithm to calculate the area of a circle, given the radius.

Solution The area of a circle with radius r is �r 2 . The algorithm is as follows:

1. Input r {r is the radius of the circle.}
2. area r� � 2

3. Output area

This example illustrates several basic points about the way algorithms are
written in pseudocode. The steps are numbered consecutively for easy
reference. Explanatory comments that are not part of the algorithm itself
are written between braces {}. The symbol� denotes assignment; thus in
Step 2, the formula �r 2 is evaluated, and the result is assigned to the
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variable area. (In computing terms, the result is stored in the memory at
an address specified by the identifier area.)

Notice also that mathematical formulae such as �r 2 are written in the
usual mathematical notation. When we write pseudocode we are
interested only in the structure of the algorithm; we don’t want to be
concerned with the details of how a formula would be written in a
programming language. (In C, for example, Step 2 would appear as
area = pi * r * r; in the program. Another C statement would be
needed to assign the appropriate numerical value to pi. These kinds of
details vary from one language to another.)

1.2 Control structures

In Example 1.1.1, the steps are simply executed in order, one after the
other. However, most algorithms contain one or more control structures –
instructions that specify how many times other instructions are to be
executed, or under what conditions they are to be executed. The next
example illustrates a situation in which control structures are needed.

Example 1.2.1 Find the smallest number in a list of numbers.

Solution The smallest number can be found by looking at each number in turn,
keeping track at each step of the smallest number so far.

1. Input the number of values n
2. Input the list of numbers x1, x2, ..., xn
3. min� x1
4. For i = 2 to n do

4.1. If xi < min then
4.1.1. min� xi

5. Output min

Two control structures appear in this example; we examine each of them
in turn.

The For-do in Step 4 causes the following step (or steps) to be executed
a specified number of times. In this example, the index variable, i, ranges
through the values 2, 3, 4, ..., n, and Step 4.1 is executed with i set equal to
each of these values in turn. This type of structure is often referred to as a
loop. We will adopt the convention that the value of the index variable is
not defined after the loop has run to completion.

The other control structure in Example 1.2.1 is the If-then in Step 4.1.
Its operation is simply described – Step 4.1.1 is executed if xi < min,
otherwise it is ignored.

Notice how the logical structure of the algorithm is indicated by the use
of indenting, and given further emphasis by the way the steps are
numbered – Step 4.1.1 is part of Step 4.1, which in turn is part of Step 4.

3
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A list of some commonly used control structures is given in Table 1.1.
These structures or their equivalents are available in many programming
languages. (In C, C++ and Java, there is a do-while structure that plays
the role of the Repeat-until.)

If we have designed an algorithm to perform a particular task, we
would naturally like to find out whether it does the task correctly. One
useful technique, known as tracing an algorithm, is carried out by
choosing a particular set of inputs and recording the values of all the
variables at each step of the algorithm.

Example 1.2.2 Trace the algorithm in Example 1.2.1 with inputs n = 3, x1 = 5, x2 = 4,
x3 = 8.

Solution See Table 1.2.

Discrete mathematics for computing
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Control structure Example of use

If-then 1. If x < 0 then
1.1. x x��

If-then-else 1. If x 0 then
1.1. y x�
else
1.2. Output ‘ x does not exist’.

For-do 1. sum� 0
2. For i = 1 to 10 do

2.1. sum sum i� ! 2

While-do 1. While answer y" ' ' and answer n" ' ' do
1.1. Output ‘Please answer y or n.’
1.2. Input answer

Repeat-until 1. i� 0
2. Repeat

2.1. i i� !1
2.2. Input xi

until xi = 01

Table 1.1

1 In some programming languages, notably C, C++ and Java, a double equals-
sign, ==, is used to denote equality. We prefer to keep our pseudocode as close
as possible to standard mathematical notation.

1 In some programming languages, notably C, C++ and Java, a double equals-
sign, ==, is used to denote equality. We prefer to keep our pseudocode as close
as possible to standard mathematical notation.



Since 4 is the smallest number in the list 5, 4, 8, the trace table confirms
that the algorithm gives the correct output for this set of inputs.

Of course, we cannot claim on the strength of the trace in Example 1.2.2
that the algorithm is correct for every possible set of inputs. A trace can
reveal that an algorithm is wrong, but it can never be used to prove that
an algorithm is correct.

The next example illustrates a situation where a While-do or a Repeat-
until is useful.

Example 1.2.3 Design an algorithm to check whether a string c1c2...cn of n characters
consists entirely of digits or whether non-digit characters are present, and
output an appropriate message.

Solution We could use a For-do loop to check every character in the string, but it
would be more efficient to stop checking as soon as a non-digit character
is encountered. One way of doing this is to use a Repeat-until, with a
counter i to keep track of the position in the string:

1.2 i nondigit ected� �1; _det false
2. Repeat

2.1. If ci is not a digit then
2.1.1. nondigit ected_det � true

2.2. i i� !1
until nondigit_detected = true

We will always write identifiers in algorithms as strings of characters
without spaces, using the underscore character where necessary if an

5
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Step min i xi Output

3 5 – – –

4 5 2 4 –

4.1 5 2 4 –

4.1.1 4 2 4 –

4 4 3 8 –

4.1 4 3 8 –

5 4 – 8 4

Table 1.2

2 Step 1 is really two steps, written on one line for convenience and separated by
a semicolon. This is often done where several variables are to be initialised
(given initial values), as is the case here.



identifier is made of two or more English words (as we have done with
nondigit_detected above).

The variable nondigit_detected is an example of a logical (or Boolean)
variable; it may take only the values ‘true’ and ‘false’. Logical variables are
often useful in control structures such as the Repeat-until in this example.
(It would be permissible to omit ‘= true’ from the last line, and just write
‘until nondigit_detected’.)

The counter i in this algorithm works in much the same way as the
index i of the For-do in Example 1.2.1; it is initialised to 1 before the loop
is entered, and incremented by 1 at the end of each pass through the loop.
An important difference is that the initialisation and incrementation are
built into the structure of the For-do, and so it is not necessary to write
the step i i� !1explicitly there; in fact, it would be an error to do so.

The process we have just described will stop with nondigit_detected =
true as soon as a non-digit is detected, but it fails if the string contains
only digits. We can fix this by testing at the end of each pass through the
loop whether the end of the string has been reached. After the last
character cn has been checked, i is incremented in Step 2.2 to n + 1, so
this is what we need to test for:

1. i�1; nondigit ected_det � false
2. Repeat

2.1. If ci is not a digit then
2.1.1. nondigit ected_det � true

2.2. i i� !1
until nondigit_detected = true or i = n + 1

This looks better; if there are no non-digit characters, the loop is executed
n times and finishes with nondigit_detected = false. It remains only to add
suitable input and output steps to complete the algorithm:

1. Input n
2. Input c1c2 ... cn
3. i�1; nondigit ected_det � false
4. Repeat

4.1. If ci is not a digit then
4.1.1. nondigit ected_det � true

4.2. i i� !1
until nondigit_detected = true or i = n + 1

5. If nondigit_detected = true then
5.1. Output ‘The string contains non-digit characters.’
else
5.2. Output ‘The string consists entirely of digits.’

What happens if a null string (n = 0) is input? In this case we would be in
trouble, because the loop would be entered with i = 1, and Step 4.1 could
not be executed. This illustrates a limitation of the Repeat-until construct
– a loop of this type always executes at least once.

One way to avoid the problem is to use a While-do; because the test is
performed at the beginning of the loop rather than at the end, the steps

6
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within a While-do loop need not to be executed at all. Here is the
algorithm again, this time rewritten using a While-do:

1. Input n
2. Input c1c2 ... cn
3. i� 0; nondigit ected_det � false
4. While nondigit_detected = false and i < n do

4.1. i i� !1
4.2. If ci is not a digit then

4.2.1. nondigit ected_det � true
5. If nondigit_detected = true then

5.1. Output ‘The string contains non-digit characters.’
else
5.2. Output ‘The string consists entirely of digits.’

This algorithm works even if n = 0.

1.3 Further examples of algorithms

In this section, we present three more examples showing how algorithms
are developed, beginning with the specification of a problem, and
following through the steps to the final algorithm.

Example 1.3.1 Design an algorithm to evaluate xn, where x is any real number and n is a
positive integer. (Assume that the operation of multiplication is available,
but raising to a power is not; this is the case, for example, in the
programming language Pascal.)

Solution If n is a positive integer, xn can be evaluated using the formula:

x x x xn

n

� # # #�

� ��� ���

times

In order to carry out this process, we will need a variable answer, which is
initially assigned the value of x, and which is then multiplied by x the
required number of times. The number of multiplications is fixed at n – 1,
so a For-do loop is the most appropriate control structure to use here.

1. Input x, n
2. answer x�
3. For i = 1 to n – 1 do

3.1. answer answer x� #
4. Output answer

Is this sequence of steps an algorithm? The steps are clear and
unambiguous, they are executed in a clearly defined sequence, and Step
3.1 in the For-do loop is executed a finite number of times, so the process

7
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is guaranteed to terminate eventually. Therefore all the requirements of
an algorithm are satisfied.

Is the algorithm correct? Table 1.3 is a trace table with inputs x = 2 and
n = 3.

The output is correct in this case, since 23 = 8.
It is also a good idea to check the algorithm using input values that lie

at the extremes of the allowed range of inputs, because in practice this is
often where an algorithm will fail. In this example, n must be greater than
or equal to 1, so we should check that the algorithm gives the correct
output when n = 1. If n = 1 then Step 3 will read For i = 1 to 0 do ..., which
means that Step 3.1 is not executed at all. (In general, the steps within a
For-do are not executed if the final value of the loop index is less than the
initial value.) The output is therefore simply the original value of answer,
namely x. This is exactly what it should be, because x1 = x.

With a simple algorithm such as this, the testing we have done is
enough for us to be reasonably confident that it is correct (although of
course we have not proved that it is). More extensive testing is needed if
the algorithm is more complex.

Before we leave this example, let us consider a slightly different version
of the problem. Suppose we were asked to design an algorithm to evaluate
xn, where x is any real number and n is a non-negative integer. Could we
use the same algorithm? In order to answer this question, we need to
ascertain whether the algorithm works if n = 0 is input. If n = 0, Step 3.1 is
not executed, and the value of x is output. This is not the correct output,
because x0 = 1, so we conclude that the algorithm will need to be altered.
You are asked to do this in Exercise 1.7.

Example 1.3.2 Design an algorithm to swap the values of two variables. (In practice, such
an algorithm might form part of a larger algorithm for sorting data into
numerical or alphabetical order.)

8
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Step i answer Output

2 – 2 –

3 1 2 –

3.1 1 4 –

3 2 4 –

3.1 2 8 –

4 – 8 8

Table 1.3



Solution Let the two variables be x and y. We could try something like this:

1. x y�
2. y x�

This looks quite plausible at first, but a trace quickly reveals that
something is wrong!

Table 1.4 shows a trace with x = 2 and y = 3.

The problem occurs because the original value of x is lost when Step 1
is executed. One way to prevent this from happening is to store the
original value in another variable. This can be done in the following way:

1. temp x�
2. x y�
3. y temp�

You should check that the trace now gives the correct result.

Example 1.3.3 The applicants for a certain position are given an aptitude test consisting
of 20 multiple-choice questions. Design an algorithm to output a list of
the applicants (identified by number), their scores, and a message stating
whether they are to be short-listed for the position (those who score 16 or
more) or reconsidered at a later date (those who score in the range from
12 to 15). The input consists of the answers provided by each applicant.

Solution We will use number_of_applicants to denote the number of applicants.
The same procedure will need to be applied to each applicant, so a For-do
is the appropriate structure to use, with the index i ranging from 1 to
number_of_applicants.

We denote the 20 answers submitted by Applicant i by ai,1, ai,2, ..., ai,20.
In order to calculate the applicant’s score, the answer ai,q provided by
Applicant i to Question q will need to be compared with the correct
answer for that question, which we denote by cq. Another For-do loop,
‘nested’ within the first and with q ranging from 1 to 20, will be needed to
accomplish this.

In the final steps of the outer For-do, the output for Applicant i will
need to be generated according to the specifications in the problem.

9
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Step x y

Initially 2 3

1 3 3

2 3 3

Table 1.4



1. Input number_of_applicants
2. For i = 1 to number_of_applicants do

2.1. score� 0
2.2. For q = 1 to 20 do

2.2.1. Input ai,q { ai,q is Applicant i’s answer to Question q}
2.2.2. If ai,q = cq then {cq is the correct answer to Question q}

2.2.2.1. score score� !1
2.3. Output i, score
2.4. If score 16 then

2.4.1. Output ‘Short-listed’
else if score 12 then
2.4.2. Output ‘Reconsider later’

The layout of Step 2.4 needs some explanation. Strictly speaking,
according to the rules we have laid down, the if-then after the else should
be shown as a separate numbered statement, like this:

2.4. If score 16 then
2.4.1. Output ‘Short-listed’
else
2.4.2. If score 12 then

2.4.2.1. Output ‘Reconsider later’

In practice, however, we think of the conditions ‘score 16’ and
‘score 12’ as specifying two cases that require different actions to be
taken. The layout we have used reflects this way of looking at it.

The purpose of this chapter has been to present a brief introduction to
algorithms and to define the pseudocode we will be using. Algorithms
play a central role in computing and discrete mathematics, and they will
reappear frequently in subsequent chapters.
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EXERCISES
1 Modify the algorithm in Example 1.2.1 so that the output also

includes the position in the list where the smallest number
occurs.

2 Write an algorithm to input a period of time in hours, minutes
and seconds, and output the time in seconds.

3 Write an algorithm to input a number n, then calculate 12 + 22 +
32 + ... + n2, the sum of the first n perfect squares, and output the
result.

4 Write an algorithm to input the price of a purchase and the
amount tendered, and calculate the change due. An appropriate
message should be output if the amount tendered is less than the
purchase price.
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5 Write an algorithm to calculate the tax payable on a given taxable
income, according to the following rules:

Taxable income Tax

$1–$5400 0

$5401–$20700 0 plus 20 cents for each $1 over $5400

$20701–$38000 $3060 plus 34 cents for each $1 over
$20700

$38001–$50000 $8942 plus 43 cents for each $1 over
$38000

$50001 and over $14102 plus 47 cents for each $1 over
$50000

6 Write an algorithm to input a list of numbers and test whether
the numbers are in increasing order of magnitude, giving an
appropriate message as output. The algorithm should be
designed so that testing stops as soon as the answer is known.

7 Modify the algorithm in Example 1.3.1 so that it gives the correct
output when n = 0 is input.

8 The following algorithm calculates a number known as the
‘digital root’ of a positive integer.

1. Input a positive integer n
2. d� number of digits in n
3. While d > 1 do

3.1. n� sum of the digits of n
3.2. d� number of digits in n

4. Output n

(a) Trace the algorithm when 8678 is input.

(b) List all the possible values that the output of the algorithm
could take.

9 Consider the following sequence of steps:

1. Input a non-negative integer n
2. i� 0
3. While n is even do

3.1. n n� / 2
3.2. i i� !1

4. Output i

(a) What is the output when 12 is input?

(b) What is the output when any odd number is input?

(c) What happens when 0 is input?

(d) Is this sequence of steps an algorithm?
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10 Consider the following sequence of steps:

1. Input a positive integer n
2. answer n�
3. While n > 1 do

3.1. n n� �1
3.2. answer answer n� #

4. Output answer

(a) Construct a trace table to show what happens when 4 is
input.

(b) Is this sequence of steps an algorithm? Give a reason for
your answer.

11 Write an algorithm to input a string of characters and test
whether the parentheses (round brackets) in the string are paired
correctly. (Use a variable excess_left, which records the excess of
the number of left parentheses over the number of right
parentheses as the algorithm looks at each character in turn. If
excess_left is never negative, and the end of the string is reached
with excess_left = 0, then the parentheses are paired correctly.)

12 Consider the following algorithm:

1. Input a positive integer n
2. For i = 1 to n do

2.1. ai � 0
3. For i = 1 to n do

3.1. For j = 1 to n do
3.1.1. If j is divisible by i then

3.1.1.1. a aj j� �1
{aj is always either 0 or 1}

4. For i = 1 to n do
4.1. Output ai

(a) List the values taken by a1, a2, ..., an at the end of each pass
through the outer For-do loop (Step 3) when the algorithm
is run with n = 10.

(b) Given any value of n, can you predict the final value of each
of the ais without tracing through the algorithm? Justify your
answer.

13 Consider the process defined by the following sequence of steps:

1. Input a positive integer n
2. While n"1do

2.1. If n is even then
2.1.1. n n� / 2
else
2.1.2. n n� !3 1

3. Output ‘Finished!’
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(a) List the successive values taken by n if an initial value of 7 is
input.

(b) Explore the process for various other inputs.

(The problem of determining whether the process terminates for
all possible inputs, and hence whether or not this sequence of
steps is an algorithm, is unsolved. Refer to the article ‘On the ups
and downs of hailstone numbers’ by B. Hayes in the Computer
Recreations column of Scientific American, Vol. 250, No. 1,
January 1984, pp. 13–17, or http://www.cecm.sfu.ca/
organics/papers/lagarias/index.html.)



Bases and number
representation

2.1 Real numbers and the decimal number system

Numbers can be represented in various ways. For example, the number
‘four’ can be written in the usual notation as 4, in Roman numerals as IV,
or even just as four tally marks, ||||. Similarly, ‘two-and-a-half’ can be
written as the mixed number 2 1

2, as the improper fraction 5
2 or as the

decimal number 2.5. In particular, numbers can be represented using
systems similar to the familiar decimal system but using a base other than
10. In this chapter, we investigate the representation of numbers using
different number bases, paying particular attention to the number
systems used in computing.

Before we look at other number bases, it is helpful to recall what types
of numbers there are, and how they are represented in the decimal
system:

The natural numbers (also called the positive integers) are the
numbers 1, 2, 3, 4, ...

The integers, or whole numbers, include zero and the negative whole
numbers as well as the natural numbers: ..., –3, –2, –1, 0, 1, 2, 3, ...

The rational numbers are all the numbers that can be expressed in the
form m/n where m and n are integers and n is not zero. Note that this
includes all of the integers, as well as all ‘fractions’, both proper (for
example, 1

2) and improper (for example, 5
3). Any rational number can

also be written as a terminating or recurring decimal, for example
1
4 0 25� . , 1

6 016666� . �

One of the more surprising mathematical facts is that some of the
numbers that we would like to be able to define and use are not rational
numbers. For example, although 2 can be approximated by rational
numbers to any degree of accuracy we choose, it is impossible to find
integers m and n such that m n/ � 2 exactly. We express this fact by
saying that 2 is an irrational number. (A proof that 2 is irrational will
have to wait until we have studied proof techniques in Chapter 4.) All
roots (square roots, cube roots and so on) of the natural numbers are
irrational numbers, except those roots that are themselves natural
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numbers such as 4. The numbers � and e (the base of natural
logarithms) are also irrational. The decimal representation of an
irrational number does not terminate or recur, for example

2 14142135� . � and ��31415926. �.
All of the numbers we have introduced, both rational and irrational

numbers, are called real numbers. For example, 3, 7
5, –4.38 and 2 3 5� are

all real numbers. Unless you have studied complex numbers elsewhere, all
of the numbers you have encountered in your studies are real numbers.

A real number is written in the decimal system as a string of digits,
preceded by a minus sign if the number is negative. The representation
may also include a decimal point. (If no decimal point is written, there is
an implied decimal point after the last digit.) Some real numbers, such as
1
6 and 2, have non-terminating decimal representations; they cannot be
represented exactly in this system using a finite number of digits.

The decimal system is an example of a positional number system,
because each digit has a place value that depends on its position in
relation to the decimal point. The digit immediately to the left of the point
is the units (or ones) digit (1 = 100). To the left of the units digit is the
tens digit (10 = 101), then the hundreds digit (100 = 102), the thousands
digit (1000 = 103), and so on. Similarly, to the right of the decimal point
are the tenths digit ( 1

10
110� � ), the hundredths digit ( 1

100
210� � ), and so

on. The value of the number is obtained by multiplying each digit by its
place value and adding the results.

For example, the decimal number 2386.75 can be expanded in the
following way:

2386.75 = 2 × 103 + 3 × 102 + 8 × 101 + 6 × 100 + 7 × 10–1 + 5 × 10–2

The decimal system is said to use a base of 10 because the place values
are powers of 10.

2.2 The binary number system

Most of what we have said so far is probably already familiar to you.
Because we use the decimal system all the time, we rarely give it a second
thought, and it is easy to forget that there is no mathematical reason for
using powers of 10 as the place values. The choice of 10 as the base
presumably arose because people in ancient times used their 10 fingers
for counting, but in fact any natural number greater than 1 can be used as
the base of a positional number system.1

A familiar example of something like a non-decimal number system is
the subdivision of an hour into 60 minutes and a minute into 60 seconds,
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1 Actually, the situation is more general than this – negative numbers, and even
complex numbers, can be used as bases. An interesting discussion of the
different number systems that can be constructed appears in Chapter 4 of The
Art of Computer Programming, Vol. 2: Seminumerical Algorithms, 2nd ed., by
D.E. Knuth (Addison-Wesley, 1981).



giving a kind of base 60 number system. For example, a time of 2 hours 26
minutes and 35 seconds can be expressed in seconds as follows:

2 h 26 m 35 s = 2 × 602 + 26 × 601 + 35 × 600 seconds

Notice the similarity of this expression to the expansion of a decimal
number into powers of 10. (The analogy is not perfect, because there are
no names for 603 seconds, 604 seconds, and so on.)

It turns out, for reasons that will be explained later in this chapter, that
the bases 2, 8 and 16, corresponding to what are known as the binary,
octal and hexadecimal systems respectively, are particularly useful in
computing.

The binary system is the positional number system that uses 2 as the
base. Whereas the decimal system uses the 10 decimal digits 0, 1, 2, ..., 9,
the binary system uses the 2 binary digits (or bits) 0 and 1. A positive
number written in the binary system appears as a string of zeros and
ones, and may also include a point (don’t call it a decimal point!); for
example:

1101.012

The subscript 2 denotes the base. The base should always be indicated in
this way in any work involving number systems with bases other than 10.

The place values of the digits in a binary number are powers of 2.
Starting at the point and moving to the left, we have the units digit (1 = 20),
the twos digit (2 = 21), the fours digit (4 = 22), the eights digit, and so on.
To the right of the point are the halves digit, the quarters digit, the eighths
digit, and so on. A binary number can be evaluated (and hence converted
to decimal) by writing it in expanded form:

110101 1 2 1 2 0 2 1 2 0 2 1 2

8 4 1 0 2
2

3 2 1 0 1 2.

.

� # ! # ! # ! # ! # ! #

� ! ! !

� �

5

1325� .

The reason that binary numbers arise so often in computing can be
summarised as follows. In the digital computing systems in common use,
the devices that store data or information of any kind (including
permanent storage media such as a disk, tape or CD, and temporary
media such as random access memory (RAM) in a microchip) consist of a
large number of memory elements, each of which can be in one of two
states (such as magnetised or unmagnetised, on or off). Similarly, when
data is transmitted inside a computer or through a network, it is usually
coded as a stream of signal elements that take one of two forms, such as
the presence or absence of an electric current, or two alternating currents
with different frequencies. (An exception is the modems used for data
communication across telephone networks, which use a set of 256
frequencies.) The manipulation of data to perform arithmetic and other
computations takes place in the digital circuitry etched on a microchip,
which also operates using currents of just two kinds. In short, the data
handled by a digital computer is stored, transmitted and manipulated as a
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stream of information ‘elements’ of two types, which can be denoted by
the symbols 0 and 1. Thus the binary number system is the most natural
way of representing numbers in a digital computer.

Table 2.1 shows the integers (whole numbers) from 0 to 20 in their
binary and decimal representations.

2.3 Conversion from decimal to binary

How can a number be converted from the decimal to the binary system? It
should come as no surprise that the answer to this question will take the
form of an algorithm. Different processes are used for converting the
integer and fractional parts of a number, so we will consider the two cases
separately, beginning with the integer part.

Examination of Table 2.1 reveals the following pattern:

Odd numbers have a binary representation ending in 1.

Even numbers have a binary representation ending in 0.

These two statements can be summarised as follows:

The last digit in the binary representation is the remainder after
dividing the number by 2.

The first step in carrying out the conversion to binary is therefore to
divide the decimal number by 2, to obtain a (whole number) quotient and
a remainder. We will use the following (Pascal-style) notation to denote
these operations:

17
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Binary Decimal Binary Decimal

0 0

1 1 1011 11

10 2 1100 12

11 3 1101 13

100 4 1110 14

101 5 1111 15

110 6 10000 16

111 7 10001 17

1000 8 10010 18

1001 9 10011 19

1010 10 10100 20

Table 2.1
�

�



n div 2 is the quotient when n is divided by 2

n mod 2 is the remainder when n is divided by 2

For example:

12 div 2 = 6, 12 mod 2 = 0

13 div 2 = 6, 13 mod 2 = 1

In order to see how to proceed further, we need to make another
observation:

The binary number obtained by removing the rightmost bit from the
binary representation of n is the binary representation of n div 2.

Therefore, in order to obtain the second bit from the right-hand end, we
must perform another division by 2, starting with the quotient from the
first division, and obtaining a new quotient and remainder. This process
is repeated, the remainders at each step forming the digits of the answer
from right to left, until a quotient of zero is obtained.

Here is the entire process written as an algorithm:

1. Input n {n must be a natural number}
2. Repeat

2.1. Output n mod 2
2.2. n n� div 2
until n = 0

The outputs must be read in reverse order to yield the correct answer.
Table 2.2 shows a trace of the algorithm with n = 6.

The answer, reading the output column from the bottom up, is 1102.
In practice, it is more convenient to set out decimal-to-binary

conversions in the manner shown in the next example.
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Step n Output

1 6 –

2.1 6 0

2.2 3 –

2.1 3 1

2.2 1 –

2.1 1 1

2.2 0 –

Table 2.2



Example 2.3.1 Convert the decimal number 25 to its binary representation.

Solution The number to be converted (25) forms the first entry in a column, with
the new base (2) written to the left. At each step, the last entry in the
column is divided by 2, the quotient is written below the number being
divided, and the remainder is written in another column to the right.

2 25
12 1
6 0
3 0
1 1
0 1

(Leaving out the last step, 1 div 2 = 0 and 1 mod 2 = 1, is a common
mistake. The algorithm does not terminate until the quotient is zero.)

Reading the remainder column from the bottom up, we obtain the
answer: 2510 = 110012.

We now turn to the problem of converting a decimal fraction to binary.
For example, suppose we want to find the binary representation of
0.37510. Because 0.375 is less than 0.5, the first bit to the right of the point
in the binary representation (the halves bit, which has a place value of 1

2)
will be 0. Expressed another way, the halves bit is 0 because 2 × 0.375 is
less than 1. If, on the other hand, we had started with a number greater
than or equal to 1

2, say 0.875, the halves bit would be 1, and 2 0875 1#  . .
We can sum up this observation in the following rule:

The halves bit in the binary representation of n is the integer part of
2n.

Some new notation will be needed in what follows:

� �n denotes the integer part of n

frac(n) denotes the fractional part of n

For example,� �27 2. � and frac(2.7) = 0.7.
The observation we have made suggests that the following process

involving repeated multiplication by 2 can be used to convert a decimal
fraction to its binary representation.

1. Input n
2. Repeat

2.1. m n� 2
2.2. Output� �m
2.3. n m� frac( )
until n = 0

There is one problem with this process – what happens if the condition
n = 0 is never satisfied? This difficulty can certainly arise; we already

19

Bases and number representation



know that the decimal representation of a fraction need not terminate
(recall 1

3 = 0.33333...), and the same can happen with the binary
representation. We conclude that this sequence of steps is not an
algorithm, since it fails the requirement that an algorithm must terminate
after a finite number of steps.

One way to avoid the difficulty is to specify on input the number of
digits we want in the answer, and to output just that number of digits of
the binary representation. Here is the process with the necessary changes
made:

1. Input n, digits
2. i� 0
3. Repeat

3.1. i i� !1
3.2. m n� 2
3.3. Output� �m
3.4. n m� frac( )
until n = 0 or i = digits

In practice, the calculations are usually set out as shown in the next
example.

Example 2.3.2 Convert the decimal fraction 0.3210 to its binary representation, with 5
digits after the point.

Solution The number to be converted forms the first entry in a column, with the
new base (2) written to the right. At each step, the last entry in the column
is multiplied by 2, the fractional part is written below the number being
multiplied, and the integer part is written in another column to the left.
For convenience, the point in front of the fractional part is omitted.

32 2
0 64
1 28
0 56
1 12
0 24

The left column (read from the top down) gives the answer: 0.3210 =
0.01010...2. (Note that the answer is truncated to 5 digits after the point; it
is not rounded off.)

If a number has both an integer part and a fractional part, simply
convert each part separately and combine the results. For example, now
that we have shown that 2510 = 110012 and 0.3210 = 0.01010...2, it follows
without any further work that 25.3210 = 11001.01010...2.
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2.4 The octal and hexadecimal systems

The techniques described in the previous section can be generalised to
bases other than 2. In particular, the bases 8 and 16 are often used in
computing, for a reason that will be explained shortly.

In the base 8 or octal system, numbers are written using the 8 octal
digits 0, 1, 2, 3, 4, 5, 6, 7. The place value of each digit is a power of 8.

For example:

374 2 3 8 7 8 4 8 2 8

252 25
8

2 1 0 1

10

.

.

� # ! # ! # ! #

�

�

In the base 16 or hexadecimal system (often simply called ‘hex’), 16
digits are needed. New symbols are required to denote the digits with
values 10, 11, 12, 13, 14 and 15, and there is an established convention
that the first six upper-case letters are used for this purpose. The 16
hexadecimal digits are therefore 0, 1, 2, ..., 9, A, B, C, D, E, F. The place
value of each digit is a power of 16.

For example:

E C9 8 14 16 9 16 12 16 8 16

37405
16

2 1 0 1

10

.

.

� # ! # ! # ! #

�

�

Converting a decimal number to its octal or hexadecimal
representation is similar to converting from decimal to binary; the only
difference is that 8 or 16 is used in place of 2 as the divisor or multiplier.

Example 2.4.1 Convert 275.437510 to octal.

Solution Convert the integer part:

8 275
34 3
4 2
0 4

27510 = 4238

Convert the fractional part:

4375 8
3 5000
4 0

0.437510 = 0.348

Combine the results to obtain the answer:

275.437510 = 423.348
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Example 2.4.2 Convert 985.7812510 to hexadecimal.

Solution Convert the integer part:

16 985
61 9
3 13
0 3

98510 = 3D916

Convert the fractional part:

78125 16
12 50000
8 0

0.7812510 = 0.C816

Combine the results to obtain the answer:

985.7812510 = 3D9.C816

We have seen why the binary system is important in computing; it is
the system used internally by the computer itself. But why are the octal
and hexadecimal systems useful?

The main drawback of using the binary system as a general purpose
number system is that even moderately large integers have many digits in
their binary representation (typically more than three times as many as in
the decimal representation). The advantage of larger bases is that we can
write numbers using fewer digits. However, the decimal system is
inconvenient if we often have to convert between it and the binary
system, because, as we have seen, the conversion can involve a substantial
amount of calculation.

By using the octal and hexadecimal systems, we avoid the problem of large
numbers of digits, while gaining an important advantage over the decimal
system – there are simple algorithms for converting between binary and
octal, and between binary and hexadecimal. For this reason, bases 2 and 8 are
described as related bases. Similarly, bases 2 and 16 are related.

To convert a number from binary to octal, group the bits into sets of 3
on either side of the point. Each group of 3 bits corresponds to 1 digit in
the octal representation.

Example 2.4.3 Convert 10100011.101112 to octal.

Solution
� � � � �
10 100 011 101110
2 4 3 5 6

.

10100011.101112 = 243.568
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Converting from octal to binary is equally easy – replace each octal
digit by its 3-bit binary representation. (If an octal digit is less than 4, its
3-bit binary representation will begin with one or more ‘leading’ zeros –
don’t leave them out!)

Example 2.4.4 Convert 514.78 to binary.

Solution 	 	 	 	

101001100 111
5 1 4 7

.

514.78 = 101001100.1112

Conversion between binary and hexadecimal is similar, except that
each hexadecimal digit corresponds to four bits.

Example 2.4.5 Convert 10111101001.1100012 to hexadecimal.

Solution 101 1110 1001 1100 0100

5 9 4
��� ��� ��� ��� ���

E C

.

10111101001.1100012 = 5E9.C416

Example 2.4.6 Convert B2.5D616 to binary.

Solution
1011 0010 0101 1101 0110

2 5 6B D

�� 
�� 
�� 
�� 
��

.

B2.5D616 = 10110010.010111010112

The hexadecimal system is commonly used in computing to represent
the contents of part of the memory or a binary file in human-readable
form, since each byte (consisting of 8 bits) can be represented by 2
hexadecimal digits.

2.5 Arithmetic in non-decimal bases

The rules for adding, subtracting, multiplying and dividing numbers by
hand in bases other than 10 are the same as the rules you learnt in
primary school for the decimal system; it is only the tables that are
different. In this section, we look at how binary arithmetic with natural
numbers can be performed by hand. In Chapter 3, we will see how
computers perform arithmetic in the binary system.

The addition table in the binary system is shown in Table 2.3.
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Numbers are added in the usual column-by-column fashion.
Sometimes there will be a 1 to ‘carry’ to the next column.

For example:

110112

11102

1010012

In this example, the second column from the right gives 1 + 1 = 10, so
there is a 1 to carry to the third column. Similarly, there is a carry from
the third to the fourth column, from the fourth to the fifth column, and
from the fifth to the sixth column.

This is essentially the method used by a computer to add natural
numbers.

Subtraction can also be done by the usual method, as shown in the
example below. (This is not the way most computers perform subtraction.
We will see in Chapter 3 how subtraction is done on a computer.)

110112

– 11102

11012

The multiplication table in the binary system is shown in Table 2.4.

A ‘long multiplication’ in binary is carried out without really doing any
multiplications at all. (All you ever need to multiply by is 0 or 1.) Here is
an example; notice that the row corresponding to multiplying by the fours
bit of the multiplier is omitted because that bit is zero:
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+ 0 1

0 0 1

1 1 10

Table 2.3

× 0 1

0 0 0

1 0 1

Table 2.4



110102

× 10112

110102

110102

110102

1000111102

Long division is also straightforward, with the proviso that the
fractional part of the result may be non-terminating, in which case you
need to decide how many digits are required in the answer. At each step
of the division, the divisor ‘goes into’ the number either once (if it is less
than or equal to the number), or not at all (if it is greater than the
number). For example:

101 111012 2 1

1012

1002 0

02

10012 1

1012

1002

In this example, the integer quotient 1012 has been calculated, leaving a
remainder of 1002.

Some calculators have the facility for converting between the bases 10,
2, 8 and 16, and for performing arithmetic in those bases. Usually only
unsigned (positive) integers can be used in these calculations. Many
computer algebra software packages provide more flexible facilities for
working with numbers in different bases.
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EXERCISES
1 Write the decimal number 394.2710 in expanded form.

2 Convert the following binary numbers to decimal by first writing
them in expanded form:

(a) 11001012 (b) 1010111.10112

3 Convert the following numbers from decimal to binary:

(a) 82610 (b) 0.3437510

(c) 1604.187510 (d) –471.2510
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4 Convert the following numbers from decimal to binary, with 5
digits after the point:

(a) 0.210 (b) 13.4710

5 What is the effect on the value of a natural number if:

(a) 0 is appended to its binary representation?

(b) 1 is appended to its binary representation?

6 Convert the following octal and hexadecimal numbers to decimal:

(a) 47158 (b) 603.258

(c) C6E16 (d) 2FA.816

7 An efficient computational method for converting a natural
number from a non-decimal base to decimal, known as Horner’s
method, is illustrated in the following example:

62538 = ((6 × 8 + 2) × 8 + 5) × 8 + 3 = 324310

In words: multiply the first digit by the base, add the second digit,
multiply by the base, add the third digit, multiply by the base,
and so on. The final step is to add the last digit.

Use Horner’s method to convert the following numbers to
decimal:

(a) 72168 (b) 5435178

(c) 8CB216 (d) E490DF16

8 Write Horner’s method as an algorithm in pseudocode. Assume
that the base of the number to be converted is input first,
followed by the number itself, regarded as a list of digits in that
base.

9 Convert the following decimal numbers to octal:

(a) 384210 (b) 291.937510

10 Convert the following decimal numbers to hexadecimal:

(a) 2980310 (b) 6962.57812510

11 Convert the following binary numbers to octal and hexadecimal:

(a) 11101001102 (b) 11000101.001112

12 Convert the following octal and hexadecimal numbers to binary:

(a) 2478 (b) 31.638

(c) 93B16 (d) AD.1C16

13 The contents of one byte (consisting of 8 bits) in a memory
register of a computer can be represented by 2 hexadecimal
digits. A left shift is an operation in which the 8 bits are moved
one position to the left, the leftmost bit is lost, and a 0 is inserted
in the rightmost position. A right shift is defined in a similar
manner.
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For each of the following bytes, find the result (in hexadecimal)
of a left shift and a right shift:

(a) 3A (b) E7

14 Perform the following calculations in binary arithmetic:

(a) 11011012 + 10111102

(b) 10011012 + 1010112

(c) 11100112 – 1011012

(d) 11000102 – 10101112

(e) 100112 × 11012

(f) 110102 × 101012

(g) 1101102$10012

(h) 101102$112 (3 digits after the point)

15 In the number system known as balanced ternary, each number
(positive, zero or negative) is represented by a string of digits
chosen from 1, 0, 1, where 1 denotes the number –1 regarded as a
digit. The place values of the digits correspond to powers of 3; for
example,1011 1 3 0 3 1 3 1 3 253 2 1 0� # ! # !� # ! # �( ) .

(a) Write down the balanced ternary representations of the
integers from –5 to 5.

(b) For any positive number n, what is the relationship between
the ternary representations of n and –n? Justify your answer.



Computer
representation and
arithmetic

3.1 Representing numbers in a computer

In Chapter 2, we looked at how numbers can be represented in the binary
number system. In this chapter, we shall use the techniques we developed
in Chapter 2 to investigate the ways in which numbers are represented
and manipulated in binary form in a computer.

Numbers are usually represented in a digital computer as sequences of
bits of a fixed length. Integers and real numbers are handled in different
ways, so we need to deal with the two cases separately. The details vary
from one type of computer to another, but our aim here is to gain an
overview of the way in which computers handle numbers, rather than to
study any particular type of machine in detail.

3.2 Representing integers

An integer (positive, negative or zero) is stored in a computer in a
sequence of bytes, where each byte consists of 8 bits. While various sizes,
corresponding to different numbers of bytes, may be available to the
programmer, the size of the integers manipulated directly by the
processor is determined by the design of the processor, with 4 bytes being
typical. In this section, however, we will generally work with 2-byte
integers for convenience; the principles are the same.

If integers are stored using 2 bytes, the registers in which an integer is
stored can be visualised in the following way, where each box represents
the storage location for one bit:

Since there are two possible values (0 or 1) for each bit, the number of
different integers that can be stored in 16 bits is:
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For example, it is possible to store any integer n in the range
� % %32768 32767n by assigning a unique 16-bit pattern to each integer in
that range. Other ranges of values containing 65536 integers could be
used instead, such as 0 65535% %n , but a range that includes
approximately the same number of positive and negative integers is
generally the most useful.

The most commonly used way of representing an integer n using 16
bits is as follows:

1. The first bit is the sign bit; it is 0 if n is zero or positive, and 1 if n is
negative.

2. If n 0, the remaining 15 bits are the binary representation of n as
described in Chapter 2 (with leading zeros if necessary, to bring the
number of bits up to 15). If n < 0, the remaining bits are the binary
representation of the non-negative integer n + 32768.

Adding 32768 to n when n is negative might seem an unnecessary
complication, and you might wonder why the remaining bits could not
instead be set equal to the 15-bit binary representation of | n |.1 The
reason is that by adding 32768 we obtain a representation of n that allows
a simpler process to be used to carry out arithmetic with integers, as we
will see in the next section.

The addition of 32768 is actually easier to perform after the negative
integer n has been converted to binary, as the following example
illustrates. Suppose we want to find the 16-bit computer representation of
–6772. Converting –6772 to binary (using 15 bits, including leading
zeros), we obtain –677210 = –0011010011101002. Now, since the binary
representation of 32768 is 10000000000000002, we need to perform the
following calculation:

10000000000000002

– 0011010011101002

1100101100011002

There is a short-cut method of doing this subtraction:

1. All the zeros at the right-hand end of the number being subtracted
remain as zeros in the answer.
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1 | n | denotes the absolute value of n, defined by:
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For example, | 3 | = 3 and | –3 | = 3.



2. The rightmost 1 of the number remains as a 1 in the answer.

3. All the other bits change (0 changes to 1, 1 changes to 0).

The result of applying these steps is called the 2’s complement of the
original number with respect to the base 2. The ‘2’s’ is included in the
name to distinguish this type of complement from the 1's complement
(still with respect to base 2). The 1’s complement of a binary number is
one less than its 2’s complement, and is obtained simply by changing each
bit of the number (0 changes to 1, 1 changes to 0). We will not use 1’s
complements in what follows.

More generally, let n be an integer in the range1 2 1% % �n k , written in
its k-bit binary representation. The k-bit2 2’s complement of n is 2k – n
written in its k-bit binary representation. It is obtained by applying the
above steps to n.

The short-cut method cannot be used to find the computer
representation of –32768, because the binary representation of 32768 has
16 bits, not 15. In this case the result of the subtraction is a string of 15
zeros.

Example 3.2.1 Find the 16-bit computer representations of the following integers:

(a) 9843 (b) –15728 (c) –4961

Solution (a) The sign bit is 0, and 984310 = 0100110011100112 (using 15 bits). The
16-bit representation is:

00100110 01110011

(b) The sign bit is 1.

Convert 15728 to binary: 1572810 = 0111101011100002
Find the 2’s complement: 1000010100100002
The 16-bit representation is:

11000010 10010000

(c) The sign bit is 1.

Convert 4961 to binary: 496110 = 0010011011000012
Find the 2’s complement: 1101100100111112
The 16-bit representation is:

11101100 10011111

If the computer uses 4 bytes (32 bits) to store integers instead of 2, any
integer n in the range� % %2147483648 2147483647n can be represented,
because 2147483648 = 231. The method for finding the representation is
essentially unchanged, except that 2147483648 takes the place of 32768,
and the binary conversion must be taken to 31 bits instead of 15.
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3.3 Arithmetic with integers

In order for us to investigate how a computer adds and subtracts integers,
it is convenient to work with examples in which integers are represented
using a small number of bits – far smaller than any computer would use
in practice. The examples in this section all involve an imaginary
computer in which integers are stored as four bits. Only the integers from
–8 to 7 can be represented on this computer. Table 3.1 gives a complete
list of these integers, together with their representations according to the
rules given in the previous section.

(Note that to calculate the representation of –8 we cannot use the short-
cut rule for finding the 2’s complement.)

By examining Table 3.1, we can make the following observations:

For the non-negative integers (0 to 7), the last 3 bits of the computer
representation form the 3-bit binary representation of the integer.
Since the sign bit is 0 for these integers, the computer representation is
just the 4-bit binary representation of the integer.
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Integer Representation

–8 1000

–7 1001

–6 1010

–5 1011

–4 1100

–3 1101

–2 1110

–1 1111

0 0000

1 0001

2 0010

3 0011

4 0100

5 0101

6 0110

7 0111

Table 3.1

�



For a negative integer n (–8 to –1), the last 3 bits of the computer
representation form the 3-bit binary representation of n + 8. Since
the sign bit is 1, with a place value of 8 if the computer representation
is treated as a binary number, the computer representation is the 4-bit
representation of n + 16. (For example, the computer representation
of –3 is 1101, which is the binary representation of 13, and
13 = (–3) + 16.)

Suppose now that we want to add two integers on this computer. Notice
first that this will not always be possible; we cannot add 6 and 7, for
example, since the result is too large to be represented. Provided we
restrict ourselves to numbers that can be added, however, addition can be
done simply by adding the computer representations in the usual way
that binary numbers are added, except that if a 1 arises in the fifth column
from the right, then it is ignored.

Example 3.3.1 Verify that the following additions are done correctly on the 4-bit
computer:

(a) 2 + 3 (b) (–4) + 7

(c) (–3) + (–4) (d) (–6) + 5

Solution We write the computation in two columns, with the left column
containing the numbers to be added and their sum, and the right column
containing the corresponding computer representations.

(a)

2 0010
3 0011
5 0101

(b)

–4 1100
7 0111
3 1 0011

Ignoring the 1 in the leftmost column of the result gives 0011, which is the
computer representation of 3, the correct answer to (–4) + 7.

(c)

–3 1101
–4 1100
–7 1 1001

Ignoring the 1 gives 1001, the computer representation of –7.
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(d)

–6 1010
5 0101

–1 1111

It will be easier to see why this process works after we have studied
modular arithmetic in Chapter 12, but the general idea can be explained
as follows. The value of the representation of an integer on this computer
is always the integer itself or 16 more than the integer. Therefore, when
two representations are added, the value of the result either equals the
answer to the addition, or exceeds it by 16 or 32 (= 2 × 16). Ignoring a 1 in
the fifth column from the right is equivalent to subtracting 16. Therefore,
when the process is complete, if the result is not the correct answer to the
addition, it must differ from the correct answer by a multiple of 16. As
long as the sum of the two numbers falls in the allowed range from –8 to
7, the process must give the correct result, because the difference between
any two integers in the allowed range is less than 16.

If we try to use this method to add two integers that give a result
outside the allowed range, we will obtain the wrong answer. For example,
you can check that using the method to add 6 and 7 gives an answer of –3.
This overflow problem can be easily detected, however. If adding two
positive integers appears to give a negative result, or if adding two
negative integers appears to give zero or a positive result, then overflow
must have occurred. Some applications software that uses integer
arithmetic will generate an appropriate error message whenever this
happens. However, in many programming environments, arithmetic with
integers is performed exactly as we have described, and no error is
generated when overflow occurs. For this reason, you need to be aware of
the possibility of overflow when you are writing programs, and know how
to deal with it.

Subtraction of one integer from another using the computer
representation is quite straightforward, once we have made two
observations:

A number can be subtracted by adding its negative, that is, a – b =
a + (–b).

The representation of the negative of an integer is the 2’s complement
of the representation of the integer.

Subtraction of a number can therefore be carried out by adding the 2’s
complement of the number. This means that any subtraction problem is
easily converted into an addition problem. The advantage of doing
subtraction in this way is that a computer does not need ‘subtracters’ as
well as ‘adders’ in its circuitry (although it does need circuitry to calculate
2’s complements).

Overflow can occur when subtracting, just as it does when adding, so
you need to be alert to this possibility when you are programming.
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Example 3.3.2 Evaluate 5 – 3 on the 4-bit computer.

Solution The representations of 5 and 3 are 0101 and 0011 respectively. The 2’s
complement of 0011 is 1101. Now carry out the addition:

0101
1101

1 0010

Ignore the leftmost 1 to obtain 0010, which is the representation of 2.

Subtraction using complements can be performed in any base. The
subtraction of numbers written in decimal notation using this method is
explored in Exercises 3 and 4 at the end of the chapter.

3.4 Representing real numbers

The representation of real numbers is more complicated than that of
integers, not just in a computer but in printed form as well. In Chapter 2,
we dealt with real numbers expressed in the decimal system with digits
before and after the decimal point. Not only is this not a convenient
representation for a computer, it is often not suitable as a written
representation either. One reason for this is that in many problems of
practical interest, it is necessary to deal with real numbers that are
extremely small or extremely large, and that occur as a result of
performing a physical measurement to a certain degree of accuracy. This
is a subtle point, but an important one.

An example will help to make this clear. The mass of the Earth is
sometimes quoted as 0.5976 × 1025 kg. Notice that this number is not
written as 5976 followed by 21 zeros. Not only would it be inconvenient to
write the number in that way, it would also not be correct to do so. The
figure of 0.5976 × 1025 kg would have been calculated from physical
measurements, and no measurement is ever free of error. In this case, the
accuracy of the figure is implied by the way it is written. We cannot say
that the mass of the Earth is exactly 0.5976 × 1025 kg, only that it lies
somewhere between 0.59755 × 1025 kg and 0.59765 × 1025 kg. When more
accurate measurements become available, it might turn out that a closer
value is, say, 0.59758 × 1025 kg.

The notation used in this example is called exponential notation (or
‘powers-of-ten’ notation). The use of exponential notation is especially
appropriate in scientific work, where the numbers arise from physical
measurements.

There is some terminology associated with exponential notation. In the
number 0.5976 × 1025, 0.5976 is the significand, 10 is the base (or radix),
and 25 is the exponent. If the significand m lies in the range 0 1 1. % &m , as
it does in this example, the representation is said to be normalised. (If we
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had written 0.005976 × 1027, for example, the number would still be in
exponential notation, but it would not be normalised.)

The precise way in which real numbers are represented in a computer
varies between types of machines, although in recent years there has been
a trend towards adopting the representation specified in the IEEE
Standard 754 (1985) for Binary Floating Point Arithmetic. (IEEE stands
for the Institute of Electrical and Electronics Engineers.) Our purpose
here is not to describe a particular representation, but rather to give a
general description of how real numbers are stored and manipulated.

The exponential notation described above is similar to the way in
which real numbers are represented in a computer, but there are some
differences. The main difference, not surprisingly in view of the way in
which computers manipulate data, is that a computer uses powers of 2
rather than 10. It is also usual for the exponent to be stored in a modified
form, as we will see shortly.

Before the computer representation of a real number can be found, the
number must first be converted to binary form and then be expressed in
normalised binary exponential form. For the representations we will use
in our examples, we say that a real number is expressed in normalised
binary exponential form if it is expressed in the form:

* #m e2

where the significand m is written in its binary representation and lies in
the range 01 12 2. % &m , and the exponent e is an integer written in its
decimal representation. (The base 2 is also in decimal notation, of
course.) Note that other conventions for normalised binary exponential
form could be used; in particular, some computers use a representation
based on1 102 2% &m . The reason for normalising is to ensure that the
representation of any number is unique.

Note that zero cannot be expressed in normalised binary exponential
form, because m = 0 would fall outside the allowed range of values of m.

Example 3.4.1 Express the following numbers in normalised binary exponential form:

(a) 11001.1012 (b) 0.0001101112

Solution (a) Move the point 5 places to the left to obtain the significand. The
exponent is 5.

11001.1012 = 0.110011012 × 25

(b) Move the point 3 places to the right to obtain the significand. The
exponent is –3.

0.0001101112 = 0.1101112 × 2–3

35

Computer representation and arithmetic



A real number is typically stored in a computer as 4 bytes (32 bits) or 8
bytes (64 bits)3. The first bit is the sign bit, and the remaining bits are
divided between the exponent and the significand. The number of bits
used for the exponent determines the range of numbers that can be
represented, while the number of bits used for the significand determines
the precision with which the numbers are represented. If the total number
of bits is fixed, there is a trade-off between range and precision. A
common format in modern computers is 8 bits for the exponent and 23
bits for the significand.

It is usually not the binary representation of the exponent itself that is
stored, but a number called the characteristic. The characteristic is a non-
negative integer obtained by adding to the exponent a number called the
exponent bias. The exponent bias is typically 2n – 1 – 1, where n is the
number of bits available to store the characteristic. The reason for storing
the exponent in this way is that it allows the computer to use simpler
algorithms to perform arithmetic with real numbers, in much the same
way that integer arithmetic is simplified by representing negative integers
in 2’s complement form.

In some representations, including the IEEE standard, the first bit of
the significand (which must always be a 1) is not stored, thus increasing
the precision by making one extra bit available. We will include the first
bit of the significand in all our examples.

Example 3.4.2 Find the 32-bit computer representations of

(a) 0.110011012 × 25 (b) 0.1101112 × 2–3

where 8 bits are used for the characteristic, and the exponent bias is
27 – 1.

Solution (a) The sign bit is 0. The characteristic is the 8-bit binary representation
of 5 + 27 – 1, which can be obtained by adding 100000002 (the binary
representation of 27) to the binary representation of 4, giving
10000100. The significand is extended to 23 bits by appending trailing
zeros, giving 11001101000000000000000. (Note that the zero before
the point is not stored.) The computer representation is:

01000010 01100110 10000000 00000000

(b) The sign bit is 0. The characteristic is –3 + 27 – 1, represented as an 8-
bit binary number. The simplest way to calculate the characteristic
here is to find the 7-bit 2’s complement of the binary representation
of 4 (= 3 + 1), and adjoin a leading zero:

Binary representation of 4: 00001002

2’s complement: 11111002

Characteristic: 01111100
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The computer representation is:

00111110 01101110 00000000 00000000

Putting together what we have established, the process for finding the
computer representation of a real number can be described as follows:

1. Convert the number to binary form, working to the precision
required by the number of bits used for the significand.

2. Express the binary number in normalised binary exponential form.

3. Calculate the characteristic.

4. Write down the computer representation.

Example 3.4.3 Find the 32-bit computer representation of –1873.42, where 8 bits are
used for the characteristic, and the exponent bias is 27 – 1.

Solution Using the methods of Chapter 2, convert –1873.42 to a binary number
with 23 bits:

–1873.4210 = –11101010001.0110101110002

Express the result in normalised binary exponential form:

–11101010001.0110101110002 = –0.11101010001011010111000 × 211

Sign bit: 1

Characteristic: 10001010

Computer representation:

11000101 01110101 00010110 10111000

Example 3.4.3 illustrates the important fact that the computer
representation of a real number may not be exact, because the conversion
to binary is truncated according to the precision available. Further
inaccuracy can occur as a result of round-off errors when arithmetic is
performed with real numbers. This is in contrast with the situation for
integers, which are stored and manipulated exactly in a computer.

One practical consequence of this fact is that it is often risky to test for
equality of real numbers (in an If-then statement, for example) in a
computer program. If x and y are real numbers, it is usually safer to test
for approximate equality by testing whether | x – y | is less than some
small positive number. For example, we might write:

If | x – y | < 10–6 then ...

to test whether x and y are approximately equal.
What is the range of real numbers that can be represented? Suppose a

computer stores real numbers as 32 bits, with 8 bits for the characteristic,
and an exponent bias of 27 – 1. The characteristic can take values from 0
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to 28 – 1, so the exponent must lie within the range from 0 – (27 – 1) to
28 – 1 – (27 – 1), that is, from –127 to 128. The significand ranges from
0.12 to (just under) 12. Therefore the range of positive real numbers that
can be represented is from 0.12 × 2–127 to 12 × 2128, or about 0.29 × 10–38

to 0.34 × 1039 in decimal notation. Negative real numbers whose absolute
values fall in this range can also be represented. If the result of a
computation falls outside the allowed range, overflow or underflow4

occurs. The numbers that can be represented are indicated on the number
line shown in Figure 3.1; note that the line is not drawn to scale.

Example 3.4.4 Find the approximate range of positive real numbers that can be
represented if 10 bits are available for the characteristic, and the exponent
bias is 29 – 1.

Solution The characteristic can take values from 0 to 210 – 1, so the exponent must
lie within the range from 0 – (29 – 1) to (210 – 1) – (29 – 1), that is, from
–511 to 512. Therefore the range of positive real numbers that can be
represented is from 0.12 × 2–511 to 12 × 2512. Some calculators give an
error message if an attempt is made to evaluate 2–511 directly, but the
calculation can be done using base 10 logarithms:

log log

.
10

511
102 511 2

1538263278

� ��

��

Therefore:

2 10

10 10

0149 10

511 153 8263278

153 0 8263278

� �

� �

�

�

� #

� #

.

.

. 153

We can calculate 2512 in a similar fashion. The final result is that
numbers from 0.75 × 10–154 to 0.13 × 10155 can be represented on this
machine.

The number zero is not included among the real numbers whose
representations we have been discussing, because it cannot be expressed
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4 Underflow occurs when the absolute value of the result of a computation
involving real numbers is less than the smallest positive number that can be
represented. Depending on the context in which the computation occurs, it
may or may not be appropriate to approximate the result of an underflow by
zero.



in normalised form. The representation of zero has to be treated as a
special case, using a string of bits that cannot be interpreted as any other
number.

As we noted earlier, the representation of real numbers varies to some
extent between machines. In the IEEE standard, the range of real numbers
that can be represented is a little smaller than we have described, because
the exponents at the extremes of the range have been set aside for special
purposes.5

3.5 Arithmetic with real numbers

We will not look at how a computer does arithmetic with real numbers
using their computer representations, because it is tedious to perform
these calculations by hand. However, we can gain a general idea of what
the process involves by looking at how arithmetic is done with decimal
numbers in normalised exponential form.

The rules for arithmetic in normalised exponential form are as follows.
To add or subtract:

1. Write the numbers in (non-normalised) exponential form with the
same exponent, using significands less than 1.

2. Add or subtract the significands to obtain the significand of the
answer. The common exponent is the exponent of the answer.

3. Normalise the answer if necessary.

To multiply or divide:

1. Multiply or divide the significands to obtain the significand of the
answer.

2. Add or subtract the exponents to obtain the exponent of the answer.

3. Normalise the answer if necessary.

In order to imitate the way in which a computer carries out the
computations, we will assume that the number of decimal digits available
for the significand in the normalised form is fixed, and that the answer is
rounded off to that number of digits. (In some machines, greater accuracy
is achieved by appending additional “guard” digits to the significand
while an arithmetic operation is being carried out. In particular, this is
always the case in machines that comply with the IEEE standard.)

Example 3.5.1 Perform the following computations with the aid of a calculator,
assuming a precision of four decimal places in the significand:

(a) 0.4932 × 103 + 0.2881 × 104 – 0.3096 × 104
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(b) (0.2174 × 10–5) × (0.1482 × 107)$ (0.9497 × 104)

Solution
(a) 04932 10 0 2881 10 03096 10

00493 10 0 2881

3 4 4

4

. . .

. .

# ! # � #

� # ! # � #

� #

� #

10 03096 10

00278 10

0 2780 10

4 4

4

3

.

.

.

(b) ( . ) ( . ) ( . )

.

0 2174 10 01482 10 09497 10

003393 10

5 7 4# # # $ #

� #

�

�

�� #

2

303393 10.

Example 3.5.1 illustrates how round-off errors can arise when real
number calculations are performed.

3.6 Binary coded decimal representation

Modern digital computers work in the binary number system. However,
some early computers performed calculations in the decimal system,
using a binary code for each decimal digit. This system, known as binary
coded decimal, or BCD, is also commonly used in electronic calculators.

The BCD code of each decimal digit from 0 to 9 is its 4-bit binary
representation, as shown in Table 3.2.
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Digit BCD code

0 0000

1 0001

2 0010

3 0011

4 0100

5 0101

6 0110

7 0111

8 1000

9 1001

Table 3.2



The BCD representation of a non-negative integer is obtained by
replacing each decimal digit by its BCD code.

For example, the BCD representation of 8365 is:

1000 0011 0110 0101

BCD arithmetic is essentially decimal arithmetic done according to the
familiar rules, but with BCD codes in place of the digits. We shall
illustrate this by investigating the addition of two numbers in the BCD
system.

When we add two numbers in the decimal system, we add pairs of
digits a column at a time, and sometimes there is a ‘carry’ to the next
column to the left. Essentially the same process is used in the BCD
system.

How are BCD digit codes added? By examining Table 3.2, we see
that any two BCD codes can be added using the rules of binary addition
to give the BCD code of the result, provided that the result is less than
10 (for example, adding the codes for 3 and 4 gives the code for 7:
00112 + 01002 = 01112). If the result is 10 or more (10102 or more in
binary), there is a (decimal) digit to ‘put down’ and a 1 to ‘carry’. We
could find the digit to ‘put down’ by subtracting ten from the result, but it
is simpler to use the following rule: add six (01102) and disregard the
leftmost 1. Applying the rule is equivalent to subtracting ten, because
disregarding the leftmost 1 is equivalent to subtracting sixteen (100002).

For example, adding 01012 and 01112 (5 and 7) as binary numbers gives
11002. Now add 01102 to obtain 100102. Interpret this binary number as
0001 0010; that is, put down 0010 (the BCD representation of 2) and carry
0001. On replacing each BCD code with its corresponding decimal digit,
we obtain 12, the correct answer to the addition.

Example 3.6.1 Calculate 274 + 163 in BCD.

Solution The decimal and BCD calculations are shown side by side to show the
relationship between them.

274 0010 0111 0100
163 0001 0110 0011

0011 1101 0111
0110

1 0011
437 0100 0011 0111

BCD calculations take longer to perform than the corresponding
calculations in the binary system. The advantage of the BCD
representation is that it avoids the need to convert the input from decimal
to binary and the output from binary to decimal.
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EXERCISES
1 Find the 2’s complements of the following 8-bit binary numbers:

(a) 110101002 (b) 011010012

2 Write an algorithm in pseudocode for finding the 2’s
complement of a positive binary integer. (Assume that the
integer is input as a sequence of bits: b1b2b3...bn.)

3 The 10’s complement of a positive decimal integer n is 10k – n,
where k is the number of digits in the decimal representation of
n. It can be calculated in the following way:

1. All the zeros at the right-hand end of the number remain as
zeros in the answer.

2. The rightmost non-zero digit d of the number is replaced by
10 – d in the answer.

3. Each other digit d is replaced by 9 – d.

Find the 10’s complements of the following decimal numbers
using the rules given above, and check your answers by
evaluating 10k – n on a calculator:

(a) 3296 (b) 10350

4 Subtraction a – b (with a > b) can be performed in the decimal
system by adding the 10’s complement of b to a and ignoring the
leftmost 1 of the answer.

(a) Evaluate 39842 – 17674 using this method.

(b) Explain why the method works.

5 Find the 16-bit computer representations of the following
integers:

(a) 29803 (b) –8155

6 The maximum unsigned integer on a CRAY-1 computer is
approximately 2.8 × 1014. How many bits are used to store
unsigned integers on a CRAY-1? (Unsigned integers are non-
negative integers stored without a sign bit.)

7 Verify that 3 + (–5) is evaluated correctly on the 4-bit computer.

8 Evaluate 7 – 6 on the 4-bit computer.

9 Express 1101110100.10012 in normalised binary exponential
form. Hence find its 32-bit computer representation, assuming 8
bits are used for the characteristic, and the exponent bias is
27 – 1.

10 Find the 32-bit computer representations of the following
numbers, assuming 8 bits are used for the characteristic, and the
exponent bias is 27 – 1:

(a) 5894.376 (b) –0.0387
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11 Repeat Exercise 9 for a 32-bit computer in which 12 bits are used
for the characteristic, and the exponent bias is 211 – 1.

12 Find, in decimal form, the approximate range of positive real
numbers that can be represented in 64 bits, where 11 bits are
used for the characteristic, and the exponent bias is 210 – 1.

13 The algorithm below represents an attempt to print out a table of
cubes of numbers from 0.1 to 10 in steps of 0.1. Explain the
problem that might arise if the algorithm is implemented on a
computer:

1. x� 00.
2. Repeat

2.1. x x� !01.
2.2. x cubed x_ � 3

2.3. Output x, x_cubed
until x = 10.0

Rewrite the algorithm so that the problem is avoided.

14 Perform the following decimal computations, assuming a
precision of 4 decimal places in the significand:

(a) 0.8463 × 106 + 0.7012 × 108

(b) (0.3315 × 10–5) × (0.2089 × 109)

(c) (0.5160 × 103)$ (0.1329 × 104) – (0.3816 × 100)

15 The following statement is sometimes made about real number
arithmetic: ‘Precision is lost when two almost equal numbers are
subtracted.’ Explain this statement with reference to calculations
with real numbers in exponential form.

16 Perform the following calculations in BCD arithmetic:

(a) 3711 + 5342 (b) 2859 + 3264



Logic

4.1 Logic and computing

In this chapter, we introduce the study of logic from a mathematical point
of view. Mathematical logic finds applications in many areas of
computing. The laws of logic are employed in the design of the digital
circuitry in a computer. Logical expressions occur as conditions in the
control structures in algorithms and computer programs, and in the
commands used for querying databases. Expert systems employing
knowledge-based software use rules of logical inference to draw
conclusions from known facts. Formal specification documents, which
state in a precise way what computer systems are required to do, are
written in specification languages, such as Z, which use the theory and
notation of symbolic logic.

We begin this chapter by looking at examples involving everyday
English sentences. This is followed by an introduction to the more formal
mathematical approach used in propositional and predicate logic.

4.2 Propositions

The fundamental objects we work with in arithmetic are numbers. In a
similar way, the fundamental objects in logic are propositions.

Definition A proposition is a statement that is either true or false. Whichever of these
(true or false) is the case is called the truth value of the proposition.

Here are some examples of English sentences that are propositions:

‘Canberra is the capital of Australia.’
‘There are 8 days in a week.’
‘Isaac Newton was born in 1642.’
‘5 is greater than 7.’
‘Every even number greater than 2 can be expressed as the sum of
two prime numbers.’
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The first and third of these propositions are true, and the second and
fourth are false. It is not known at present whether the fifth proposition is
true or false.1

The following sentences are not propositions:

‘Where are you going?’
‘Come here.’
‘This sentence is false.’

The first sentence is a question and the second is a command, so clearly
neither is a proposition.

The third sentence is rather more subtle. It is a self-referential
statement (that is, it makes a statement about itself). Although at first
sight it appears to be a proposition, we run into difficulty when we try to
determine whether it is true or false. If we assume it is true, we find the
sentence telling us that it is false, which contradicts our assumption. But
assuming the sentence is false doesn’t work either, because if what the
sentence is telling us is false, then the sentence is true! The sentence is an
example of a paradox, and the only way to avoid the difficulty is simply
not to admit the sentence as a proposition. In fact, we will not allow self-
referential statements at all in our work in logic. (This does not mean that
there is no place for self-reference in logic; in fact, some of the most
important results in modern logic involve self-referential propositions.)

Now, what about sentences like these?

‘Anne is tall.’
‘Ice cream is delicious.’
‘x > 5.’

In some textbooks, sentences like the first two are not regarded as
propositions, because it could be argued that their truth values are not
well defined. The first sentence refers to someone called Anne (Anne
who?), and states that she is tall (just how tall is ‘tall’?). The second
sentence is clearly a matter of personal opinion. Quite frankly, it is not
worthwhile arguing about whether these sentences are propositions or
not. We will feel free to use sentences like these in our examples. In
practice, the kinds of propositions that arise when logic is applied to
mathematics and computing are always precisely defined anyway, so no
difficulties should arise.

The last of the three sentences given above is an example of a predicate.
A predicate is a statement containing one or more variables; it cannot be
assigned a truth value until the values of the variables are specified. We
will investigate predicate logic in Section 4.7.

Statements containing variables commonly occur in algorithms and
computer programs. For example, an algorithm might contain the
statement ‘x > 5’ as the condition in a control structure such as an If-
then. In this case, however, the truth value of the statement is determined
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1 The fifth proposition is known as Goldbach’s conjecture, after the German
mathematician Christian Goldbach (1690–1764).



when the line is executed while the program is being run with a particular
set of inputs, so statements of this type can be treated as propositions.

4.3 Connectives and truth tables

Logic is not concerned with determining the truth values of propositions
of the kind we have seen so far. (The truth value of ‘Canberra is the
capital of Australia’ is a question of geography, not logic.) The next
example is different, however:

‘If Brian and Angela are not both happy, then either Brian is not
happy or Angela is not happy.’

We do not need to know whether Brian is happy, or whether Angela is
happy, in order to determine whether the proposition is true; with a
moment’s thought, we can see it must be true because of its logical
structure. In fact, any sentence with the same logical structure must be
true; for example:

‘If 2 and 2 are not both rational numbers, then either 2 is not a
rational number or 2 is not a rational number.’

It is the structure of propositions such as these that we study in
propositional logic.

The sentence about Brian and Angela is an example of a compound
proposition. It is built up from the atomic propositions ‘Brian is happy’
and ‘Angela is happy’ using the words and, or, not and if-then. These
words are known as connectives. As we will see, the role of connectives in
logic is analogous to the role played by operations such as + and × in
algebra.

The study of the structure of compound propositions is made easier by
the use of symbols for atomic propositions and connectives. We will use
lower-case letters such as p, q and r to denote atomic propositions. There
are five connectives that we will use in our work; they are listed in Table
4.1, together with their symbols.

The connectives if-then and if-and-only-if are also known as implies and
is-equivalent-to respectively.
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Connective Symbol

and �

or �

not �

if-then �

if-and-only-if �

Table 4.1



With the exception of not, the symbols for these connectives are
written between the two operands (the propositions they connect). For
example, if p denotes the proposition ‘Today is Monday’, and q denotes
the proposition ‘It is raining’, then we can write p q� to denote the
proposition ‘Today is Monday and it is raining’. The symbol� (not) is
placed before the proposition to which it applies; thus,�p means ‘Today
is not Monday’.

The connective and can be formally defined by stating the truth value
of the proposition p q� for each possible combination of the truth values
of the propositions p and q. The other connectives can be defined in a
similar manner. This information is usually presented in the form of a
truth table. The truth table for and is shown in Table 4.2.

The truth values ‘true’ and ‘false’ are denoted in the table by T and F
respectively. The first two columns of the table contain all four possible
combinations of the truth values of the two propositions p and q. The
truth table reflects our everyday understanding of what and means – if p
and q are both true then p q� is true, otherwise p q� is false.

The word or is used in English in two different ways. If you are offered
tea or coffee, you are expected to choose one or the other, but not both!
On the other hand, if a discount is available to anyone who is a student or
a pensioner, it is presumably available to someone who is both a student
and a pensioner. In the first example, or is used exclusively, while in the
second example it is used inclusively. By convention, or in logic (and in
computing and mathematics generally) means ‘inclusive-or’ unless the
contrary is stated explicitly. The symbol�always means ‘inclusive-or’;
thus p q� means ‘p or q or both’. If we wanted to use ‘exclusive-or’ (or
xor, as it is sometimes called) in our work, we would have to define it as
another connective, but we will not do this here.

The truth table for or is shown in Table 4.3.
The truth table for not is straightforward; it is shown in Table 4.4.
It takes a little more thought to construct the truth table for if-then.

Suppose your lecturer makes the following claim:

‘If you pass this subject, then you will progress to the next year of
your course.’
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p q p q�

T T T

T F F

F T F

F F F

Table 4.2



Consider the different possibilities that could arise. If you pass the subject
and progress to the next year of your course, then clearly your lecturer’s
statement is true. If you pass the subject but don’t progress to the next
year of your course, then you could accuse your lecturer of making a false
statement.

What happens if you fail the subject? Whether or not you progress to
the next year of your course, you could not accuse your lecturer of
making a false statement. (The statement said only what would happen if
you passed, not what would happen if you failed.) We treat the lecturer’s
statement as true in these cases.

The truth table for if-then is shown in Table 4.5.

While the argument given above is intended to make the truth table for
if-then appear reasonable, the truth table itself is really the definition of
the connective if-then in logic. It follows that we can assign truth values
to some rather strange English sentences. For example, the sentence ‘If
snow is white then lions roar’ is a true proposition (according to the first
line of the truth table), even though the whiteness of snow does not cause
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p q p q�

T T T

T F T

F T T

F F F

Table 4.3

p �p

T F

F T

Table 4.4

p q p q�

T T T

T F F

F T T

F F T

Table 4.5



lions to roar. Another example is provided by the sentence: ‘If Paris is in
Germany then grass is purple’; according to the last line of the table, the
sentence is true.

It is important to understand the difference between the connective if-
then and the control structure If-then which we encountered in our study
of algorithms. When If-then is used as a control structure, the sentence
following then is an instruction, not a proposition.

Finally, the connective if-and-only-if is true precisely when the two
propositions have the same truth value (both true or both false). Its truth
table is shown in Table 4.6.

For example, the proposition ‘Birds have three legs if and only if
2 + 2 = 5’ is true, because the two propositions from which it is built up
are both false.

4.4 Compound propositions

We now have the notation we need in order to be able to write compound
propositions in symbolic form. Example 4.4.1 shows how this is done.

Example 4.4.1 Express the proposition ‘Either my program runs and it contains no bugs,
or my program contains bugs’ in symbolic form.

Solution Let p denote the statement: ‘My program runs.’
Let q denote the statement: ‘My program contains bugs.’

Then the proposition can be written in symbolic form as follows:

( )p q q�� �

Notice in this example how parentheses are used to group sub-
expressions within the whole expression, just as in arithmetic and
algebra. If the sub-expressions had been grouped differently, the meaning
would have been different: p q q�� �( ) means ‘My program runs, and
either it does not contain bugs or it contains bugs.’ Parentheses should
always be used to group sub-expressions in compound propositions, in
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p q p q�

T T T

T F F

F T F

F F T

Table 4.6



order to avoid any ambiguity in the meaning. (There is one exception –
by convention, the symbol� immediately preceding a proposition applies
only to that proposition. Thus� �p q always means ( )� �p q and never
� �( )p q .)

In Example 4.4.1, ( )p q q�� � is the symbolic notation for a
proposition; we could find its truth value if we knew the truth values of
‘My program runs’ and ‘My program contains bugs’. In the study of logic,
it is often useful to analyse expressions such as ( )p q q�� � in which p and
q are treated as variables rather than as symbols denoting specific
propositions. If we do this, then ( )p q q�� � is no longer a proposition
but a logical expression; it becomes a proposition only if p and q are
replaced by propositions. We can think of a logical expression in the same
way as we think of an expression containing a variable x in algebra – the
expression can’t be evaluated unless x is assigned a value, but this does
not prevent us from studying the expression and investigating its
properties.

We can analyse the structure of the logical expression ( )p q q�� � in
the following way. The entire expression takes the form A B� , where A is
the expression p q�� and B is the variable q. The connective or is the
principal connective in the original expression. In turn, p q�� takes the
form C D� , where C is the variable p, D is the expression�q, and the
principal connective is and. Finally, the principal connective in�q is not.
This way of breaking down the structure of an expression is useful in
constructing its truth table, as we will see shortly.

Looking ahead to Chapter 11, the structure of the expression
( )p q q�� � can be depicted using an expression tree, as shown in Figure
4.1.

The truth value of the expression ( )p q q�� � for each possible
combination of truth values of p and q can be found by constructing a
truth table.

Example 4.4.2 Construct the truth table for the expression ( )p q q�� � .

Solution The solution is shown in Table 4.7. The first two columns of the table
contain all the possible combinations of the truth values of p and q.
Column 3 is obtained from Column 2 using the truth table for not.
Column 4 is obtained from Columns 1 and 3 using the truth table for and.
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Figure 4.1



Finally, Column 5, which contains the truth values for the entire
expression, is obtained from Columns 4 and 2 using the truth table for or.

Notice that each column is obtained using the truth table for the principal
connective in the expression at the top of the column.

If an expression contains three variables (p, q and r, say), then the table
will have eight lines instead of four (there are 23 = 8 different ways of
allocating truth values to three expressions), but the method is the same.

Now look again at the proposition we introduced at the beginning of
Section 4.3:

‘If Brian and Angela are not both happy, then either Brian is not
happy or Angela is not happy.’

If p and q denote respectively ‘Brian is happy’ and ‘Angela is happy’, the
proposition can be expressed symbolically in the following way:

� � � � ��( ) ( )p q p q

The truth table for this expression is given in Table 4.8.

The final column of the truth table contains only T. This tells us that the
expression is always true, regardless of the truth values of p and q.

An expression that is always true, regardless of the truth values of the
variables it contains, is called a tautology.

Now consider the following proposition:
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p q �q p q�� ( )p q q�� �

T T F F T

T F T T T

F T F F T

F F T F F

Table 4.7

p q p q� � �( )p q �p �q � ��p q � � � � ��( ) ( )p q p q

T T T F F F F T

T F F T F T T T

F T F T T F T T

F F F T T T T T

Table 4.8



‘It is raining and windy, and it is not raining.’

Even without looking at the weather, we can tell that the proposition is
false from its logical structure. We can confirm this by writing the
proposition in symbolic form and constructing the truth table for the
resulting expression. Using p and q to denote respectively ‘It is raining’
and ‘It is windy’, we obtain Table 4.9.

An expression that is always false, regardless of the truth values of the
variables it contains, is called a contradiction.

4.5 Logical equivalence

Here is a rather complicated proposition:

‘It is not the case that both the input file and the output file are not
on the disk.’

The proposition below expresses the same idea more simply:

‘Either the input file or the output file is on the disk.’

If we were to express these propositions symbolically, we would expect
the resulting logical expressions to have the same truth table. Let p and q
denote respectively the propositions ‘The input file is on the disk’ and
‘The output file is on the disk’. Then we have the following result, in
which for convenience we have combined the truth tables for the two
expressions into a single table (Table 4.10).
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p q p q� �p ( )p q p� ��

T T T F F

T F F F F

F T F T F

F F F T F

Table 4.9

p q �p �q � ��p q �� ��( )p q p q�

T T F F F T T

T F F T F T T

F T T F F T T

F F T T T F F

Table 4.10



The sixth and seventh columns are the truth tables for the first and
second expressions respectively, and we can see that their truth values are
the same.

Definition Two expressions (composed of the same variables) are logically
equivalent if they have the same truth values for every combination of the
truth values of the variables.

Informally, we could say that two expressions are logically equivalent if
they yield the same truth table.

There is a subtle but important distinction between the connective if-
and-only-if and the concept of logical equivalence. When we write p q� ,
we are writing a single logical expression. Logical equivalence, on the
other hand, is a relationship between two logical expressions. The two
concepts are related in the following way: two expressions A and B are
logically equivalent if and only if the expression A B� is a tautology.

Some important questions about logical equivalence arise when we
consider expressions of the form p q� . Such expressions are called
implications. We investigate these questions now.

Definitions The converse of p q� is q p� .

The contrapositive of p q� is� ��q p.

Example 4.5.1 Write down English sentences for the converse and the contrapositive of:

‘If 250 is divisible by 4 then 250 is an even number.’

Solution The sentence takes the form p q� , where p denotes ‘250 is divisible by 4’
and q denotes ‘250 is an even number’.

The converse is q p� , which we can write in English as follows:

‘If 250 is an even number then 250 is divisible by 4.’

The contrapositive is� ��q p, which we write as follows:

‘If 250 is not an even number then 250 is not divisible by 4.’

Not only is the original proposition in this example a true mathematical
statement as it stands; it remains true if 250 is replaced by any other
integer. This is also the case for the contrapositive. The converse,
however, is false – 250 is an even number, but it is not divisible by 4.
Example 4.5.1 suggests that p q� is not logically equivalent to its
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converse, but that it is logically equivalent to its contrapositive. We can
confirm that this is the case by constructing a truth table (Table 4.11).

The columns for p q� and� ��q p are identical to each other, but they
differ from the column for q p� . Therefore an implication and its
contrapositive are logically equivalent, while an implication and its
converse are not.

4.6 Laws of logic

We began Section 4.5 with an example of a complicated proposition that
we showed to be logically equivalent to a simpler one. Occasions often
arise in practice where it is desirable to replace a logical expression with a
simpler expression that is logically equivalent to it. For example, we have
seen how logical expressions representing propositions can occur in
algorithms and computer programs. By writing these expressions as
simply as possible, we can make a program more efficient and reduce the
chance of error.

In order to be able to simplify logical expressions effectively, we need
to establish a list of pairs of expressions that are logically equivalent. We
will use the symbol�placed between two expressions to indicate that they
are equivalent. A statement of the form P Q� where P and Q are logical
expressions is called a law of logic. A list of the most important laws of
logic is given in Table 4.12.

The first two laws in Table 4.12 allow the connectives if-then and if-
and-only-if to be removed from any expression containing them. The
remaining laws involve just the connectives and, or and not. Except for
the double negation law, these laws occur in pairs, in which the second
law in the pair can be obtained from the first by interchanging�with�
and T with F. (Here, T means any true proposition, and F means any false
proposition.) The second law in each pair is said to be the dual of the
first, and vice versa. The double negation law is its own dual.

The list of laws in Table 4.12 is very comprehensive, and it might
appear rather daunting at first. However, many of the laws are obvious
after a moment’s thought, such as the double negation law (‘It is not the
case that it is not raining’ is a convoluted way of saying ‘It is raining’),
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p q p q� q p� �q �p � ��q p

T T T T F F T

T F F T T F F

F T T F F T T

F F T T T T T

Table 4.11



and the idempotent laws (‘I am happy and I am happy’ just means ‘I am
happy’). The less obvious laws can be checked using truth tables.

Notice that some of the laws take the same form as laws of ordinary
algebra, with = replaced by�, × by�, + by�, 1 by T and 0 by F. The
commutative, associative and identity laws are of this type, and so is the
first of the distributive laws, because it corresponds to the familiar rule
for ‘multiplying out brackets’: x × (y + z) = (x × y) + (x × z). This is
not the case with the second distributive law, because x + (y × z) =
(x + y) × (x + z) is not a law of algebra. Working with the laws of logic
can sometimes have the same ‘feel’ as doing algebra with numbers, but it
is essential to make sure that each step in the solution to a problem can be
justified using one of the laws of logic.

Example 4.6.1 Use a truth table to verify the first de Morgan’s law:� � �� ��( )p q p q.

Solution Note that the law can be paraphrased as follows: ‘If it is not the case that p
and q are both true, then that is the same as saying that at least one of p or
q is false.’

The truth table is shown in Table 4.13. The columns for� �( )p q and
� ��p q are identical, and therefore the two expressions are logically
equivalent.
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Law(s) Name

p q p q q p� � � � �( ) ( ) Equivalence law

p q p q� �� � Implication law

�� �p p Double negation law

p p p� � p p p� � Idempotent laws

p q q p� � � p q q p� � � Commutative laws

( ) ( )p q r p q r� � � � � ( ) ( )p q r p q r� � � � � Associative laws

p q r

p q p r

� � �

� � �

( )

( ) ( )

p q r

p q p r

� � �

� � �

( )

( ) ( )
Distributive laws

� � �� ��( )p q p q � � �� ��( )p q p q de Morgan’s laws

p p� �T p p� �F Identity laws

p� �F F p� �T T Annihilation laws

p p�� �F p p�� �T Inverse laws

p p q p� � �( ) p p q p� � �( ) Absorption laws

Table 4.12



The next example illustrates how the laws of logic can be applied to the
problem of simplifying a logical expression. Starting with the given
expression, a sequence of equivalent expressions is obtained by applying
one of the laws at each step. You need to keep in mind that ‘applying a
law’ often means replacing the variables in the law with logical
expressions in order to put it into the required form.

Example 4.6.2 Use the laws of logic to simplify the expression:

p p q��� �( )

Solution As this is our first example of simplifying an expression using the laws of
logic, the solution is given in more detail than would normally be shown
in practice, to demonstrate at each step exactly how the relevant law of
logic from Table 4.12 has been applied.

p p q��� �( )� ���� �p p q( ) implication law (with�p in
place of p)

� �� �p p q( ) double negation law
� �� ��p p q( ) second de Morgan’s law
� �� � ��( ) ( )p p p q second distributive law (with

�p and�q in place of q and r
respectively)

� � ��T ( )p q second inverse law
� �� �( )p q T first commutative law (with T

and ( )p q�� in place of p and
q respectively)

� ��p q first identity law (with ( )p q��
in place of p)

There are no hard and fast rules for determining which law to apply at
each step in this type of problem. If the connectives� or� appear in the
given expression, they should be eliminated using the first two laws. After
that, it can sometimes be a matter of trying a law to see if it helps to
simplify the expression, and then trying another if it doesn’t.
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p q p q� � �( )p q �p �q � ��p q

T T T F F F F

T F F T F T T

F T F T T F T

F F F T T T T

Table 4.13



An important practical application of the laws of logic is the
simplification of logical expressions in algorithms. De Morgan’s laws are
often particularly useful in this type of problem.

Example 4.6.3 An algorithm contains the following line:

If not(x > 5 and x%10) then ...

How could this be written more simply?

Solution Apply the first de Morgan’s law:� + � %[( ) ( )]x x5 10 is equivalent to
� + �� %( ) ( )x x5 10 , which in turn is equivalent to ( ) ( )x x% � +5 10 . The
line of the algorithm can therefore be written:

If x%5 or x > 10 then ...

The next example shows how a type of problem that we previously
dealt with using truth tables can also be solved using the laws of logic.

Example 4.6.4 Use the laws of logic to show that[( ) ]p q q p� �� �� is a tautology.

Solution [( ) ]p q q p� �� �� �� � � �� ��[( ) ]p q q p implication law
(twice)

��� �� � ��[ ( )]q p q p first commutative
law

�� � �� �� �[( ) ( )]q p q q first distributive law
��p

�� � �� � ��[( ) ( )]q p q q first commutative
��p law

�� � �� � ��[( ) ]q p pF first inverse law
��� �� ��( )q p p second identity law
� �� ��� ��( )q p p first de Morgan’s law
� � ��( )q p p double negation law

(twice)
� � ��q p p( ) second associative

law
� �q T second inverse law
�T second annihilation

law

Therefore[( ) ]p q q p� �� �� is a tautology.

Both methods have advantages and disadvantages. The truth table
method can be lengthy, but it is a mechanical procedure guaranteed to
lead to the answer eventually. Applying the laws of logic can be more
difficult, because it is not always easy to decide which law should be
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applied in a given situation. On the other hand, the laws of logic will often
lead to a solution more quickly.

The next example shows how the laws of logic can be used to determine
the validity of an argument.

Example 4.6.5 Determine whether the following argument is valid:

‘The file is either a binary file or a text file. If it is a binary file then
my program won’t accept it. My program will accept the file.
Therefore the file is a text file.’

Solution An argument of this type consists of some premises (in this example, the
first three sentences), which together are supposed to imply the
conclusion (the last sentence). The argument takes the form of the logical
expression:

( )P P P Q1 2 3� � �

where P1, P2 and P3 are the premises, and Q is the conclusion. (There is no
ambiguity in writing P P P1 2 3� � without brackets, because the connective
�obeys the associative law.) If the argument is valid, the expression
should be a tautology.

Let p denote the proposition ‘The file is a binary file’, let q denote ‘The
file is a text file’, and let r denote ‘My program will accept the file’. Then:

P p q

P p r

P r

Q q

1

2

3

� �

� ��

�

�

The argument now takes the form:

[( ) ( ) ]p q p r r q� � �� � �

We can find out whether this expression is a tautology either by
constructing a truth table or by trying to simplify it using the laws of
logic. Since a truth table would require eight rows and a large number of
columns, and would be fairly tedious to construct, we try the latter
approach.
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[( ) ( ) ] [( ) ( ) ]

[( ) ( )]

{( ) [( ) ( )]}

{( ) [( ) F]}

[( ) ]

[ ( ) ]

{[( ) ( )] }

p q p r r q p q p r r q

p q r p r q

p q r p r r q

p q r p q

p q r p q

p p q r q

p p p q r q

⁄ Ÿ Æ ÿ Ÿ Æ ∫ ÿ ⁄ Ÿ ÿ ⁄ ÿ Ÿ ⁄
∫ ÿ ⁄ Ÿ Ÿ ÿ ⁄ ÿ ⁄
∫ ÿ ⁄ Ÿ Ÿ ÿ ⁄ Ÿ ÿ ⁄
∫ ÿ ⁄ Ÿ Ÿ ÿ ⁄ ⁄
∫ ÿ ⁄ Ÿ Ÿ ÿ ⁄
∫ ÿ ÿ Ÿ ⁄ Ÿ ⁄
∫ ÿ ÿ Ÿ ⁄ ÿ Ÿ Ÿ ⁄



The proposition is a tautology, so the argument is valid.

4.7 Predicate logic

Propositional logic provides a useful setting in which we can analyse
many types of logical argument. There are situations, however, where
propositional logic is inadequate, because it cannot deal with the logical
structure that is sometimes present within atomic propositions.

Consider the following arguments:

‘All even numbers are integers. 8 is an even number. Therefore 8 is
an integer.’

‘It is not true that all prime numbers are odd. Therefore there must
be at least one prime number that is not odd.’

Both of these arguments appear to be perfectly valid on the basis of
everyday reasoning, yet if we try to show their validity using
propositional logic we run into difficulties.

In the first argument, the atomic propositions are ‘All even numbers
are integers’, ‘8 is an even number’, and ‘8 is an integer’. The argument
takes the following form:

( )p q r� �

This expression is false if p and q are true and r is false, so it is not a
tautology.

Similarly, if we take the atomic propositions in the second argument to
be ‘All prime numbers are odd’ and ‘There must be at least one prime
number that is not odd’, the argument takes the form:

� �p q

This expression is also not a tautology, because it is false if p and q are
both false.

In order to be able to analyse arguments such as these, we need to look
at the logical structure within atomic propositions. Predicate logic allows
us to do this.
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{[F ( )] }

( )

( )

( )

( )

T ( )

T

p q r q

p q r q

q p r q

q p r q

q q p r

p r

∫ ÿ ⁄ ÿ Ÿ Ÿ ⁄
∫ ÿ ÿ Ÿ Ÿ ⁄
∫ ÿ Ÿ ÿ Ÿ ⁄
∫ ÿ ⁄ ÿ ÿ Ÿ ⁄
∫ ÿ ⁄ ⁄ ÿ ÿ Ÿ
∫ ⁄ ÿ ÿ Ÿ
∫



Definition A predicate is a statement containing one or more variables. If values are
assigned to all the variables in a predicate, the resulting statement is a
proposition.

For example, ‘x < 5’ is a predicate, where x is a variable denoting any real
number. If we substitute a real number for x, we obtain a proposition; for
example, ‘3 < 5’ and ‘6 < 5’ are propositions with truth values T and F
respectively.

A variable need not be a number. For example, ‘x is an employee of the
Ezisoft Software Company’ becomes a proposition with a well defined
truth value when x is replaced by a person’s name: ‘Frederick Firestone2

is an employee of the Ezisoft Software Company.’
There are other ways of obtaining a proposition from a predicate apart

from assigning values to the variables. For example, consider the
predicate ‘x < 5 or x 5’. This predicate is true no matter what value we
substitute for x, so we can form a true proposition by writing:

‘For all x, x < 5 or x 5’.

If we had used ‘x < 5’ as the predicate instead of ‘x < 5 or x 5’, we would
have obtained:

‘For all x, x < 5’,

which is also a proposition (albeit a false one).
While the predicate ‘x < 5’ is not always true, it is true for some values

of x, so we can form a true proposition by writing:

‘There exists an x such that x < 5.’ (Here, ‘an’ means ‘at least one’.)

The expressions ‘for all’ and ‘there exists’ are called quantifiers. The
process of applying a quantifier to a variable is called quantifying the
variable. A variable which has been quantified is said to be bound. For
example, the variable x in ‘There exists an x such that x < 5’ is bound by
the quantifier ‘there exists’. A variable that appears in a predicate but is
not bound is said to be free.

We now introduce a notation that will allow us to write predicates and
quantifiers symbolically. We will use capital letters to denote predicates.
A predicate P that contains a variable x can be written symbolically as
P(x). A predicate can contain more than one variable; a predicate P with
two variables, x and y for example, can be written P(x,y). In general, a
predicate with n variables, x1, x2, ..., xn, can be written P(x1, x2, ..., xn).

The quantifiers ‘for all’ and ‘there exists’ are denoted by the symbols 	
and
 respectively. With this notation, expressions containing predicates
and quantifiers can be written symbolically.
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2 The name ‘Frederick Firestone’ appealed to the author when he saw it on a
freeway exit sign in Colorado. (The sign actually marks the exit to two towns
called Frederick and Firestone.)



Example 4.7.1 Write in symbols: ‘There exists an x such that x < 4.’

Solution Let P(x) be ‘x < 4’. Then the proposition can be written:


xP x( )

Example 4.7.2 Write in symbols: ‘For all x, x < 5 or x 5’.

Solution Let P(x) be ‘x < 5’, and let Q(x) be ‘x 5’. Then the proposition can be
written:

	 �x P x Q x[ ( ) ( )]

If we use the fact that Q(x) is equivalent to�P x( ), we can also write:

	 ��x P x P x[ ( ) ( )]

Here is a more complicated example, using a predicate with two
variables.

Example 4.7.3 Write the following two propositions in symbols:

‘For every number x there is a number y such that y = x + 1.’
‘There is a number y such that, for every number x, y = x + 1.’

Solution Let P(x,y) denote the predicate ‘y = x + 1’. The first proposition is:

	 
x yP x y( , )

The second proposition is:


 	y xP x y( , )

Note carefully the difference in meaning between the two propositions in
Example 4.7.3. In the first proposition the value of y can depend on x
(that is, different values of x can give different values of y), whereas in the
second proposition it cannot. In fact, the first proposition is a true
statement about numbers, while the second is a false statement. This
example shows that the order in which the quantifiers appear can affect
the meaning.

The following example illustrates a practical problem in which the
notation of predicate logic is useful.

Example 4.7.4 In the specification of a system for booking theatre seats, B(p,s) denotes
the predicate ‘person p has booked seat s’. Write the following sentences
in symbolic form:
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(a) Seat s has been booked.

(b) Person p has booked a (that is, at least one) seat.

(c) All the seats are booked.

(d) No seat is booked by more than one person.

Solution (a) 
pB p s( , )

(b) 
sB p s( , )

(c) 	 
s pB p s( , )

(d) If no seat is booked by more than one person, then B(p,s) and B(q,s)
cannot both be true unless p and q denote the same person. In
symbols:

It would be possible to formulate various laws of logic involving the
two quantifiers 	 and
 and the connectives we introduced earlier. Here
we will look just at the relationship between the two quantifiers and the
connective not.

Suppose we want to apply the connective not to the following
proposition:

‘All swans are black.’

Applying not to a proposition is called negating the proposition.
The original proposition can be written in symbols:

	xP x( )

where P(x) is the predicate ‘Swan x is black’.
Here is one way of forming the negation:

‘It is not true that all swans are black.’

Or, more simply:

‘Not all swans are black.’

We can write this proposition in symbols as follows:

�	[ ( )]xP x

Note that it would be incorrect to give the negation as ‘All swans are not
black’. This would be saying something different – that there are no black
swans.

There is another way of saying that not all swans are black; we can say
that there must be at least one swan that is not black. This gives us an
alternative way of expressing the negation of the original proposition:

‘There is a swan that is not black.’

In symbols:
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{[ ( , ) ( , )] ( )}s p q B p s B q s p q" " " Ÿ Æ =




 �x P x[ ( )]

By comparing this form of the negation with the original proposition ‘All
swans are black’, we can see that forming the negation corresponds to
negating the predicate and changing the quantifier. We can express this
observation as a law of predicate logic:

There is a second law, which can be thought of as the dual of the first,
for negating a proposition containing ‘there exists’. It also corresponds to
negating the predicate and changing the quantifier:

For example, the negation of ‘There is a number x such that x2 = 2’ is ‘For
every number x, x 2 2" ’.

Example 4.7.5 Write down the negation of the following proposition:

‘For every number x there is a number y such that y < x.’

Solution Write the negation in symbols and simplify it using the laws of logic:

Write the answer as an English sentence:

‘There is a number x such that, for every number y, y x .’

It is important in a problem such as this to check that the answer makes
sense in terms of what the proposition and its negation mean, rather than
just mechanically applying the laws of logic. In Example 4.7.5, the original
proposition is a true mathematical statement about real numbers, while
its negation is a false statement.

The rule for negating the quantifier ‘for all’ can be used to verify one of
the arguments we quoted as an example at the beginning of this section:

‘It is not true that all prime numbers are odd. Therefore there must
be at least one prime number that is not odd.’

Let P(x) denote the predicate ‘x is a prime number’, and let Q(x) denote
the predicate ‘x is odd’. The proposition ‘all prime numbers are odd’ can
be rephrased as ‘for all x, if x is a prime number then x is odd’, and
written in symbolic form in the following way:

	 �x P x Q x[ ( ) ( )]
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[ ( )] [ ( )]xP x x P xÿ " ∫ $ ÿ

[ ( )] [ ( )]xP x x P xÿ $ ∫ " ÿ

[ ( )] { [ ( )]}

[ ( )]

( )

x y y x x y y x

x y y x

x y y x

ÿ " $ < ∫ $ ÿ $ <
∫ $ " ÿ <
∫ $ " ≥



Therefore the first sentence of the argument can be written in symbols as
follows:

� 	 �{ [ ( ) ( )]}x P x Q x

If we apply the negation rule and the laws of propositional logic we met in
Section 4.6, we obtain the following equivalent expressions:

The last line reads: ‘There is a number x such that x is a prime number
and x is not odd’, which we can rephrase as: ‘There must be at least one
prime number that is not odd.’

4.8 Proof techniques

Proofs play a central role in mathematics. The study of any branch of
mathematics begins with a set of axioms, or postulates: statements that
we assume are true without proof, and which serve to define that
particular branch of mathematics. For example, you may have
encountered the axioms of Euclidean geometry; one of the axioms is the
statement that a line can be drawn through any two points. With the
axioms in place, we can proceed to develop theorems. A theorem is a
statement that we accept as true because we can deduce it from the
axioms, or from other theorems we have already established, using logical
reasoning. A proof is a logical argument used to establish the truth of a
theorem.

Mathematical proofs can be presented in a very formal style: the
axioms and theorems are written using the notation of propositional and
predicate logic, and rules of deduction are applied at each step. Such an
approach is appropriate in some circumstances, for example, in the study
of automated theorem proving using a computer. However, proofs are
more commonly presented as ordinary sentences, using a mixture of
words and mathematical notation. In this section, we introduce some
techniques for constructing proofs. A further technique, induction, is
introduced in Chapter 7.

Proving theorems is a skill to be developed. Unlike much of the
mathematics you have studied, it is not a matter of learning a technique
that is guaranteed to work, and applying it to the problem at hand. Often,
an attempted proof using one technique will fail, and another method
must be tried. Finding a method that works requires skill and ingenuity.
We shall illustrate some common proof techniques by means of examples;
the rest is a matter of practice!
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{ [ ( ) ( )]}

[ ( ) ( )]

[ ( ) ( )]

x P x Q x x P x Q x

x P x Q x

x P x Q x

x P x Q x

ÿ " Æ ∫ $ ÿ Æ
∫ $ ÿ ÿ ⁄
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Example 4.8.1 Prove that the sum of any two even numbers is an even number.

Solution Let x and y be even numbers. Then x = 2m for some integer, m, and
y = 2n for some integer, n. Therefore, x + y = 2m + 2n = 2(m + n). Since
m and n are integers, so is m + n, so 2(m + n) is even. Hence, x + y is even.

The solution to Example 4.8.1 is an example of the simplest type of proof,
known as a direct proof. A direct proof starts with the premises, and
proceeds by logical deduction until the required conclusion is reached.

How do you know what to do at each step in the reasoning? At some
points, there is really only one sensible option; for example, after “Let x
and y be even numbers”, the next step is to invoke the definition of an
even number. The one point in the proof where it might not be obvious
what to do next – arguably the key step – occurs after “x + y = 2m + 2n”.
Here, we need to recall what it is that we want to prove: that x + y is even.
Therefore, our aim is to express 2m + 2n in the form 2 × something. We
see that we can do this by taking 2 out as a common factor.

Here is another example of a direct proof.

Example 4.8.2 Prove that, if x is any number of the form 3k + 1 for some integer, k, then
x2 is also of that form.

Solution Let x = 3k + 1. Then x2 = (3k + 1)2. Our aim now is to express (3k + 1)2 in
the form 3 × (something) + 1. We try expanding (3k + 1)2. (There is no
guarantee that this strategy will work – we won’t know until we try.) On
expanding, we obtain (3k + 1)2 = 9k2 + 6k + 1. We can get this into the
form we want by taking a factor of 3 out of the first two terms: 9k2 + 6k + 1
= 3(3k2 + 2k) + 1. To complete the proof, we let n = 3k2 + 2k. Then n is an
integer, and x2 = 3n + 1, so x2 is of the required form.

Not every theorem yields to the method of direct proof. The next
example illustrates another technique.

Example 4.8.3 Prove that, if x2 is even, then x is even.

Solution We try a direct approach first. Let x2 be even. Then x2 = 2n for some
integer, n. But now we run into difficulties; we want to prove something
about x, but in order to isolate x we would have to take the square root of
both sides of the equation. After that, there appears to be no way of
proceeding further.

Here is another approach, which sometimes works when a direct
approach fails. Recall that an implication and its contrapositive are
logically equivalent. It follows that if we can prove the contrapositive of
an implication, then we have proved the implication. In this example, the
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contrapositive is: if x is not even then x2 is not even. Put another way, if x
is odd then x2 is odd.

Let x be odd. Then x = 2n + 1 for some integer, n. Therefore, x2 =
(2n + 1)2 = 4n2 + 4n + 1 = 2(2n2 + 2n) + 1 = 2k + 1, where k = 2n2 + 2n.
Since k is an integer, 2k + 1 is odd, so x2 is odd. This completes the proof.

Example 4.8.4 Prove that, if xy = z2 and x < z then y > z, for any positive numbers x, y
and z.

Solution A direct proof of this result can be constructed, but we will illustrate
another approach here. Suppose the conclusion is not true. In other
words, suppose xy = z2 and x < z, but y is not greater than z. Then y z% .
Multiply both sides of this inequality by x (which we may do, because x is
positive): xy xz% . Hence, z xz2 % . Now, divide both sides of this last
inequality by z (again, this is a valid operation, because z is positive), to
obtain z x% . But this can be written as x z , which contradicts the fact
that x < z.

What has gone wrong? Nothing; we made an assumption – that y is not
greater than z – and we have deduced a contradiction. If an assumption
leads to a contradiction, there is only one conclusion we can draw: the
assumption must have been wrong. We conclude that y is greater than z.

The method used in the solution of Example 4.8.4 is called proof by
contradiction. In a proof by contradiction, we start by assuming that the
conclusion is false, and deduce a contradictory statement. Since the
assumption led to a contradiction, we conclude that the assumption was
wrong, and hence that the theorem is true.

In each example in this section, we have proved a statement about all
numbers of a certain type. Sometimes, however, we want to disprove a
statement of this form. In order to do this, all we need to do is to find just
one number for which the statement is false. Such a number is called a
counterexample.

Example 4.8.5 Disprove the statement: Every natural number can be expressed in the
form x2 + y2, where x and y are non-negative integers.

Solution We show that 3 is a counterexample. In other words, we show that there
are no non-negative integers x and y such that x2 + y2 = 3.

If x%1and y%1, then x y2 2 2! % , so x2 + y2 cannot equal 3 in this
case. If either x 2 or y 2, then x y2 2 4!  , so x2 + y2 cannot equal 3 in
this case either. Therefore, 3 cannot be expressed in the form x2 + y2.
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Many of the ideas we have met in this chapter play a fundamental role
in computing and mathematics, and they will reappear frequently in one
form or another in the following chapters. In particular, we will see in
Chapter 8 how the laws of logic (in the guise of Boolean algebra) can be
used to study the design of the circuitry on which modern digital
computers are based.
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EXERCISES
1 Express the following propositions in symbolic form, and identify

the principal connective:

(a) Either Karen is studying computing and Minh is not
studying mathematics, or Minh is studying mathematics.

(b) It is not the case that if it is sunny then I will carry an
umbrella.

(c) The program will terminate if and only if the input is not
numeric or the escape key is pressed.

(d) If x = 7 and y"4 and z = 2, then if it is not true that either
y = 4 or z" 2 then x = 7 or z = 2.

(Assume that this sentence arises in a context in which x, y and z
have been assigned values, so that it is a genuine proposition.)

2 Let p and q denote respectively the propositions ‘It is snowing’
and ‘I will go skiing’. Write down English sentences
corresponding to the following propositions:

(a) � �p q

(b) p q�

(c) � �q p

(d) ( )p q p�� �

3 (a) Construct the truth table for the connective xor with symbol
�, where p q� means ‘either p or q but not both’.

(b) Construct a truth table to show that p q� is logically
equivalent to ( ) ( )p q p q� �� � .

4 Write down English sentences for the converse and
contrapositive of the following propositions:

(a) If the input file exists, then an error message is not
generated.

(b) If the database is not accessible, then my program cannot
run.

(c) If my program contains no bugs, then it produces correct
output.

5 Write down English sentences corresponding to the converse
and the contrapositive of p q� , where p and q are defined in
Exercise 2.
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6 Construct truth tables for the following expressions. In each case,
state whether the expression is a tautology, a contradiction, or
neither.

(a) � �� �( )p q p

(b) [ ( )]p p q q� � ��

(c) ( ) ( )p q p q� � � ��

(d) [( ) ( )] ( )p r q r p q� � � � ��

7 Let P and Q denote two logical expressions. If P is false for a
particular set of truth values of the variables, thenP Q� must be false
for that set of values, so there is no need to find the truth value of Q.

(a) State a similar rule involving P Q� .

(b) Using these two rules as short-cuts, construct the truth
tables for the following expressions. (The rules mean that
some of the entries in the table may be left blank, but the last
column must still be complete.)

(i) [ ( ) ( )] [( ) ]� � � �� � � ��p q p r p r q

(ii) �� � � �� ��[ ( )] ( )p q r p r

8 Use truth tables to show that� ��( )p q and� �p q are logically
equivalent.

9 Using truth tables, prove the following laws of logic:

(a) p q r p q p r� � � � � �( ) ( ) ( )

(b) p p q p� � �( )

10 Use the laws of logic to simplify the following expressions as far
as possible:

(a) ( ) ( )p q p q�� � �

(b) � �� �[ ( )]p p q

(c) � � ��[ ( )]p q p

(d) [( ) ( )] ( )p q r p r q� �� � � ��

11 An algorithm contains the following line:

If not(x 3and x < 6) then ...

How could this be written more simply?

12 Rewrite the following pseudocode using a While-do in place of
the Repeat-until:

1. n� 0
2. term�1
3. sum� 0
4. Repeat

4.1. n n� !1
4.2. term term� / 2
4.3. sum sum term� !
until term < 0.001 or n = 100
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13 Use the laws of logic to classify the following expressions as
tautologies or contradictions:

(a) ( ) ( )p q p q�� �� �

(b) [ ( )] ( )p q p p p� � � ��

(c) [ ( )]p p q q� � �

14 Express the following argument in symbolic form and test its
validity using the laws of logic:

‘If n > 10 when the subroutine call statement is reached, then
the subroutine is called. The subroutine is called. Therefore
n > 10 when the subroutine call statement is reached.’

15 Express the following argument in symbolic form and test its
validity using the laws of logic:

‘Sandra is studying Computing or Sandra is not studying
Accounting. If Sandra is studying Accounting then Sandra is
not studying Computing. Therefore Sandra is studying
Computing.’

16 Find an expression that is logically equivalent to p q� but which
uses only the connectives and and not.

17 The connective nand, with symbol | (sometimes called the Sheffer
stroke), is defined by the truth table shown in Table 4.14.

(a) Find an expression that is logically equivalent to�p using
only the connective nand.

(b) Find an expression that is logically equivalent to p q� using
only the connective nand.

(c) Find an expression that is logically equivalent to p q� using
only the connective nand.

(This exercise shows that any expression built up using the
connectives and, or and not can be converted to a logically
equivalent expression using just the connective nand.)

18 Write the following propositions symbolically in the notation of
predicate logic, and state their truth values:

p q p | q

T T F

T F T

F T T

F F T

Table 4.14
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(a) ‘There is a real number x such that x2 – 3x + 2 = 0.’

(b) ‘For every real number x there is a real number y such that
x = y2.’

19 Write the negations of the propositions in Exercise 18 in
symbolic form and in English.

20 In the design specification of a library borrowing system, B(p,b)
denotes the predicate ‘person p has borrowed book b’, and O(b)
denotes the predicate ‘book b is overdue’.

Write the following sentences in symbolic form:

(a) Person p has borrowed a book. (Assume that ‘a’ means ‘at
least one’.)

(b) Book b has been borrowed.

(c) Book b is on the shelf.

(d) Person p has borrowed at least two books.

(e) No book has been borrowed by more than one person.

(f) There are no overdue books.

(g) If a book is overdue, then it must have been borrowed.

(h) Person p has an overdue book.

21 Prove each of the following statements:

(a) The sum of any even number and any odd number is odd.

(b) The product of any two odd numbers is odd.

(c) If x + y < 2 then x < 1 or y < 1, for any real numbers x and y.

(d) The sum of any five consecutive integers is divisible by 5.

(e) If n is an integer, then n2 + n is even.

(f) If n is an odd integer, then n2 – 1 is divisible by 4.

22 Fill in the details in the following outline of a proof that 2 is
irrational:

1. Assume m n/ � 2 where m and n are natural numbers.
Explain why we can assume that m and n are not both even.

2. Deduce that m2 = 2n2, and hence explain why m must be even.

3. Let m = 2k (where k is a natural number), and deduce that n is
even.

4. Explain how this proves that 2 is irrational.

23 Find a counterexample for each of the following statements:

(a) Any natural number that is divisible by both 4 and 6 is also
divisible by 24.

(b) If n is a natural number, then n4 + 4 is a multiple of 5.

(c) Every natural number can be expressed in the form x2 + y2 + z2

for some non-negative integers x, y and z.
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(d) For every natural number n, n n3 2 1 � .

24 Consider the following self-referential statement:

‘This statement has five words.’

(a) What is the truth value of the statement?

(b) Write down the negation of the statement. What is its truth
value?

(This exercise shows the kind of difficulty that can arise with a
self-referential statement, even if it appears to have a well defined
truth value.)

25 On one side of a card is written:

‘The statement on the other side of this card is true.’

On the other side of the card is written:

‘The statement on the other side of this card is false.’

Explain how a paradox arises in this situation. (The problem is
known as the Jourdain card paradox.)

26 Four people are using computers in a computing laboratory. You
know that the first person is a student and the second is not, but
you do not know whether they are using the software on the
network. You know that the third person is using the software on
the network and the fourth is not, but you do not know whether
they are students.

As the laboratory supervisor, you are required to enforce the rule
that only students are allowed to use the software on the network.
Which two people should you question, and what should you ask
them?
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5.1 Sets

In this chapter, we will present some basic mathematical ideas about sets
and relations. Some of the material on sets may be familiar to you
already, in which case you may wish to scan over those sections fairly
briefly. The main reason for introducing sets is to provide some useful
terminology and notation for the work that follows; we will not be
studying the mathematical theory of sets as such. Relations arise in
computing in the theory of relational databases, and we will need them in
Chapter 12 when we study congruences.

The word set is used in mathematics to mean any well defined
collection of items. The items in a set are called the elements of the set.
For example, we can refer to the set of all the employees of a particular
company, the set of all ASCII characters1, or the set of all the integers that
are divisible by 5.

A specific set can be defined in two ways. If there are only a few
elements, they can be listed individually, by writing them between braces
(‘curly’ brackets) and placing commas in between. For example, the set of
positive odd numbers less than 10 can be written in the following way:

{1, 3, 5, 7, 9}

If there is a clear pattern to the elements, an ellipsis (three dots) can be
used. For example, the set of odd numbers between 0 and 50 can be
written:

{1, 3, 5, 7, ..., 49}

Some infinite sets can also be written in this way; for example, the set of
all positive odd numbers can be written:

{1, 3, 5, 7, ...}
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1 The ASCII character set is a standard set of 128 characters, including letters,
digits, punctuation marks, mathematical symbols and non-printing (control)
characters. Each character has a unique numeric code from 0 to 127. The 8-bit
binary equivalent of the numeric code is used in many computers for the
internal representation of character data. (ASCII stands for American Standard
Code for Information Interchange.)



A set written in any of these ways is said to be written in enumerated
form.

The second way of writing down a set is to use a property that defines
the elements of the set. Braces are used with this notation also. For
example, the set of odd numbers between 0 and 50 can be written:

{x: x is odd and 0 < x < 50}

The colon is read ‘such that’, so the definition reads ‘the set of all x such
that x is odd and 0 < x < 50’. Recalling our work from the previous
chapter, notice that the expression following the colon is a predicate
containing the variable x. A set written in the form {x:P(x) }, where P(x) is
a predicate, is said to be written in predicate form.

Capital letters are commonly used to denote sets. For example, we can
write:

A = {1, 2, 3, 4, 5}

B = {x: x is a multiple of 3}

The symbol�means ‘is an element of’. For example, if A and B are the
two sets defined above, we can write 2�A and15�B. The symbol�
means ‘is not an element of’; for example, 6�A and11�B.

Many (but by no means all) of the sets we will be dealing with are sets
of numbers. Some sets of numbers arise sufficiently often that special
symbols are reserved for them. The most important of these for our
subsequent work are listed below:

N is the set of natural numbers (or positive integers): {1, 2, 3, 4, ...}.

J is the set of integers: {..., –3, –2, –1, 0, 1, 2, 3, ...}.

Q is the set of rational numbers: {x: x = m/n for some integers
m and n}.

R is the set of real numbers.

The sets J and R may remind you of the data types ‘integer’ and ‘real’,
which arise in programming. We will not go into the details of the
concept of typing here. However, it is important to understand that a
careful distinction needs to be made between the elements of J or R and
the representations of integers or real numbers in a computer. Data types
in a computer are constrained by the technical limitations of computing
hardware; we saw in Chapter 3 that there is a limit to the size (and, in the
case of real numbers, the precision) of the numbers that can be
represented. There is no such restriction in mathematics; we are quite free
to imagine infinite sets of numbers, and it is often convenient to do so.

There are two more sets for which we will introduce special symbols.
The first of these is the null set (or empty set), which is denoted by the
symbol
, and which has no elements. (Note that the symbol
 is not the
same as the Greek letter , (phi).) The null set can be written in
enumerated form, like this:

{}
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Don’t make the mistake of writing {
} for the null set. The set {
} is
not the null set; it is a set with one element, and that element is the null
set.

The null set can be written in predicate form using any predicate that is
always false, for example, {x: x x" }.

It may seem strange to define the null set, and you might wonder why it
is necessary to do so. Perhaps you had similar misgivings when you first
learnt about the number 0 (‘If there’s nothing there, how can you count
it?’). It will become clear as we proceed that we need the null set in our
work.

The other set for which we will introduce a symbol is the universal set,
denoted by �. The term ‘universal set’ does not refer to a specific set, but
rather to a set that contains all the elements arising in the problem at
hand. The universal set can therefore change from one problem to
another. For example, in a problem dealing with various sets of numbers,
we might choose � to be R, the set of all real numbers.

5.2 Subsets, set operations and Venn diagrams

Definition Let A and B be sets. We say that B is a subset of A, and write B A� , if
every element of B is an element of A.

For example, let A = {1, 2, 3, 4, 5}, B = {1, 3, 4}, and C = {2, 4, 6}. Then
B A� , but C is not a subset of A, because 6�C but 6�A.

A useful way of depicting the relationship between several sets is to
represent each set by an oval region on a type of diagram known as a
Venn2 diagram. The Venn diagram for the present example is shown in
Figure 5.1.

The rectangle forming the boundary of the Venn diagram represents the
universal set �, which we may take to be {1, 2, 3, 4, 5, 6} in this example.
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Figure 5.1

2 Venn diagrams are named after the English mathematician, John Venn
(1834–1923).



A second example of subsets is provided by the following ‘chain’ of
subsets of R, the set of real numbers:

N J Q R� � �

The definition of ‘subset’ should be read carefully (as should all
definitions in mathematics); it really does mean exactly what it says. In
particular, if A is any set, then A A� , because it is certainly true that every
element of A is an element of A. (The resemblance of the symbol� to% is
not accidental; the relations ‘subset’ and ‘less than or equal to’ have some
similar properties.)

The reasoning that underlies the following fact is a little more subtle:


�A for any set A

In words: every element of
 is an element of A. If you are puzzled by this
statement, ask yourself how one set can fail to be a subset of another. This
can happen only if there is an element of the first set that is not an
element of the second; for example, {2, 4, 6} is not a subset of {1, 2, 3, 4, 5},
because 6 is an element of the first set but not the second. Therefore, the
statement
�A would be false only if we could find an element of
 that
is not an element of A. But we can’t find such an element, because
has
no elements! We say that the statement ‘every element of
 is an element
of A’ is vacuously true, and conclude that
�A.

Now that we have established the concept of a subset of a set, we can
define what it means for two sets to be equal.

Definition Two sets A and B are equal if A B� and B A� .

In other words, A = B if every element of A is an element of B, and every
element of B is an element of A. A less formal way of expressing this is:
‘Two sets are equal if they have the same elements.’ In particular, this
means that the order in which the elements of a set are listed in
enumerated form is unimportant: {a, b, c} is the same set as {b, c, a}. It
also means that a set does not have ‘repeated’ elements – we would never
write a set as {a, a, b}, because it is the same set as {a, b}.

If B A� and B A" , then B is called a proper subset of A.
A number of operations are defined on sets. We list them now, together

with their corresponding Venn diagrams.

The intersection of two sets A and B is:

A B x x A x B� � � �{ : }and

The intersection of A and B is depicted by the shaded region of the Venn
diagram in Figure 5.2.

Two sets with no elements in common are said to be disjoint. In
symbols, A and B are disjoint if A B� �
.
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The union of A and B is:

(Recall that ‘or’ always means inclusive-or.)
The union of A and B is depicted by the shaded region of the Venn

diagram in Figure 5.3.

The complement of A is:

(Recall that � is the universal set.)
The complement of A is depicted by the shaded region of the Venn

diagram in Figure 5.4.

The difference of A and B is:
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The difference of A and B is depicted by the shaded region of the Venn
diagram in Figure 5.5.

The last of these operations is less widely used than the others, because
it can always be rewritten in terms of intersection and complement, using
the law:

A B A B� � �

We can illustrate a law such as this one by constructing the Venn
diagram for each side of the equation, and seeing that the two diagrams
are the same. In this case, the Venn diagram for the right hand side is
produced by shading the regions corresponding to A and B, as shown in
Figure 5.6. Then A B� corresponds to the doubly shaded region
(indicated by darker shading in the figure). This region is the same as the
region shaded in Figure 5.5.

Alternatively, we can prove that A B A B� � � using the definitions of
the set operations:

Example 5.2.1 Let the universal set be � = {1, 2, 3, ..., 10}. Let A = {2, 4, 7, 9},
B = {1, 4, 6, 7, 10}, and C = {3, 5, 7, 9}. Find:

(a) A B�

(b) A C�

(c) B C�
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(d) ( )A B C� �

(e) B C C� �

Solution It is helpful to draw a Venn diagram in a problem like this (Figure 5.7).

(a) A�B = {1, 2, 4, 6, 7, 9, 10}

(b) A�C = {7, 9}

(c) C = {1, 2, 4, 6, 8, 10}, so B C� = {1, 4, 6, 10}

(d) B = {2, 3, 5, 8, 9}, therefore A B� = {2, 9}, so ( )A B C� � = {2, 3, 5, 7, 9}

(e) B�C = {1, 3, 4, 5, 6, 7, 9, 10}, therefore B C� = {2, 8}, so B C C� � �


The operations of intersection, union and complement correspond in a
natural way to the logical connectives and, or and not respectively.
Because of this, each of the laws of logic gives rise to a corresponding law
of sets.

For example, the commutative law p q q p� � � in logic yields the law
A B B A� � � for sets. We can show this in the following way:

The first and third equalities follow from the definition of the
intersection of two sets, while the second equality follows from the
commutative law of logic.

A list of some of the laws of sets is given in Table 5.1. Most of these laws
have the same name as the corresponding law of logic, and all can be
derived from one of the laws of logic in the way we have just seen.

Example 5.2.2 Use Venn diagrams to illustrate the first de Morgan’s law for sets.

Solution We draw a Venn diagram for each side of the equation. For the left-hand
side, we draw the Venn diagram for A B� first, and then draw the Venn
diagram for A B� (Figure 5.8).

For the right-hand side, we draw the Venn diagrams shown in Figure
5.9.

The shaded region is the same for both sides of the equation.
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Law(s) Name

A A� Double complement law

A A A� � A A A� � Idempotent laws

A B B A� � � A B B A� � � Commutative laws

( ) ( )A B C A B C� � � � � ( ) ( )A B C A B C� � � � � Associative laws

A B C

A B A C

� � �

� � �

( )

( ) ( )

A B C

A B A C

� � �

� � �

( )

( ) ( )
Distributive laws

A B A B� � � A B A B� � � de Morgan’s laws

A�� = A A A�
� Identity laws

A�
�
 A�� = � Annihilation laws

A A� �
 A A� �� Inverse laws

A A B A� � �( ) A A B A� � �( ) Absorption laws

Table 5.1

Figure 5.8

Figure 5.9



5.3 Cardinality and Cartesian products

Definition The cardinality of a finite3 set is the number of elements in the set. The
cardinality of a set A is denoted by | A |.

For example, if A = {a, b, c, d, e} then | A | = 5.

Definition Let A be a set. The power set of A is the set of all subsets of A, and is
denoted by (A).

Note that a power set is an example of a set of sets; that is, a set whose
elements are themselves sets.

For example, consider a set with three elements: {a, b, c}. Listing all the
subsets of {a, b, c}, and remembering to include the set itself and the null
set, we obtain the following power set:

({a, b, c}) = {
, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}

The power set of {a, b, c} has 8 elements. Since {a, b, c} can represent any
3-element set, we conclude that any set with 3 elements has 8 subsets.

The following result gives a general formula for the number of subsets
of any finite set.

Theorem Let A be a set with n elements. Then A has 2n subsets.

Proof Let A = {x1, x2, ..., xn}, and suppose we want to select a subset B of A. We
can do this by looking at each element of A in turn, and deciding whether
or not to include it in B. There are two possibilities for x1: either x B1 �
or x B1 � . Similarly, either x B2 � or x B2 � (2 possibilities), so the total
number of possibilities for x1 and x2 is 2 × 2. Continuing in this way
with x3, x4, ..., xn, we conclude that the total number of possible subsets is
2 × 2 × ... × 2 (n times), which equals 2n.

The technique used in the proof is an application of a result known as the
Multiplication principle, which we will meet again in Chapter 9.

We noted earlier that the elements of a set are not listed in any
particular order – {a, b} is the same set as {b, a}, for example. By contrast,
an ordered n-tuple is a list of n elements in a particular order. To
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distinguish them from sets, ordered n-tuples are written using
parentheses instead of braces:

(x1, x2, ..., xn)

In particular, an ordered 2-tuple (usually called an ordered pair) is a pair
of elements in a particular order, and is written (a, b). Thus, the ordered
pair (1, 2) is different from (2, 1), for example.

If two ordered n-tuples (x1, x2, ..., xn) and (y1, y2, ..., yn) are equal, then
the elements in the corresponding positions must be equal: x1 = y1,
x2 = y2, and so on.

Definition The Cartesian4 product of two sets A and B is defined by:

In words: A × B is the set of all ordered pairs in which the first element
comes from A and the second element comes from B.

More generally, the Cartesian product of the n sets A1, A2, ..., An is
defined by:

In words: A1 × A2 × ... × An is the set of all ordered n-tuples in which the
first element comes from A1, the second from A2, and so on.

We can write the definition of A1 × A2 × ... × An more concisely by using
predicate logic notation:

The notation here is a little different from the notation in Chapter 4,
because the set of values of i is written down explicitly here.

Example 5.3.1 Let A = {x, y} and B = {1, 2, 3}. Write down the Cartesian product of A
and B in enumerated form.

Solution A × B = {(x,1), (x,2), (x,3), (y,1), (y,2), (y,3)}

Cartesian products arise in computing when we deal with strings of
characters defined according to certain rules. For example, on some
computers, the usercode that identifies a registered user must consist of 3
letters, followed by 3 digits, followed by a letter, for example XYZ123A.
Let L denote the set of letters, and let D denote the set of digits; then the
set of all valid usercodes is:
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4 The name comes from Cartesius, the latinised version of the name of the
French mathematician and philosopher René Descartes (1596–1650).



L × L × L × D × D × D × L

The usercode XYZ123A corresponds to the element (X, Y, Z, 1, 2, 3, A) of
the set L × L × L × D × D × D × L. (The difference between writing
XYZ123A and (X, Y, Z, 1, 2, 3, A) is just one of notation, not a conceptual
difference.)
Sometimes we want to form a Cartesian product of a set with itself. This
situation arises sufficiently often to warrant a notation of its own. If A is
any set, the Cartesian product A × A × ... × A (n times) is written An. Thus
we can write:

For example, R2 is the set of all ordered pairs of real numbers (x, y). In
the study of coordinate geometry, this set is represented geometrically as
a plane (the Cartesian plane), with x- and y-axes.

A second example, which we will use in Section 5.4, is the Cartesian
product {0,1}n. The elements of this set are ordered n-tuples in which
each element is either 0 or 1. For example, (1, 0, 0, 1, 0, 1, 1, 1) is an
element of {0,1}8. We can think of {0,1}n as the set of all strings of n bits.

5.4 Computer representation of sets

Some programming languages, such as Pascal, allow sets to be handled as
a compound data type, where the elements of the sets belong to one of the
data types available in the language, such as integers or characters. The
question then arises: how are sets stored and manipulated in a computer?

A set is always defined in a program with reference to a universal set �.
We must make an exception here to the rule that the order of the
elements of a set is irrelevant, because we need to assume that the
elements of � are listed in a definite order. Any set A arising in the
program and defined with reference to this universal set � is a subset of
�. We want to know how the computer stores A internally.

The answer is that A is represented by a string of n bits, b1b2...bn, where
n is the cardinality of �. In the notation we have just introduced, the bit
string b1b2...bn can be regarded as the element (b1, b2, ..., bn) of {0,1}n. The
bits are determined according to the rule:

bi = 1 if the ith element of � is in A

bi = 0 if the ith element of � is not in A

where i ranges over the values 1, 2, ..., n.

Example 5.4.1 Let � = {1, 2, 3, ..., 10}.

(a) Find the representation of {2, 3, 5, 7} as a bit string.

(b) Find the set represented by the bit string 1001011011.
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Solution (a) Looking in turn at each element of �, and writing down 1 if the
element is in {2, 3, 5, 7} and 0 if it is not, we obtain the answer:
0110101000.

(b) The answer is obtained by writing down each element of � that
corresponds to a 1 in the bit string: {1, 4, 6, 7, 9, 10}.

Each subset of an n-element universal set � can be paired up with the
n-bit string that is its computer representation. By doing this, we set up a
one-to-one correspondence between the subsets of � and all possible n-bit
strings. We know already that there are 2n such strings, so there must also
be 2n subsets of �. This provides another proof that any set with n elements
has 2n subsets.

The operations of intersection, union and complement can be carried
out directly on the bit strings, provided that the sets involved have been
defined with reference to the same universal set. For example, the bit
string of A B� has a 1 wherever the bit strings of A and B both have a 1.
This process for calculating the bit string of A B� is called a bitwise and
operation. Similarly, the bit strings of A B� and A are calculated using a
bitwise or and a bitwise not respectively.

Example 5.4.2 Let the bit strings of A and B be 00101110 and 10100101 respectively. Find
the bit strings of A B� , A B� and A.

Solution Performing the appropriate bitwise operations, we obtain the answers:
00100100, 10101111 and 11010001.

5.5 Relations

Relations between pairs of objects occur throughout mathematics and
computing. We have already met some examples of relations. If one
logical expression is equivalent to another, this is an example of a
relationship between the two logical expressions. We can refer to the
relation of one logical expression being equivalent to another. In a similar
way, we can refer to the relation of one set being a subset of another.
Other examples in mathematics are the relation of one number being less
than another, and the relation of one integer being divisible by another.
In a database in which words are to be sorted into alphabetical order, we
deal with the relation of one word preceding another in an alphabetical
listing. A non-mathematical example is the various relationships between
members of a family – one person may be the sister of another, the cousin
of another, and so on.

In each of these examples, a statement is made about a pair of objects
that is true in some cases and false in others; the statement ‘x is less than
y’ is true if x = 3 and y = 4, for example, but false if x = 3 and y = 2.
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Before we can develop these ideas further, we need to make them more
precise. We notice that each of the relations we have mentioned is
associated with a set, and that the relation makes sense only when it refers
to ordered pairs of elements of that set. For example, the relation ‘less
than’ makes sense when it refers to ordered pairs of elements of R, the set
of real numbers; if (x,y) is an ordered pair of real numbers, then the
statement ‘x is less than y’ is either true or false. Similarly, the relation ‘is
a sister of’ makes sense when applied to ordered pairs of elements of the
set of all people, while the relation ‘precedes in alphabetical order’ refers
to ordered pairs of words. In general, if the set to which the relation
applies is denoted by A, then the ordered pairs are elements of the
Cartesian product A × A.

Informally, then, a relation on a set A is a statement about ordered
pairs (x,y) belonging to A × A. The statement must be either true or false
for each pair of values of x and y. This is often the most convenient way of
thinking about a relation. The formal mathematical definition is
somewhat different, however.

Definition A binary5 relation on a set A is a subset of A × A.

This definition needs some explanation, since the connection between it
and the informal idea of a relation might not be obvious. The easiest way
to do this is by means of an example. Consider the relation ‘less than’ on
the set A = {1, 2, 3, 4}. For any ordered pair of elements of A (that is, for
any element of A × A), the relation ‘less than’ is either true or false for
that pair. We can list all of the ordered pairs for which the relation is true:

(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)

Formally, the relation is the set of these ordered pairs:

{(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}

This set is a subset of A × A, and so it is a relation according to the
definition given above.

If we denote this set of ordered pairs by R, then we can state that x and
y are related by writing ( , )x y R� . In practice, it is more usual to write
x R y to mean that x and y are related. In fact, we don’t even need the
name R in this example – the relation already has its own symbol, ‘<’, so
we can simply write x < y to mean that x is related to y.

There is a way of depicting a relation graphically that is often useful,
provided that the set on which the relation is defined is not too large. This
is done by using dots to represent the elements of the set, and drawing an
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A. As this is the only kind of relation we will be studying, we will omit the word
‘binary’ in what follows.



arrow from x to y for each pair (x,y) for which x is related to y. The
resulting diagram is an object known as a directed graph.

Example 5.5.1 Draw the graphical representation of the relation ‘less than’ on {1, 2, 3, 4}.

Solution This is shown in Figure 5.10.

A relation on a finite set can also be represented as a rectangular array
of Ts and Fs, known as a relation matrix (plural: matrices). The rows and
columns of the matrix are labelled with the elements of the underlying
set. If x is related to y, then the entry in the row labelled x and the column
labelled y is T, otherwise it is F. This representation is particularly useful
if a relation is to be stored and manipulated in a computer.

Example 5.5.2 Write down the relation matrix for the relation in Example 5.5.1.

Solution 1 2 3 4
1

2

3

4

F T T T

F F T T

F F F T

F F F F

-

�

.

.

.

.

/

�

0
0
0
0

We can define different types of relations according to their properties.
The most important of these for our future work are listed below.

Definitions Let R be a relation on a set A.

R is reflexive if x R x for all x A� .

R is irreflexive if there are no elements x of A for which x R x.

R is symmetric if x R y implies y R x, for all x y A, � .

R is antisymmetric if x R y and y R x imply x = y, for all x y A, � .

R is transitive if x R y and y R z imply x R z, for all x y z A, , � .

The above definitions could all be written somewhat more concisely using
the notation of predicate logic, at the expense of producing what might
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appear to some people as an ‘alphabet soup’ of mathematical symbols.
For example, the last definition (transitivity) could be written:

This more concise form (or something similar) would be used in
programming in a relational database, in logic programming, and in
formal system specifications.

As a general rule, we will use whatever combination of English words
and mathematical symbols seems to make the meaning clearest. In this
case, the definitions are probably easier to understand in the form in
which they are given.

Example 5.5.3 The following relations are defined on the set of all people. Classify them
according to the definitions given above.

(a) ‘is a sister of’

(b) ‘is the father of’

(c) ‘has the same parents as’

Solution (a) This relation is not reflexive; in fact it is irreflexive, because no
person can be her (or his!) own sister. It is not symmetric (if X is the
sister of Y then Y need not be the sister of X – Y could be the brother
of X), nor is it antisymmetric (X can be the sister of Y and Y the sister
of X, without X and Y being the same person). It is not transitive
either, because if X is the sister of Y and Y is the sister of Z then X
need not be the sister of Z. (This is a bit subtle; can you see why it is
true?)

(b) This relation is not reflexive, it is irreflexive, it is not symmetric, it is
antisymmetric (in a vacuous sense – think about the truth table for if-
then), it is not transitive.

(c) This relation is reflexive (and not irreflexive), symmetric (and not
antisymmetric) and transitive.

Example 5.5.4 Classify the following relations, which are defined on the set J of integers:

(a) ‘is less than or equal to’

(b) ‘is divisible by’

(c) ‘has the same parity as’ (that is, both integers are odd or both are
even)

Solution (a) x x% is always true, so the relation is reflexive (and not irreflexive). If
x y% then it is never the case that y x% except when x = y, so the
relation is antisymmetric (and not symmetric). If x y% and y z% then
x z% , so the relation is transitive.
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(b) This relation is reflexive and transitive, but neither symmetric nor
antisymmetric. (To see that it is not antisymmetric, note that –2 is
divisible by 2 and 2 is divisible by –2, but 2 2"� .)

(c) This relation is reflexive, symmetric and transitive.

Look again at the last of the three relations in Examples 5.5.3 and 5.5.4.
Both relations express an idea of ‘sameness’ – ‘has the same parents as’,
‘is the same parity as’. Notice that these two relations are reflexive,
symmetric and transitive.

Definition A relation that is reflexive, symmetric and transitive is called an
equivalence relation.

An equivalence relation is a relation that expresses the idea that two
elements are the same in some sense. The relation ‘is equivalent to’ on the
set of logical expressions is another example of an equivalence relation –
two logical expressions are equivalent if they have the same truth table.

If an equivalence relation is defined on a set, then the elements that are
related to each other can be grouped together into subsets. For example, if the
relation is ‘has the same parents as’, defined on the set of all people, then all
the people with one particular set of parents form one subset, the people with
another set of parents form another subset, and so on. (Some of the subsets
may contain only one person.) Each person belongs to exactly one subset. We
say that the set of all people has been partitioned into disjoint subsets.

In the same way, the set of integers can be partitioned into subsets in
which all the elements have the same parity. There will be two subsets: the
set of even numbers and the set of odd numbers.

The process of forming a partition will not work if the relation is not an
equivalence relation. For example, ‘less than’ is not an equivalence
relation (because it is neither reflexive nor symmetric), and it makes no
sense to define a ‘set of numbers that are all less than each other’.

These ideas are summarised in the following definition and theorem.

Definition Let A be a set. A partition of A is a set of subsets of A such that every
element of A is an element of exactly one of the subsets.

Theorem Let A be a set, and let R be an equivalence relation on A. For each element
x of A, let E(x) be the subset of A defined by E x y A y R x( ) { : }� � . Then
the set of all the subsets E(x) is a partition of A.
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The subsets E(x) are called the equivalence classes of the relation R.
Example 5.5.5 illustrates these ideas. This example might seem rather

abstract now, but we will refer to it again when we study modular
arithmetic in Chapter 12. Modular arithmetic has important applications
to topics such as information coding and the computer generation of
pseudo-random numbers for simulation modelling.

Example 5.5.5 Let R be the relation on the set J of integers defined by the rule: x R y if
x – y is divisible by 4 (that is, x – y = 4n for some integer n). Show that R
is an equivalence relation, and describe the equivalence classes.

Solution If x is any integer, then x – x = 0, which is divisible by 4. Therefore R is
reflexive.

Suppose x – y is divisible by 4. This means that there is an integer n
such that x – y = 4n. Then y – x = –4n, which is divisible by 4. Therefore R
is symmetric.

Suppose x – y and y – z are both divisible by 4. This means that there
are integers m and n such that x – y = 4m and y – z = 4n. Then x – z =
x – y + y – z = 4m + 4n = 4(m + n), which is divisible by 4. Therefore R is
transitive.

Since R is reflexive, symmetric and transitive, R is an equivalence
relation.

We begin the task of describing the equivalence classes by choosing an
element of J and describing the equivalence class containing that element.
Suppose we choose 0. The equivalence class E(0) is { : }y y R�J 0 ; in
words, it is the set of all the integers y such that y – 0 is divisible by 4. This
is simply the set of all multiples of 4 (positive, negative and zero):

E(0) = {..., –12, –8, –4, 0, 4, 8, 12, ...}

Now we choose another element of J, say 1. Then E(1) will contain all the
integers y such that y – 1 is divisible by 4:

E(1) = {..., –11, –7, –3, 1, 5, 9, 13, ...}

In the same way, we can find the equivalence class containing 2:

E(2) = {..., –10, –6, –2, 2, 6, 10, 14, ...}

Finally, we have the equivalence class containing 3:

E(3) = {..., –9, –5, –1, 3, 7, 11, 15, ...}

The process of finding the equivalence classes stops here, because the
equivalence class containing 4 has already been found; it is the same as
the one containing 0. Notice that the four equivalence classes form a
partition of J, because every integer can be found in exactly one
equivalence class.

It is worthwhile studying carefully the process we have used here to
show that R is an equivalence relation, because this approach is used in
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similar problems. In order to show that a relation is an equivalence
relation, we need to do three things:

show that it is reflexive

show that it is symmetric

show that it is transitive

The first step is to determine what that means for the particular relation
given in the problem. This means that the definitions of ‘reflexive’,
‘symmetric’ and ‘transitive’ must be interpreted for the problem at hand.
For example, in order to show that a relation R is transitive, we must
show that if x R y and y R z then x R z. In Example 5.5.5, this meant we
had to show that if x – y is divisible by 4 and y – z is divisible by 4 then x – z
is divisible by 4. Once we have established what needs to be shown, we are
already halfway there; the process of actually showing it is not necessarily
difficult.

Before we leave equivalence relations, we will look at a (fairly informal)
proof of the theorem that the equivalence classes E(x) form a partition of
A. In order to carry out the proof, we need to show that every element of
A belongs to exactly one equivalence class.

It is easy to show that any element x of A belongs to at least one
equivalence class. Since R is reflexive, we have x R x, so x E x� ( ).

Showing that no element belongs to more than one equivalence class
takes a bit more work. We can do it using proof by contradiction.
Suppose that E(x) and E(y) are two different equivalence classes, and
suppose that they do have an element in common, say z. We now apply
the following chain of reasoning:

Let w be any element of E(x).

Then w R x (by the definition of E(x)).

Since z E x� ( ), we also have z R x (again using the definition of E(x)).

Therefore x R z (because R is symmetric).

Since w R x and x R z, we deduce that w R z (because R is transitive).

Since z E y� ( ), we have z R y (by the definition of E(y)).

Since w R z and z R y, we deduce that w R y (because R is transitive).

Therefore w E y� ( ) (by the definition of E(y)).

What we have just shown is that any element of E(x) must also be an
element of E(y). A similar chain of reasoning shows that any element of
E(y) must be an element of E(x) (just interchange the roles of x and y in
the argument above). Therefore E(x) = E(y), which contradicts the fact
that E(x) and E(y) are two different equivalence classes. We conclude that
the assumption that E(x) and E(y) have an element in common must be
false. Therefore, no element of A can belong to more than one
equivalence class.

Another type of relation, called a partial order relation, also occurs in
many situations in computing. Its definition is given below.
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Definition A relation is a partial order relation if it is reflexive, antisymmetric and
transitive.

Here are some examples of partial order relations:

The relation%on the set of real numbers.

The relation�on the power set of a set.

The relation ‘is divisible by’ on the set of natural numbers.

The relation ‘is a subexpression of’ on the set of logical expressions
(with a given set of variables).

As an example of the last one, p, q, p q� ,�p and ( )p q p� �� are the
subexpressions of ( )p q p� �� .

If a partial order relation is defined on a set, we can regard the
elements of the set as forming a hierarchy in which some elements are
‘bigger’ in some sense while others are ‘smaller’. The word ‘partial’ refers
to the fact that not all pairs of elements need to be related one way or the
other; for example, if A and B are sets, it is not necessarily true that either
A B� or B A� . By contrast, it is true that if x and y are real numbers, then
either x y% or y x% ; we express this fact by saying that% is a total order
relation on R.

Partial order relations occur in many areas of computing. One example
arises if we have a computer program consisting of a number of modules:
the main program, the subprograms called by the main program, the
subprograms called by these subprograms, and so on. We can define a
relation R on the set of modules {M1, M2, ..., Mn}, using the rule: Mi R Mj
if Mi is in the calling sequence of Mj (that is, Mj is the same module as Mi
or Mj calls Mi or Mj calls a module that calls Mi or ...). You can check that
R is reflexive and transitive. If R is not antisymmetric then circular calls
are possible, such as two modules calling each other. The use of such
‘recursive’ calls must be avoided in programming languages that do not
support recursion, but it can also be a powerful programming technique
when it is available, as we will see when we study recursion in Chapter 7.
If we are not using recursive calls, then R is a partial order relation.

90

Discrete mathematics for computing

�
�

�
�

EXERCISES
1 Write the following sets in enumerated form:

(a) The set of all vowels.

(b) {x�N:10 20% %x and x is divisible by 3}

(c) The set of all natural numbers that leave a remainder of 1
after division by 5.

2 Write the following sets in predicate form:

(a) {4, 8, 12, 16, 20}
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(b) {000, 001, 010, 011, 100, 101, 110, 111}

(c) {1, 4, 9, 16, 25, ...}

3 Let A = {1, {1}, {2}, 3}. Determine which of the following
statements are true and which are false:

(a) 1�A (b) 1�A

(c) { }1 �A (d) { }1 �A

(e) {{ }}1 �A (f) 2�A

(g) { }2 �A (h) { }2 �A

(i) { }3 �A (j) { }3 �A

4 Let � = { : }x x� %N 12 . Let A = {x: x is odd}, B = {x: x > 7}, and
C = {x: x is divisible by 3}. Depict the sets on a Venn diagram.
Hence write down the following sets in enumerated form:

(a) A B�

(b) B C�

(c) A

(d) ( )A B C� �

(e) A C C� �

5 Illustrate the first distributive law, A B C A B A C� � � � � �( ) ( ) ( ),
using Venn diagrams.

6 Illustrate the second absorption law, A A B A� � �( ) , using Venn
diagrams.

7 Show that A B A B� � � using the laws of sets.

8 Is the statement ‘any set with n elements has 2n subsets’ true
when n = 0?

9 Let A = {a, b, c} and B = {p, q}. Write down the following sets in
enumerated form:

(a) A × B (b) A2 (c) B3

10 Express each of the following sets as a Cartesian product of sets:

(a) The set of all possible 3-course meals (entrée, main course
and dessert) at a restaurant.

(b) The set of car registration plates consisting of three letters
followed by three digits.

(c) The set of all possible outcomes of an experiment in which a
coin is tossed three times.

11 Let � = {0, 1, 2, ..., 15}.

(a) Find the representation of {2, 4, 5, 7, 11, 14} as a bit string.

(b) Write down the set represented by the bit string 1010 0110
1110 1001.
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(c) If A and B are represented by the bit strings 0011 0100 0110
1101 and 1010 1001 0001 0111, find the representations as bit
strings of A B� , A B� , A and B.

12 Write an algorithm to obtain the bit string representation of A – B
from the bit string representations of A and B, where A and B are
subsets of a universal set � with n elements.

13 Consider the following algorithm:

1. Input a bit string b
2. n� the unsigned integer with b as its binary representation
3. count� 0
4. While n > 0 do

4.1. n n n� � �( )1
{‘�’ denotes bitwise ‘and’, applied here to the binary
representations of n and n – 1}

4.2. count count� �1
5. Output count

Show that the output is the number of 1s in b. (You might find it
helpful to trace the algorithm with a few different inputs first.)

14 Consider the following sequence of steps in pseudocode, where x
and y are bit strings of equal length:

1. x x y� � {� denotes bitwise exclusive-or}
2. y x y� �
3. x x y� �

Show that the effect of the sequence of steps is to swap the values
of x and y.

15 Let A = {1, 2, 3, 4, 5}, and let R be the relation on A defined as
follows:

R = {(1, 3), (1, 4), (2, 1), (2, 2), (2, 4), (3, 5), (5, 2), (5, 5)}

(a) Write down the matrix representation of R.

(b) Draw the graphical representation of R.

16 Let R be the relation on {a, b, c, d} defined by the following
matrix:

a b c d
a

b

c

d

T F T F

F T T F

F T T F

F F F T

-

�

.

.

.

.

/

�

0
0
0
0

(a) Draw the graphical representation of R.

(b) State, giving reasons, whether R is reflexive, symmetric or
transitive.
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17 Is the matrix representation of a relation unique, or could the
same relation be represented by two different matrices?

18 Determine whether each of the following relations is reflexive,
irreflexive, symmetric, antisymmetric or transitive:

(a) ‘is a sibling (brother or sister) of’, on the set of all people;

(b) ‘is the son of’, on the set of all people;

(c) ‘is greater than’, on the set of real numbers;

(d) the relation R on the set of real numbers, defined by x R y if
x2 = y2;

(e) ‘has the same integer part as’, on the set of real numbers;

(f) ‘is a multiple of’, on the set of positive integers.

19 Determine which of the relations in Exercise 18 are equivalence
relations. For those that are equivalence relations, describe the
equivalence classes.

20 Determine which of the relations in Exercise 18 are partial order
relations.

21 A computer program consists of five modules: M1, M2, ..., M5. A
relation R on the set of modules is defined by the rule: Mi R Mj if
Mi is in the calling sequence of Mj. The relation matrix for R is
shown below:

M M M M M
M

M

M

M

M

1 2 3 4 5

1

2

3

4

5

T F T T F

F T T F F

F F T F F

F F T T F

F F T T T

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

(a) Verify that R is reflexive, antisymmetric and transitive.

(b) Which module is the main program?



Functions

6.1 Functions and computing

If you have already studied functions in mathematics, it is likely that what
you were studying was a type of function known as a ‘real-valued function
of a real variable’. If this is the case, then you probably think of a function
as ‘something that has a mathematical formula’ such as x2 – 2x + 3, or
‘something you can draw the graph of’ using x and y axes.

In computing (and in many areas of mathematics, for that matter), we
take a different approach to functions, which turns out to be more useful.
Our definition of a function is considerably more general, and in most
cases it will not be possible to draw graphs of the functions we will be
studying. The way we think about functions will also be somewhat
different. The functions used in programming in high-level languages
(both the functions available in libraries associated with those languages
and the function subprograms that you write yourself) are usually
functions in this more general sense (with some qualifications, as we will
see later). Functions of a real variable will be needed in Chapter 13 when
we study the time complexity of algorithms.

Definition Let X and Y be sets. A function from X to Y is a rule that assigns to each
element of X exactly one element of Y.

We will generally use lower case letters such as f, g and h to denote
functions. Greek letters such as , (phi) are also commonly used. If f is a
function from X to Y, we indicate this by writing f X Y: � . X is called the
domain of f, and Y is the codomain.

If f X Y: � is a function with domain X and codomain Y, and if x is any
element of X, then according to the definition there is exactly one element
of Y assigned to x. That element is called the image of x, and is written
f(x).

For our first example, we will take a function you have probably seen
before, and see how it can be viewed in the light of the definition.

Let the function f be defined as follows:

f , f x x: ( )R R� � 2
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This function assigns to each element of its domain R (that is, to each
real number) an element of its codomain (which is also R). The rule that
specifies which element to assign is f(x) = x2, that is, the function f assigns
to each real number the square of that number. If we pick any element of
the domain, we can find the image of that element; for example, f(5) = 25,
f(–3) = 9, f ( )2 2� . We see that every element of the domain R has a
unique image, and each such image is an element of the codomain R. This
ensures that f is a function, according to the definition.

A helpful way of thinking about this function is to imagine a machine
that accepts input and produces output:

The function f is a ‘squaring machine’. We may feed in any element of the
domain (that is, any real number) as input, and the machine will square it
and output the result. We can think of the symbol f as standing for the
process of squaring a number. The domain of f is the set of valid inputs,
and the codomain is a set to which all of the possible outputs belong.

It is important to be clear about what the notation means – f(x) denotes
the element of the codomain that is the image of an element x of the
domain, whereas f by itself is the name of the function, and represents the
process that the function carries out. We could have written the rule for
the function as f(y) = y2 and it would still be the same function, because it
carries out the same squaring process. In the terminology of predicate
logic, the variable x in the rule for the function is a bound variable,
because the rule really means ‘	 �x f x x[ ( ) ]2 ’.

We want to make one more observation before we leave this example.
It concerns the codomain R, to which all the images f(x) belong. Notice
that some elements of the codomain are not images of anything. For
example, –1�R, but –1 is not the image of any element of the domain,
because the square of a real number cannot be negative. There is nothing
in the definition of a function to say that all of the codomain has to be
‘used’; the set of images of elements of the domain is a subset of the
codomain, and it can be a proper subset.

If f X Y: � is any function, the set of images { : ( )y Y y f x� � for some
x X� } is called the range of f. The range of a function is a subset of the
codomain.

In the example, the range of f is the set of non-negative real numbers:
{ : }y y 0 .

The function we have just been looking at is an example of a real-
valued function of the kind you might study in a calculus course. In the
next few examples we want to consider other types of functions, especially
those that might occur in problems related to computing.

For our second example of a function, let A = {1, 2, 3} and B = {1, 2, 3, 4}.
Let f be the function defined in the following way:

f A B f f f: , ( ) , ( ) , ( )� � � �1 3 2 2 3 2
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This is a perfectly well defined function (although it is probably not a
very useful one). It doesn’t have a ‘formula’ like x2, but that doesn’t
matter. All that matters is that every element of the domain has exactly
one image, and that image is an element of the codomain. The elements of
the domain A are 1, 2 and 3, their images are 3, 2 and 2 respectively, and
these images are all in the codomain B. That is all that is needed in order
for f to be a function. We see that the elements of B that occur as images
are 2 and 3, so the range of f is {2, 3}.

While it would be possible to draw a graph of this function in the
conventional sense, it would not be particularly useful to do so. A more
appropriate way of depicting a function like this is by means of an arrow
diagram. The arrow diagram for f is shown in Figure 6.1. Notice that
exactly one arrow emerges from each element of the domain. This must
always be the case if the diagram is to represent a function.

For our third example, let C be the set of all ASCII characters. Recall
that each ASCII character has a unique character code in the range of
integers from 0 to 127, and conversely that each integer in that range is
the ASCII code of exactly one character. We can define the following
functions:

ord C ord c c

chr

: { , , , , }, ( )

:{ , , ,

� �0 1 2 127

0 1 2

� ASCII code of

�, } , ( )127 � �C chr n ncharacter with ASCII code

(The notation ord and chr for these functions is used in Pascal.)
In order to find the image of an element of the domain of either of

these functions, we would need to refer to a table of ASCII characters. For
example, by looking up an ASCII table we find that ord(‘A’) = 65, ord(‘a’)
= 97, and ord(‘*’) = 42. It follows immediately that chr(65) = ‘A’, chr(97)
= ‘a’, and chr(42) = ‘*’.

Each of the functions ord and chr has for its range the entire codomain
of the function.

Example 6.1.1 Let X = {finite non-empty strings of bits} and Y = {0, 1, 2, 3, ...}.
Determine whether the following functions are well defined:

(a) f X Y: � , f(s) = number of ones in s

(b) g X Y: � , g(s) = first bit of s

(c) h X Y: � , h(s) = position in the string of the leftmost zero of s

(d) j X X: � , j(s) string obtained by appending 0 or 1 to s

(e) k Y X: � , k(n) string of n ones
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Solution (a) Given any finite non-empty string of bits, s, it is always possible to
find the number of ones in s, and the result is always an element of Y.
Therefore f is a function.

(b) The first bit of a finite non-empty string can always be found, and it is
either 0 or 1. Since 0 and 1 are both elements of Y, g is a function.

(c) Some bit strings do not contain zeros, so h is not well defined.

(d) The image of an element is not uniquely determined, because either 0
or 1 can be appended, so j is not well defined.

(e) Given any element n of Y, it is possible to write down a string of n
ones. However, if n = 0 the string will be the empty string, which is
not an element of X. Therefore k is not well defined.

We have already seen examples in which the range of the function is
not all of the codomain. The next definition refers to the situation where
the range is the entire codomain.

Definition A function is onto if its range is equal to its codomain.

Equivalently, a function is onto if every element of the codomain is the
image of at least one element of the domain. (The use of ‘onto’ as an
adjective may seem strange, but the terminology is well established.)

It is possible for two different elements of the domain of a function to
have the same image in the codomain. In our first example (the ‘squaring’
function), 2 and –2 have the same image: f(2) = 4 and f(–2) = 4. The next
definition provides the terminology for the functions for which this does
not happen.

Definition A function is one-to-one if no two distinct elements of the domain have
the same image.

In order to show that a function f is one-to-one, we need to show that if
x1 and x2 are elements of the domain and x x1 2" , then f x f x( ) ( )1 2" . (In
practice, it is usually easier to prove the contrapositive: if f(x1) = f(x2),
then x1 = x2.) In order to show that a function is not one-to-one, on the
other hand, it is sufficient to find two elements of the domain with the
same image (as we did with the ‘squaring’ function).

Example 6.1.2 For each of the following functions, determine whether the function is
onto and whether it is one-to-one:

(a) f f x x: , ( )R R� � !2 1
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(b) The function ord defined earlier

(c) The function chr defined earlier

(d) The function f in Example 6.1.1(a)

(e) The function g in Example 6.1.1(b)

(f) , ,: , ( )X X s� �string obtained by appending 0 to s (with X as
defined in Example 6.1.1)

Solution (a) If y�R, then we can set y = 2x + 1 and solve for x, obtaining
x = (y – 1)/2. Therefore every element y of the codomain is the image
of the element (y – 1)/2 of the domain. Thus f is onto.

We show that f is one-to-one by proving the contrapositive of the
definition. Suppose f(x1) = f(x2). Then:

2x1 + 1 = 2x2 + 1

Hence 2x1 = 2x2

so x1 = x2

Therefore f is one-to-one.

(b) Every integer from 0 to 127 is the ASCII code of a character in the
ASCII character set, so ord is onto. No two characters have the same
code, so ord is one-to-one.

(c) Every character has an ASCII code, so chr is onto. No two codes
correspond to the same character, so chr is one-to-one.

(d) Recall that the function is f X Y: � , f(s) = number of ones in s.

Is every element of Y the image of something? In other words, if we
count the number of ones in a string of bits, could we get any of the
numbers 0, 1, 2, ... as the result? The answer is yes, so f is onto.

Is it possible for two different elements to have the same image? In
other words, could two different strings of bits yield the same result
when we count the number of ones? The answer is clearly yes (101
and 110 is one of many examples), so f is not one-to-one.

(e) Recall that the function is g X Y: � , g(s) = first bit of s.

Is every element of Y the image of something? No; 2 is not the image
of any element of X, so g is not onto.

Can two different elements have the same image? Yes; 00 and 01, for
example, so g is not one-to-one.

(f) Is every element of X the image of something? No; 01 is not, because
it doesn’t end in 0. Therefore , is not onto.

Can two different elements have the same image? If so, this would
mean that two different bit strings would give the same bit string
when 0 is appended to them, which is clearly impossible. Therefore ,
is one-to-one.
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The solution to Example 6.1.2 reinforces an important point made in
Chapter 5 when we studied equivalence relations. You have already made
a substantial step towards solving a mathematical problem when you
have identified just what it is that you need to show. In order to
determine whether a function is onto, you need to ask yourself: Is every
element of the codomain the image of something in the domain? In order
to determine whether a function is one-to-one, the question you need to
ask is: Can two different elements of the domain have the same image?
You then need to interpret the question in the context of the particular
problem. This is what we were doing in Example 6.1.2.

Sketching an arrow diagram can also help you to decide whether a
function is onto and whether it is one-to-one. Some examples of typical
arrow diagrams for the various types of functions are shown in Figure 6.2.

The last diagram in Figure 6.2 is not the arrow diagram of a function,
because it fails the requirement that every element of the domain must
have exactly one image. (Note that the terms ‘onto’ and ‘one-to-one’
apply only to functions. If you have determined that what you have been
given is not a function, then the question of whether it is onto or one-to-
one does not arise.)

6.2 Composite functions and the inverse of a function

Suppose f and g are two functions. If we think of f and g as machines with
input and output, we could imagine linking them together so that the
output of f becomes the input of g:

This will work only if the output from f belongs to the domain of g. In
order to ensure that this is always the case, we will assume that the
codomain of f equals the domain of g. Specifically, let A, B and C be
arbitrary sets, and let f A B: � and g B C: � .
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We can now think of the combination of the two machines as a single
machine with input x A� and output g f x C( ( ))� . This new machine
corresponds to a function from A to C, called the composite function of f
and g.

The formal definition follows.

Definition Let f A B: � and g B C: � be functions. The composite function of f and g
is the function:

Notice that g f� needs to be read from right to left: it means first apply f,
then apply g to the result.

Although real-valued functions are only of minor importance for our
purposes, we will use them in our first example because you are likely to
be more familiar with them.

Example 6.2.1 Let f :R R� , f(x) = x2 and g:R R� , g(x) = 3x – 1. Find f g� and g f� .

Solution Note firstly that the composite function f g� exists because the codomain
of g equals the domain of f. Similarly, g f� exists because the codomain of
f equals the domain of g.

The function f g� is found as follows:

where the last line is obtained by substituting 3x – 1 in place of x in the
formula for f(x).

The function g f� is obtained in a similar manner:

The two composite functions in the last example can be depicted in the
following way:
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Example 6.2.2 Let X be the set of all finite non-empty strings of characters. Let the
functions f and g be defined as follows:

f X f s: , ( )� �N number of characters in s

g X X G s: , ( )� �string obtained by appending ‘a’ to s

State whether the following functions exist. For those that do exist,
describe the function as simply as possible.

(a) f f�

(b) f g�

(c) g f�

(d) g g�

Solution (a) The codomain of f does not equal the domain of f, so f f� does not
exist.

(b) The codomain of g equals the domain of f, so f g� exists. The
composite function appends ‘a’ to a string and counts the number of
characters in the resulting string. It can be described in the following
way:

(c) The codomain of f does not equal the domain of g, so g f� does not
exist.

(d) The codomain of g equals the domain of g, so g g� exists. The
composite function appends ‘a’ to a string, then appends ‘a’ to the
resulting string:

g g X X g g s� �: , ( )( )� �string obtained by appending ‘aa’ to s

We now turn to the problem of defining the inverse of a function. In
Section 6.1, we defined the following two functions:
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: {0,1,2,...,127}, ( ) ASCII code of
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ord C ord c c

chr C chr n n
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There is a close relationship between ord and chr. Firstly, the domain of
ord equals the codomain of chr, while the codomain of ord equals the
domain of chr. Secondly, each function ‘undoes’ or reverses the effect of
the other; ord converts a character to its corresponding code, while chr
converts a code to its corresponding character. We express this fact by
saying that ord and chr are inverses of each other.

This idea can be made more precise by looking at the composite functions
ord chr� and chr ord� . The functionord chr� �: { , , , , }0 1 2 127 �{ , , , , }0 1 2 127�

converts a number to the corresponding character, and then converts the
resulting character back to the original number. The overall effect oford chr�

is to leave every number unchanged. Similarly, the function chr ord C C� : �
has the overall effect of leaving every character unchanged.

Before we can define the inverse of a function formally, we need
another definition.

Definition Let A be a set. The identity function on A is the function:

i A A i x x: , ( )� �

The identity function is a ‘do nothing’ function; it simply maps each
element of A to the element itself. It can be thought of as a machine that
outputs anything it receives as input.

While it has to be admitted that the identity function on a set is not a
very interesting function, it does have some important properties. Firstly,
it is one-to-one and onto. Secondly, if f is any function with domain A,
and if i denotes the identity function on A, then f i� is the same function
as f itself. Similarly, if g is a function with codomain A, then i g� is the
same function as g.

We can now give the formal definition of the inverse of a function.

Definition Let f A B: � and g B A: � be functions. If g f A A� : � is the identity
function on A, and if f g B B� : � is the identity function on B, then f is the
inverse of g (and g is the inverse of f).

Not every function has an inverse, as we will see shortly. If a function
does have an inverse, it can have only one.

The inverse of a function f is denoted by f–1. It is best to think of this
simply as the notation for the inverse of a function as defined above.
Don’t think of it as ‘f to the power of –1’, as it is quite different from
raising a number to the power –1, for example 2 1 1

2
� � . In particular, we

never write 1/f for the inverse of f.
The domain of f–1 is the codomain of f, and vice versa. We can think of

f–1 as a machine that ‘reverses’ f – it takes any valid output of f as its own
input, and produces as output the corresponding input of f.

Discrete mathematics for computing
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Example 6.2.3 Let f: {a, b, c}� {1, 2, 3}, f(a) = 2, f(b) = 3, f(c) = 1. Find f–1.

Solution The domain of f–1 is the codomain of f and vice versa. The rule for f–1 is
obtained by reversing the rule for f:

The arrow diagrams for the functions f and f–1 in Example 6.2.3 are shown
in Figure 6.3. The diagram for the inverse is obtained by reversing the
arrows; the arrow from c to 1 becomes an arrow from 1 to c, and so on.

The arrow diagram gives us a clue to the situations in which a function
has no inverse. If f is not onto, the arrow diagram obtained by reversing
the arrows will have elements of the domain with no image, and therefore
it cannot represent a function. If f is not one-to-one, the reversed diagram
will have at least one element with two images, so it cannot represent a
function in this case either. This observation is summarised in the
following theorem.

Theorem A function f has an inverse if and only if f is onto and one-to-one.

If a function f X Y: � is onto and one-to-one, then f establishes an exact
one-to-one correspondence between the elements of X and the elements
of Y. It follows that X and Y must have the same cardinality. We will see a
practical consequence of this fact shortly.

Example 6.2.4 Determine which of the following functions have inverses:

(a) f f x x: , ( )R R� � !2 1

(b) g g x x: , ( )R R� � 2

(c) h x x x x h x x: { : } { : }, ( )�  � �  �R R0 0 2

Solution (a) This function is onto and one-to-one, so f–1 exists. To find a formula
for the inverse function, write x = 2f–1(x) + 1 and solve for f–1(x) to
obtain f–1(x) = (x – 1)/2. Intuitively, f ‘doubles and adds 1’, while f–1

‘subtracts 1 and divides by 2’, which is the reverse process.

As a check on the answer, note that
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and similarly that ( )( )f f x x� �1
� .

(b) This function is neither onto nor one-to-one, so it has no inverse.

(c) Notice that this is not the same function as the one in (b), because
both the domains and the codomains are different. The function h is
one-to-one, because it is impossible for two non-negative real
numbers to have the same square. The function is also onto. The rule
for the inverse function is h x x� �1( ) .

Here is an example of a practical situation where inverse functions
arise. It is often desirable to encrypt a confidential message prior to
transmitting it via a possibly insecure channel, in order to ensure that it
cannot be read by an unauthorised person. Let X be the set of all possible
original messages, and let Y be the set of all encrypted messages. Then the
code used to carry out the encryption process can be thought of as a
function f X Y: � . In order to ensure that any message can be decoded,
there must be an inverse function f Y X� �1: to carry out the decoding
process. This means that any function f that we might consider using to
perform the encryption must be one-to-one and onto.

A similar situation arises with software for file compression. The
process of compressing a file so that it occupies less space on a disk can
be thought of as an encryption process corresponding to a function f. The
data in a file is stored on a disk as a finite (and non-empty) string of bits,
and we will assume that there is an upper limit N on the number of bits in
any file. If we also assume that no string of N bits or fewer can be ruled
out as the possible contents of a file, then the domain of f is the set X of all
bit strings with N bits or less. The codomain is the set Y of those bit
strings that can occur as the contents of a compressed file.

The function f must have an inverse function f–1 to perform the process
of expanding a compressed file to retrieve the original data. This means
that f must be one-to-one and onto, and therefore that X and Y must have
the same cardinality. Of course, we would also like the function f to have
the property that each compressed file is smaller than the corresponding
original file. Can we find such a function?

The answer is no! If each compressed file is smaller than the original
file, then Y must contain only files with fewer than N bits. This makes Y a
proper subset of X, so Y must contain fewer elements than X. We arrive at
the following surprising conclusion: there is no file compression algorithm
that compresses every file.

It is actually possible to prove an even stronger statement: Any file
compression algorithm that makes at least one file smaller must also
make at least one file larger.

The file compression utilities in common use can be very effective in
compressing most of the files that occur in practice. With any such
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program, however, there must always be files that cannot be compressed
with that program.

6.3 Functions in programming languages

Most programming languages (including spreadsheet and database
languages) include a construct called a ‘function’ as part of the language.
There are typically many functions available in function libraries, and
programmers can also write their own functions. How are these functions
related to functions in the mathematical sense?

Spreadsheet software typically includes a comprehensive library of
functions for manipulating data stored in a spreadsheet. These functions
can be interpreted as functions in the sense we have been using in this
chapter. Some of the functions available in spreadsheets are mathematical
functions in the familiar sense. For example, The function ABS takes a
real number x as input, and returns its absolute value | x | as output. We
can therefore take the domain and codomain to be the set of real
numbers, and write:

ABS:R R�

Strictly speaking, we are using R here to denote the set of computer
representations of real numbers, rather than the set of real numbers in the
mathematical sense.

Another example of a spreadsheet function is a function to determine
whether the content of a cell is a text string. Such a function might be
called ISTEXT. ISTEXT can take as input an item of data of any type
(character string, number value or logical condition), or (more usually)
the address of a cell in the spreadsheet. The output is TRUE if the input
data (or the data contained in the cell address) is a text string, and FALSE
if it is not. If X denotes the set of all valid items of data and all valid cell
addresses, then:

ISTEXT: X� {TRUE, FALSE}

A third example is provided by a function, LEFT, which takes two
arguments: a character string s and a natural number n, and returns as
output the string consisting of the first n characters of s; for example,
LEFT(“Hello”, 3) = “Hel”. If we want to interpret LEFT as a function in
the mathematical sense, we must write the domain as a Cartesian product.
If S denotes the set of all character strings, then:

LEFT: S S# �N

The term ‘function’ in spreadsheet programs also embraces constants
such as PI, which returns a numerical approximation to �. This ‘function’
has no arguments (think of a machine that outputs the value of �without
needing any input). Somewhat artificially, we can think of PI as a function
whose domain contains one (unspecified) element:

PI: {*}�R, PI(*) = 3.1415926
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This is really stretching our definition of ‘function’!
Programming languages such as Pascal and C, in addition to providing

standard libraries of functions, allow you as the programmer to write
your own functions. In both Pascal and C, the syntax rules for the
language require you to specify the data types of the input and output in
the statement that heads the function subprogram. A typical function
header in Pascal might look like this:

function f(x: char; y: real): integer;

In C, the header would look like this:

int f(char x, float y)

The body of the function follows the header, and includes an algorithm
for evaluating the function in terms of the arguments x and y.

If we treat this as a mathematical function f, then the domain of f is a
subset of C × R, where C denotes the set of all characters available on the
machine, and we can take the codomain to be J.

In many programming languages, however, it is possible for the value
returned by a function to depend on more than just the arguments (it can
depend on the value of a global variable, for example). A function can
also produce ‘output’ in addition to the value it returns (by changing the
value of a global variable, for example, or by writing a message to the
screen). Because of these ‘side-effects’, a function can return two different
results when it is called twice with the same arguments. In C and some
other languages, a function need not return a value at all. For these
reasons, a function in a programming language may not be a function in
the mathematical sense.

One example of a function with side-effects is a pseudo-random
number generator. Pseudo-random number generators are available as
standard library functions in many programming languages, and are
widely used in simulation software. A typical pseudo-random number
generator might produce a different real number in the interval from a to
b each time it is called with arguments a and b. At first sight, it might
appear to be a function in the mathematical sense:

random random a b: , ( , )R R R# � �a random number between a and b

When we use random in a program, we might find, for example, that
random(0,1) = 0.3982473 on the first call and random(0,1) = 0.8194702 on
the second call. Since the result is not uniquely determined by the values
of the two arguments, we conclude that random does not qualify as a
function in the mathematical sense of the word.

In this chapter, we have introduced the powerful notion of a function
from any set to any other set, and we have seen how functions in this
general sense arise in computing contexts. Functions play a central role in
mathematics, and they will appear frequently in the chapters that follow.
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EXERCISES
1 Determine whether the following functions are well defined. For

those that are well defined, state the domain, codomain and
range.

(a) f f x
x

: , ( )R R� �
3

(b) g g x
x

: , ( )J J� �
3

(c) h h n n: { , , } { , , }, ( )1 2 3 1 2 3 1� � !

(d) d d n: , ( )N N� �number of digits in the decimal
representation of n

(e) , ,: , ( ) /X x x� �R 1 , where X is the ‘maximal’ domain (that
is, the largest subset of R such that 1/x is well defined when
x X� )

(f) ispositive ipositive x
x

: { , }, ( )R� �T F
T if is positive

F if is negativex

'
(
)

(g) r r n: , ( )N J� �remainder after n is divided by 6

(h) 1 1: , ( )S S s� �string obtained by removing the last
character from s (where S is the set of finite non-null
character strings)

2 Determine which of the following functions are one-to-one and
which are onto:

(a) f S S f s: , ( )� �string obtained by reversing the order of the
characters of s (S = {finite non-null character strings})

(b) g g x y x y: , (( , ))R R R# � � !

(c) s s n n: , ( )N N� � !1

(d) h: {English words}� {letters}, h(w) = first letter of word w

(e) b: N� {finite non-null bit strings}, b(n) = binary
representation of n (written without leading zeros)

(f) card: (A)� � �N { }, ( )0 card X the cardinality of the set X
(where A denotes any finite set)

3 A function f: {1, 2, 3, 4, 5}� {0, 1, 2, 3, 4} is defined by the rule:
f(n) is the remainder after 3n is divided by 5. Draw an arrow
diagram for this function. Hence state whether f is one-to-one
and whether f is onto.

4 For the purpose of error detection, numeric codes (such as ID
numbers) often include a final ‘check digit’.

Suppose a numeric code consists of a string of 9 digits x1x2...x9,
followed by a final check digit x10 defined to be the rightmost
decimal digit of x1 + 2x2 + 3x3 + ... + 9x9.

(a) Verify that 2516238674 is a valid code.
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(b) Let X be the set of all strings of 9 digits, let Y be the set of all
digits, and let f X Y: � be the function that assigns the
correct check digit to each string, for example f(251623867)
= 4. State, giving reasons, whether f is one-to-one and
whether f is onto.

(c) If an error is made in keying in a code, will the check digit
always detect it? Explain, with reference to your answer to
(b).

5 Let the functions f, g and h be defined as follows:

Find rules for the following functions with domain and codomain
R:

(a) f f� (b) f g�

(c) g f� (d) f h�

(e) h f� (f) g h�

(g) h g�

6 Find the inverse function of each of the following functions, or
explain why no inverse exists:

(a) f f x x: , ( )R R� � !3 2

(b) abs abs x x: , ( ) | |R R� �

(c) g g n
n n

n n
: , ( )N N� �

!

�

'
(
)

1

1

if is odd

if is even

(d) h S S h s: , ( )� � the string obtained by moving the last
character to the beginning of the string, for example
h(‘abcd’) = ‘dabc’ (where S is the set of finite non-null
character strings)

7 Let X be the set of all names of students in a database maintained
by a university. Assume that no two students have the same
name. Let Y be the set of ID numbers of the students. The
functions f and g are defined as follows:

f X Y f x: , ( )� � ID number of student with name x

g Y g y: , ( )� �N age (in years) of student with ID number y

(a) Describe the functions g f� and f–1.

(b) Explain why g–1 does not exist.

2

: , ( ) 4 3

: , ( ) 1

1 if 0
: , ( )

0 if 0

f f x x

g g x x

x
h h x

x

Æ = -

Æ = +
≥Ï

Æ = Ì <Ó

R R

R R

R R
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8 Let S be the set of all finite non-null strings of characters. Let
upr S S: � be the function that converts all lower-case letters to
upper-case (and leaves all other characters unchanged).
Similarly, let lwr S S: � be the function that converts all upper-
case letters to lower-case.

(a) Evaluate upr(‘Barbara Hill’) and (lwr upr� )(‘Barbara Hill’).

(b) Are upr and lwr inverses of each other? Explain.

9 Let X = {1, 2, 3, ..., 20}, and let Y be the set of non-null strings of
up to 20 characters. Let f be defined as follows:

f X Y f x: , ( )� �English word for x (in lower-case letters)

For example, f(1) = ‘one’.

(a) State, giving reasons, whether:

(i) f is one-to-one;

(ii) f is onto;

(iii) f–1 exists.

(b) If g Y X g s: , ( )� �number of characters in s, evaluate the
following expressions, where possible:

(i) ( )( )g f� 7

(ii) ( )(‘ ’)g f� seven

(iii) ( )( )f g� 7

(iv) ( )(‘ ’)f g� seven

10 Let f f n: , ( )N N� �digital root of n. (Digital roots were defined
in Chapter 1, Exercise 8.)

(a) State, with reasons, whether f is one-to-one and whether f is
onto.

(b) Does f–1 exist? If so, describe it. If not, give a reason.

(c) Does f f� exist? If so, describe it. If not, give a reason.

11 Let A, B, C and D be sets, and let f A B: � , g B C: � and h C D: �
be functions. Prove that ( ) ( )h g f h g f� � � �� .

12 Prove that a function cannot have more than one inverse. (Hint:
Let f A B: � be a function, and assume f has two inverses, g1 and
g2. Deduce a contradiction by evaluating g f g1 2� � in two
different ways.)



Induction and
recursion

7.1 Recursion and sequences

The main purpose of this chapter is to introduce recursion. Recursion is a
simple yet powerful idea that can be enormously useful in developing
algorithms for solving complex problems. We will also introduce the
method of proof by induction, a technique closely related to recursion. In
addition to being one of the standard proof techniques in mathematics,
induction is a useful technique for verifying the correctness of algorithms.

A convenient way to introduce recursion is by considering infinite
sequences of numbers, and this is the approach we will take here.

A sequence is a list of numbers in a particular order. A general
sequence can be written down in the following way:

t(1), t(2), t(3), t(4), ...

The numbers t(1), t(2), t(3), and so on are called the terms of the
sequence. The purpose of the three dots (ellipsis) at the end is to indicate
that the sequence can be regarded as continuing indefinitely.

There is usually a definite pattern to the numbers in the kinds of
sequences that arise in practice. For example, the positive even numbers
form a sequence:

2, 4, 6, 8, 10, 12, ...

In this example, t(1) = 2, t(2) = 4, t(3) = 6, and so on.
A sequence can be defined by giving a formula for the general term t(n)

in terms of the variable n. For the sequence given above, the general term
is given by the formula t(n) = 2n.

There is a good reason for using ‘function-style’ notation for the
general term of a sequence. We can think of a sequence as a particular
kind of function; for example, the sequence 2, 4, 6, 8, 10, 12, ... can be
identified with the following function from the set N of natural numbers
to the set R of real numbers:
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For convenience, we will always take the codomain of any sequence to be
R, even though in the present example all the terms of the sequence are
natural numbers.

We can say, then, that a sequence is a function with domain N and
codomain R; in fact, this is the formal mathematical definition of a
sequence.

Here are some more examples of sequences, together with formulae for
their general terms:

3, 5, 7, 9, 11, 13, … t(n) = 2n + 1

0.2, 0.9, 1.6, 2.3, 3.0, 3.7, … t(n) = 0.7n – 0.5

1, 4, 9, 16, 25, 36, … t(n) = n2

0, 1, 0, 1, 0, 1, … t n
n

n
( )�

'
(
)

0

1

if is odd

if is even

We have defined each of these sequences by stating a rule for the nth
term, t(n), as a mathematical formula containing n. Definitions of this
kind are called non-recursive, in order to distinguish them from recursive
definitions, which we will introduce shortly.

A non-recursive definition can form the basis of an algorithm for
generating the first m terms of a sequence. For example, the algorithm
below generates the first m terms of the sequence 2, 4, 6, 8, 10, 12, ... :

1. Input m
2. For n = 1 to m do

2.1. t n� 2
2.2. Output t

This is not the only way that the sequence 2, 4, 6, 8, 10, 12, ... can be
generated, however. Here is another algorithm for generating the first m
terms of the same sequence:

1. Input m
2. t� 2
3. Output t
4. For n = 2 to m do

4.1. t t� !2
4.2. Output t

This algorithm is based on another way of describing the sequence 2, 4, 6,
8, 10, 12, ...; the first term is 2, and each subsequent term is obtained by
adding 2 to the previous term. We can write this in mathematical notation
in the following way:

t(1) = 2

t(n) = t(n – 1) + 2 (n > 1)

These two equations together form what is called a recursive definition;
the definition is recursive because the formula for t(n) contains the
previous term, t(n – 1). The equation t(1) = 2 forms a base or starting
point for the recursion. Notice that we are not permitted to substitute
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n = 1 into the recursive part of the definition, t(n) = t(n – 1) + 2; in fact, it
would not make sense to do so, because there is no term t(0).

It is important to understand that the recursive and non-recursive
definitions are merely two different ways of defining the same sequence.
Either definition can be used to find any particular term of the sequence,
and both definitions have their advantages, depending on the
circumstances.
For example, we can evaluate t(4) using the recursive definition:

t(4) = t(3) + 2 (putting n = 4 in the formula for t(n))
= t(2) + 2 + 2 (putting n = 3)
= t(1) + 2 + 2 + 2 (putting n = 2)
= 2 + 2 + 2 + 2 (because t(1) = 2)
= 8

Alternatively, we can evaluate t(4) using the non-recursive definition:

t(4) = 2 × 4 = 8

Example 7.1.1 Find a recursive and a non-recursive definition for the following
sequence:

2, 5, 8, 11, 14, 17, ...

Solution A problem like this only makes sense if the terms form a clearly
recognisable pattern. The rule for this sequence is clear – begin with 2,
then go up in steps of 3. This immediately yields the recursive definition.
Denoting the nth term by t(n) as usual, we have:

t(1) = 2

t(n) = t(n – 1) + 3 (n > 1)

In order to find a non-recursive definition, we begin with the
observation that the terms of the sequence go up in steps of 3. This
suggests that the formula for t(n) should contain 3n. However, t(n) = 3n
doesn’t quite do the job; t(n) = 3n is the rule for the sequence 3, 6, 9, 12, ... .
In order to obtain a sequence that starts at 2 rather than 3, we need to
subtract 1 from each of these terms. The non-recursive definition is
therefore:

t(n) = 3n – 1

The method we have shown here for finding the non-recursive definition
is somewhat ad hoc, and in a more complicated problem it might be
difficult to be certain that we have obtained the right formula. We will see
later how the technique of proof by induction can be used to show that a
non-recursive formula that we suspect to be true is in fact correct.
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Example 7.1.2 Evaluate t(2), t(3) and t(4) for the following recursively defined sequence:

t(1) = 3

t(n) = 2t(n – 1) + n (n > 1)

Solution To evaluate t(2):

t(2) = 2t(1) + 2 = 2 × 3 + 2 = 8

To evaluate t(3):

t(3) = 2t(2) + 3 = 2 × 8 + 3 = 19

(Notice that we use the value of t(2) we have already obtained.)
To evaluate t(4):

t(4) = 2t(3) + 4 = 2 × 19 + 4 = 42

Example 7.1.3 Write an algorithm to output the first m terms of the sequence in
Example 7.1.2.

Solution 1. Input m
2. t� 3
3. Output t
4. For n = 2 to m do

4.1. t t n� !2
4.2. Output t

There is a small but important matter of terminology that needs to be
made clear. Although the algorithm in Example 7.1.3 is based on a
recursive definition of the sequence, it is not a recursive algorithm but an
iterative algorithm. (‘Iterate’ means to apply the same process repeatedly,
as in a For-do loop.) We will look at recursive algorithms later in this
chapter.

In all the examples of recursive definitions we have seen so far, the
expression for t(n) contains only the immediately preceding term,
t(n – 1). While this is the most usual situation in practice, in general a
recursive formula for t(n) can contain any of the earlier terms of the
sequence. An example is provided by the Fibonacci1 sequence, in which
each term F(n) from the third onwards is the sum of the two immediately
preceding terms:

F(1) = 1, F(2) = 1

F(n) = F(n – 2) + F(n – 1) (n > 2)
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It is left to you to check that the first few terms of the Fibonacci sequence
are:

1, 1, 2, 3, 5, 8, 13, 21, ...

The Fibonacci sequence is a sequence for which there is a straightforward
recursive definition, while the non-recursive definition is fairly
complicated (see Exercise 8 at the end of this chapter).

Recursion can be used to define new functions. One important example is
the factorial function, which we will need later when we study combinatorics.

Definition The factorial of a natural number n is the product of all the natural
numbers from 1 to n, and is written n!. Thus:

n! = n(n – 1)(n – 2)... × 3 × 2 × 1

We also define 0! = 1.

For example, 4! = 4 × 3 × 2 × 1 = 24. The first few terms of the sequence
of factorials (beginning with the ‘zeroth’ rather than the first term) are:

1, 1, 2, 6, 24, 120, 720, 5040, ...

Factorials arise in problems involving permutations and combinations.
We will study such problems in Chapter 9; for the moment, the factorial
function is just an example of a function with a simple recursive
definition, which we are now about to find.

In order to find a recursive definition of n!, we begin by asking the
following question: how can n! be calculated from (n – 1)!? For example, if
we already know that 4! = 24, how can we use that fact to evaluate 5!? The
answer is simple – since 4! = 4 × 3 × 2 × 1 and 5! = 5 × 4 × 3 × 2 × 1, all
we need to do is to multiply 5 by 4!.

In general, we can evaluate n! when n > 0 by multiplying n by (n – 1)!.
(Notice that this is true in particular when n = 1, but only because 0! is by
definition equal to 1. This is one reason why 0! is defined in the way it is.)
Having made these observations, we can now write down the recursive
definition of n!:

0! = 1

n! = n(n – 1)! (n > 0)

Notice that the recursion starts at n = 0 rather than n = 1.
We can check that this definition is correct for the first few values of n:

1! = 1 × 0! = 1 × 1 = 1

2! = 2 × 1! = 2 × 1 = 2

3! = 3 × 2! = 3 × 2 = 6

4! = 4 × 3! = 4 × 6 = 24
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and so on.
Here is an iterative algorithm to evaluate n!, based on the recursive

definition:

1. Input n
2. f �1
3. For i = 1 to n do

3.1. f i f� #
4. Output f

Recursive definitions are not restricted to mathematical functions such
as the factorial function. Here are recursive definitions of two concepts
we have met in earlier chapters:

Recursive definition of a bit string:

1. 0 and 1 are bit strings.
2. If s is a bit string then s0 and s1 are bit strings.

Recursive definition of a logical expression:

1. Any logical variable (denoted by a letter such as p) is a logical
expression.

2. If P and Q are logical expressions, then�P, P Q� , P Q� , P Q� and
P Q� are logical expressions.

These definitions are recursive because the term being defined (‘bit
string’ in the first example and ‘logical expression’ in the second) appears
within the definition itself.

Example 7.1.4 Show that 1001 is a bit string according to the recursive definition.

Solution 1 is a bit string. (Rule 1 of the definition)
Therefore 10 is a bit string. (Rule 2 with s = 1)
Therefore 100 is a bit string. (Rule 2 with s = 10)
Therefore 1001 is a bit string. (Rule 2 with s = 100)

7.2 Proof by induction

Induction is basically a method for proving theorems about the natural
numbers, although, as we will see, it can be applied far more broadly than
this statement might at first suggest. In addition to being a powerful
mathematical technique, induction is important in computing
applications; it is closely related to recursion, and it is a useful tool if you
are trying to establish that an algorithm is correct.

If we are going to attempt to prove a theorem using induction, the
theorem must take the form of a statement that something is true for all
the natural numbers. In the notation of predicate logic, such a statement
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can be written ‘	nP n( )’, where n denotes any natural number. Here is an
example of a statement of this form:

‘1 2 3
1

2
! ! ! ! �

!
� n

n n( )
for all natural numbers n’

We can check the claim made in this statement for any particular value of
n by substituting that value into the formula and checking that the two
sides are equal. For example, if n = 6 then the left-hand side is 1 + 2 + 3 +
4 + 5 + 6 = 21 and the right-hand side is

6 6 1

2
21

( )!
�

Let’s try another value, n = 2. The notation 1 + 2 + 3 + ... + n is a bit
misleading here; the last term of the sum is 2 in this case, so the sum
never gets to 3, despite the fact that ‘3’ appears in the expression. The left-
hand side is 1 + 2 = 3 and the right-hand side is

2 2 1

2
3

( )!
�

The notational difficulty can be avoided by using ‘summation
notation’. In this notation, a sum of terms is indicated by means of the
symbol � (upper-case Greek letter sigma). Using summation notation, we
can write 1 + 2 + 3 + ... + n as

i
i

n

�

�
1

which we may read as ‘the sum of i, as i goes from 1 to n’. We will not use
summation notation in the remainder of this chapter, except in two of the
exercises (Exercises 13 and 14).

Substituting values for n is rather like constructing a trace table for an
algorithm – while doing a few checks like this might boost our confidence
that the statement is correct, no amount of substituting particular values
for n will prove that the formula is true for all values of n.

In order to prove the statement, we need to find a logical argument that
establishes that the formula is always correct, regardless of what value n
takes. Proof by induction provides a way of doing this.

A proof by induction on n of the statement 	nP n( ) consists of two
steps:

1. In the base step, prove that P(n) is true when n = 1, that is, prove P(1).

2. In the inductive step, prove that if P(n) is true for any particular value
of n, then it is also true for the next value of n. In other words, prove
that if P(k) is true, then P(k + 1) is also true, where k stands for a
fixed but arbitrary value that n can take.

If these two steps can be carried out, then we can conclude that P(n) must
be true for all natural number values of n, by reasoning in the following
way:
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P(n) is certainly true when n = 1, because the base step shows this.

Now, because P(n) is true when n = 1, we may put k = 1 in the
inductive step, from which it follows that P(n) must also be true when
n = 2.

Now that we know that P(n) is true when n = 2, we can deduce that it
must also be true when n = 3, by applying the inductive step with k = 2.

Stepping up through the natural numbers in this way, and repeatedly
applying the inductive step, we conclude that P(n) must be true
successively for n = 4, n = 5, n = 6, and in general for all natural
number values of n.

The induction process is rather like a row of dominoes falling. Imagine
a large number of dominoes (in theory, an infinite number) standing on
their ends in a row on a table. You knock the first domino, causing it to
fall; this corresponds to the base step. As each domino falls, it causes the
next one to fall; this corresponds to the inductive step. The first domino
knocks over the second one, which knocks over the third, which knocks
over the fourth, and so on. Eventually, every domino will fall.

Example 7.2.1 Prove by induction:

1 2 3
1

2
! ! ! ! �

!
� n

n n( )

for all natural number values of n.

Solution Base step: When n = 1, the left-hand side equals 1 and the right-hand side
equals

11 1

2
1

( )!
�

so the formula is true in this case.
Inductive step: We begin the inductive step by assuming that the

formula is true when n equals some fixed but arbitrary natural number k:

1 2 3
1

2
! ! ! ! �

!
� k

k k( )

(This assumption is called the inductive hypothesis.)
We need to deduce from this assumption that the formula is also true

when n = k + 1. Now, if n = k + 1 then the left-hand side of the formula is:

1 + 2 + 3 + ... + k + (k + 1)

where we have explicitly written the second-last term (k) as well as the
last (k + 1), in order to make the next step of the proof clearer.

We can now use the inductive hypothesis to replace 1 + 2 + 3 + ... + k
in this expression by [k(k + 1)]/2:
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1 2 3 1
1

2
1! ! ! ! ! ! �

!
! !� k k

k k
k( )

( )
( )

In order to complete the inductive step, it remains for us to show that

k k
k

( )
( )

!
! !

1

2
1

is equal to the right-hand side of the formula with n replaced by k + 1.
This can be done in a few lines of algebra:

where the last line is just [n(n + 1)]/2 with k + 1 in place of n.
We began the inductive step by assuming that the formula is true when

n = k. We then deduced from that assumption that the formula is true
when n = k + 1. In short, we have just shown that if the formula is true
when n = k, then it is true when n = k + 1. This completes the inductive
step.

To conclude the proof, it remains only to say something like this: by
induction,

1 2 3
1

2
! ! ! ! �

!
� n

n n( )
for all natural numbers n.

Notice that we did not actually derive the formula

1 2 3
1

2
! ! ! ! �

!
� n

n n( )

For all we can tell, it might have been obtained using a logical argument,
but it could just as well have been found by making a lucky guess. Once
we have written down a result that we suspect to be true, however, we can
then use induction to prove that it really is true. This is simply the nature
of induction; by itself it cannot be used to derive new theorems, but it can
be used to prove that a conjecture obtained by other means is correct.

The solution to Example 7.2.1 might appear rather long-winded, but
that is only because every step has been explained in detail. The next
example shows how a proof by induction is usually set out in practice. (It
also illustrates the fact that a statement to be proved by induction need
not be a formula.)

Example 7.2.2 Prove by induction: n2 + n is an even number, for every natural number
n.
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Solution Base step: If n = 1 then n2 + n = 12 + 1 = 2, which is even.
Inductive step: Assume k2 + k is even. Then:

k2 + k is even, by the inductive hypothesis, and 2k + 2 is clearly also even.
Therefore their sum, k2 + k + 2k + 2, must be even.

By induction, n2 + n is an even number, for every natural number n.

When once you have completed the base step and the inductive step, the
‘domino effect’ ensures that the result is true when n = 1, 2, 3, 4, and so
on. In the proof, there is no need to say: ‘It’s true for n = 1, therefore it’s
true for n = 2, therefore it’s true for n = 3, and so on.’ All of that is
summed up in the phrase: ‘By induction.’

Notice in the last example that the expression in the inductive step was
simplified to k2 + k + 2k + 2 rather than k2 + 3k + 2, so that the inductive
hypothesis could be applied. When you are carrying out the inductive
step, it is helpful to keep in mind that the inductive hypothesis must be
used at some stage, as this will have some bearing on the steps you need
to perform.

Constructing proofs by induction takes practice. While the details of
the proof will vary from one problem to another, there are a number of
useful guidelines that should be kept in mind, because they apply to any
proof by induction. We list them below.

1. Every proof by induction must have a base step and an inductive step.

2. The base step is usually quite easy to construct. Sometimes it might
even seem trivial, but it is still an essential part of the proof, and must
always be included.

3. Begin the inductive step with the inductive hypothesis. Use the word
‘Assume’, and replace the variable (n in our examples) with a fixed
but arbitrary value (k).

4. Complete the inductive step by proving that the result is true when n
is replaced by k + 1. The inductive hypothesis must be used at some
stage in the reasoning.

5. Finish the proof with a statement along the lines of: ‘By induction, ...
for every natural number n.’

7.3 Induction and recursion

You have probably noticed by now that essentially the same idea
underlies both recursion and induction. A recursive definition consists of
a base case (usually n = 1), and a recursive formula for successively
obtaining each case (n = 2, 3, 4, ...) from the previous one. In a similar
way, we carry out a proof by induction by proving the base case (n = 1),
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and then showing in the inductive step that each case from 2 onwards can
be deduced from the previous one. We now make this connection explicit
by showing how induction can be used to prove a non-recursive formula
for the nth term of a sequence if a recursive definition is given.

Example 7.3.1 A sequence is defined recursively as follows:

t(1) = 1

t(n) = t(n – 1) + 2n – 1 (n > 1)

Conjecture a non-recursive formula for t(n), and use induction to prove
that the conjecture is correct.

Solution In order to make a conjecture about a formula for t(n), we first need to
evaluate some of the terms of the sequence:

t(1) = 1

t(2) = t(1) + 2 × 2 – 1 = 1 + 2 × 2 – 1 = 4

t(3) = t(2) + 2 × 3 – 1 = 4 + 2 × 3 – 1 = 9

Continuing in this way, we obtain the sequence:

1, 4, 9, 16, 25, 36, 49, ...

The pattern of the numbers suggests (but does not prove) that t(n) = n2.
This is our conjecture, which we now prove by induction.

Base step: t(1) = 1 = 12, so the conjecture is true when n = 1.
Inductive step: Assume that t(k) = k2 for some (fixed but arbitrary)

natural number k. Then:

t k t k k

k k

k k

k

( ) ( ) ( )

( )

( )

(! � ! ! �

� ! ! �

� ! !

� !

1 2 1 1

2 1 1

2 1

1

2

2

2

by the definition of ( ) with

by the inducti

t n n k� !1)

( ve hypothesis)

that is, t(n) = n2 when n = k + 1.
By induction, t(n) = n2 for every natural number n.

We saw earlier how the recursive and non-recursive definitions of a
sequence can form the basis of different algorithms for generating the
terms of the sequence. It can be useful to be able to prove that the two
definitions are equivalent if we want to establish that an algorithm of this
type is producing the correct output.
For example, the following algorithm accepts a natural number n as input
and produces a table of cubes from 1 to n as output:

1. Input n
2. icubed � 0
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3. For i = 1 to n do
3.1. j i i� � !3 1 1( )
3.2. icubed icubed j� !
3.3. Output i, icubed

How can we be sure that the algorithm is correct? We could carry out a
trace for some particular inputs, but what is really needed is a general
argument to show that the algorithm works correctly with any (valid)
input.

What we need to show is that icubed equals the cube of i each time Step
3.3 is executed. Suppose we denote the value of icubed when Step 3.3 is
being executed for the ith time by icubed(i). We want to show that
icubed(i) = i3 for all values of i from 1 to n. We can do this in two steps:

1. Write down the recursive formula for icubed(i) on which the
algorithm is based.

2. Prove that icubed(i) = i3 using induction on i.

There is no problem with using induction here, even though we only want
to prove the result for i n% , rather than for all natural number values of i.
The inductive step will be valid only for values of k ranging from 1 to n – 1,
but that is sufficient to ensure that the ‘domino effect’, on which
induction depends, will apply to all the values of i we are interested in, up
to and including i = n. It is as if we had a row of just n dominoes to knock
over, rather than an infinite number.

Look at how icubed(i) is calculated in the algorithm. In Step 3.2, it is
obtained by adding j to the previous value of icubed, namely icubed(i – 1).
The value of j was calculated in Step 3.1 as 3i(i – 1) + 1. Putting these two
steps together, we obtain the following recursive formula for icubed:

icubed(i) = icubed(i – 1) + 3i(i – 1) + 1

This formula is valid when i lies in the range from 2 to n, but not if i = 1,
because icubed(0) has no meaning. In order to find icubed(1), we have to
step through the algorithm from the beginning to the point where Step 3.3
is being executed for the first time. It is easy to check that icubed(1) = 1,
and this forms the base for the recursion.

It remains now to carry out the following task. Let icubed be defined
recursively as follows:

icubed(1) = 1

icubed(i) = icubed(i – 1) + 3i(i – 1) + 1 (2% %i n)

Prove that icubed(i) = i3 for all values of i such that1% %i n.
Here is the proof, using induction on i:

Base step: icubed(1) = 1 = 13, so the result is true when i = 1.

Inductive step: Assume icubed(k) = k3 for a fixed value of k such that
1 1% % �k n . Then:
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By induction, icubed(i) = i3 for all values of i such that1% %i n.

A word of caution is appropriate at this point. The practical problem of
finding a method for proving the correctness of a given computer
program is enormous (and in fact it is known not to be solvable, in
general). We have looked at just one very small aspect of the problem
here. Quite apart from the fact that the method we have presented here
can be applied only to a very restricted class of algorithms, we have not
considered practical questions such as whether the algorithm has been
implemented correctly in a programming language, and whether any
problems might arise from the particular ways in which computers store
and manipulate data, to name just two areas where difficulties could
occur.

7.4 Solving linear recurrences

In Section 7.3, we saw how a non-recursive formula for the nth term of a
sequence can be proved by induction. In Example 7.3.1, we obtained the
non-recursive formula by calculating a few terms of the sequence and
observing a pattern. Is there a more systematic way of finding a non-
recursive formula? The answer to this question depends on the form the
recursive definition takes. In this section, we present a method that can be
used to find a non-recursive formula for t(n), provided that t(n) is
defined by a recurrence of a particular form called ‘homogeneous second-
order linear with constant coefficients’.

Definitions A homogeneous second-order linear recurrence with constant coefficients
is a recurrence of the form at(n) + bt(n – 1) + ct(n – 2) = 0 for n = 3, 4, 5,
..., where a, b and c are real number constants. If values for t(1) and t(2)
are specified, those values are called initial conditions.

In the definition, “homogeneous” refers to the fact that the right-hand
side is zero, “second order” refers to the fact that t(n) is expressed in
terms of the previous two terms of the sequence, and “constant
coefficients” refers to the fact that a, b and c are constants (as opposed to
functions of n).
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Definitions A solution of a recurrence is an expression for t(n) in terms of n that
satisfies the recurrence. The general solution of a recurrence is an
expression for all possible solutions of the recurrence.

Example 7.4.1 Verify that t(n) = A × 2n + B is a solution of the recurrence t(n) – 3t(n – 1)
+ 2t(n –2) = 0, where A and B are any constants.

Solution If t(n) = A × 2n + B, then t(n – 1) = A × 2n – 1 + B and t(n – 2) =
A × 2n – 2 + B. Substitute these expressions into the left-hand side of the
recurrence:

The result equals the right-hand side of the recurrence, so the recurrence
is satisfied. Therefore, t(n) = A × 2n + B is a solution.

The first step towards solving the recurrence at(n) + bt(n – 1) + ct(n – 2)
= 0 is to look for solutions of the form t(n) = rn, where r is a constant.
When we have found the solutions of this form, we will use the result to
find the general solution of the recurrence.

Suppose t(n) = rn; then t(n – 1) = rn–1 and t(n – 2) = rn–2. Substitute
these expressions into the recurrence:

Take out the common factor of rn – 2:

rn–2(ar2 + br + c) = 0

We see that, in order for t(n) = rn to be a solution of the recurrence, r
must satisfy the quadratic equation ar2 + br + c = 0. This equation is
called the characteristic equation of the recurrence.

You will know from your earlier studies that a quadratic equation can
have two, one or no real solutions. We will consider here what happens
when the characteristic equation has one or two real solutions. The case
where the characteristic equation has no real solutions can be handled
using complex numbers, but we will not do this here.

Suppose, first, that the characteristic equation has two distinct real
solutions. Call these solutions r1 and r2. Then t n Ar Brn n( )� !1 2 is a
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solution of the recurrence, where A and B are any constants; you are
asked to show this in Exercise 22(a). In fact, although we will not prove
this, it is the general solution.

Example 7.4.2 Find the general solution of the recurrence t(n) + t(n – 1) – 6t(n – 2) = 0.

Solution The characteristic equation is r2 + r – 6 = 0. We solve this equation as
follows:

(r – 2)(r + 3) = 0

Therefore: r = 2 or r = –3

The general solution of the recurrence is t(n) = A × 2n + B × (–3)n.
Of course, the order in which the solutions of the characteristic

equation are taken doesn’t matter; it would be equally correct to write the
solution as t(n) = A × (–3)n + B × 2n.

If initial conditions are provided, they can be used to evaluate the
constants A and B. The next example shows how this is done.

Example 7.4.3 Find the solution of the recurrence t(n) + t(n – 1) – 6t(n – 2) = 0 for
which t(1) = 1 and t(2) = 3.

Solution Substitute t(1) = 1 into the general solution we obtained in Example 7.4.2:

A × 21 + B × (–3)1 = 1

Therefore: 2A – 3B = 1 (1)

Substitute t(2) = 3 into the general solution:

A × 22 + B × (–3)2 = 3

Therefore: 4A + 9B = 3 (2)

Equations (1) and (2) are a pair of simultaneous equations in A and B. We
can solve them as follows. Eliminate A by evaluating Equation (2) minus 2
times Equation (1):

15B = 1

Therefore: B = 1/15

Substitute B = 1/15 into Equation (1):

2A – 3 × 1
15 = 1

Solve for A: A� 3
5

The solution of the recurrence is t n n n( ) ( )� # ! #�3
5

1
152 3 .
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If the characteristic equation of a recurrence has only one real root, r,
then the general solution of the recurrence is t(n) = (A + Bn)rn. This
situation is illustrated in the next example.

Example 7.4.4 Solve the recurrence t(n) – 4t(n – 1) + 4t(n – 2) = 0 with initial conditions
t(1) = 2 and t(2) = –1.

Solution The characteristic equation is r2 – 4r + 4 = 0. Solving the characteristic
equation, we obtain:

(r – 2)2 = 0

Therefore: r = 2

The general solution is t(n) = (A + Bn) × 2n.

Substitute t(1) = 2: (A + B) × 21 = 2

Therefore: A + B = 1 (1)

Substitute t(2) = –1: (A + 2B) × 22 = –1

Therefore: 4A + 8B = –1 (2)

Eliminate A by evaluating Equation (2) minus 4 times Equation (1):

4B = –5

Therefore: B��5
4

Substitute B��5
4 into Equation (1):

A� �5
4 1

Therefore: A� 9
4

The solution of the recurrence is t n n n( ) ( )� � #9
4

5
4 2 .

Notice that the general solution in both examples contains two constants
(which we have denoted by A and B). This is always the case for second
order linear recurrences, irrespective of the number of real roots of the
characteristic equation.

7.5 Recursively defined functions and recursive
algorithms

In Section 7.1, we introduced the factorial function and saw how it could
be defined recursively. As we saw in Chapter 6, many programming
languages provide the facility for defining new functions, so it is natural
to ask whether recursively defined functions are permissible in
programming languages. The short answer is that recursive definitions
are allowed in some languages (Pascal, C and Lisp are examples), but not
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in all. Before we investigate recursion in programming languages, we
need to look at how functions are handled in pseudocode.

A user-defined function in a programming language is often defined in
a function subprogram. The subprogram forms a self-contained module
within a program, and is ‘called’ or referenced from another part of the
program. A function subprogram is similar in some ways to an entire
program, but there are some important differences. Whereas a program
has input from the ‘real world’ (via a keyboard or other input device), the
input to a function subprogram comes from the program module that
calls it, and is passed to the subprogram via a parameter (or a list of
parameters). Similarly, the output from a function subprogram does not
go to an output device such as a screen, but is returned to the calling
module via the name of the function.

These differences affect the way in which we write algorithms for
functions in pseudocode. Instead of using input and output statements,
we will begin the code with a function header containing the name of the
function and an input parameter (rather like the Pascal function header
that was given as an example in Section 6.3). With this arrangement, we
will not need an input statement at all, and an assignment statement
(using the name of the function) will take the place of an output
statement.

As an illustration of these ideas, suppose we want to write an algorithm
to evaluate n! as a function subprogram. In Section 7.1 we wrote an
algorithm for evaluating n!, so we can use that here with just a few minor
changes:

Function factorial(n):
1. f �1
2. For i = 1 to n do

2.1. f i f� #
3. factorial f�

We can imagine that there is another algorithm which ‘calls’ this one with
a particular value of n, perhaps using a statement like this:

x factorial� ( )5

The value n = 5 serves as the input to the function. The value assigned to
factorial in Step 3 (5! = 120 in this example) would replace factorial(5) in
the calling algorithm, so that the value 120 would be assigned to x. Note
that Step 3 differs from an ordinary assignment statement, in that the
identifier factorial to the left of the arrow represents a function, not a
variable. In a sense, Step 3 is really more like an output statement,
although we have written it in the way we have in order to be consistent
with the syntax of programming languages such as Pascal.

The algorithm we have constructed here is an iterative rather than a
recursive algorithm, although it is clearly based on the recursive
definition of n!. Suppose, however, that we now rewrite the algorithm in a
way that resembles the recursive definition even more closely. After all,
the recursive definition doesn’t immediately suggest the use of a For-do
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loop; it really looks rather more like an If-then-else – if n = 0 then n! = 1,
otherwise n! = n(n – 1)!. We can translate this directly into pseudocode in
an obvious way:

Function factorial(n):
1. If n = 0 then

1.1. factorial�1
else
1.2. factorial n factorial n� # �( )1

This is no longer just an algorithm based on a recursive formula; it is a
recursive algorithm, because it contains a call to itself.

Let’s see how an algorithm written in this way would work. For
example, suppose we want to use the algorithm to evaluate 2!. Here is
what happens:

First, Step 1 is entered with n = 2. The condition n = 0 is not satisfied, so
we move to Step 1.2.

We are now faced with the task of evaluating n × factorial(n – 1) with
n = 2, that is, 2factorial(1). Before we can do this, we need to put the
execution of the algorithm ‘on hold’ while we use the same algorithm to
evaluate factorial(1). It is helpful to imagine that multiple copies of the
algorithm are available. A second copy of the algorithm is to be used to
evaluate factorial(1), since the first copy is ‘busy’.

With execution of the first copy of the algorithm suspended, we enter
the second copy of the algorithm with n = 1. Again we go to Step 1.2, and
again we must place the algorithm on hold, this time while factorial(0) is
being evaluated.

Now, with two copies of the algorithm on hold, we enter a third copy
with n = 0. This time, we go to Step 1.1 and follow the algorithm through
to completion, returning a value of 1.

We can now return to the second copy, which we had suspended while
we evaluated factorial(0). We substitute the value we have obtained for
factorial(0) into Step 1.2 to get 1 × 1, and then evaluate this expression to
obtain 1 for the value of factorial(1).

Finally, returning to the first copy of the algorithm with the value we
have found for factorial(1), we can finish the computation to obtain
2 × 1 = 2 as the value of factorial(2).

Example 7.5.1 Write a recursive algorithm for the sequence in Example 7.1.2 regarded as
a function.

Solution Here is the recursive definition of the sequence in Example 7.1.2:

t(1) = 3

t(n) = 2t(n – 1) + n (n > 1)

Recall that a sequence is really just a particular type of function. We can
therefore write a recursive algorithm for this sequence as a function:
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Function t(n):
1. If n = 1 then

1.1. t� 3
else
1.2. t t n n� � !2 1( )

Let us suppose now that we want to write an algorithm to output the first
m terms of the sequence in the example above. This is the same problem
as in Example 7.1.3, except that we would now like to solve it using
recursion.

One way of doing this is to write an algorithm that calls the function we
have just written:

1. Input m
2. For n = 1 to m do

2.1. x t n� ( )
2.2. Output x

Although this works, it is computationally not very efficient. Each time
the For-do loop is executed, t(n) is calculated recursively from t(n – 1);
but in order to do this, t(n – 1) must first be calculated recursively,
despite the fact that it has already been evaluated during the previous
pass through the loop.

There is another way – we can write the entire algorithm recursively.
Up to this point, the only recursive algorithms we have met are function
subprograms, but the technique of recursion is actually much more
general. In fact, recursion represents a whole new way of approaching the
problem of designing an algorithm.

The key to using the recursive approach to a problem is to work out
how to solve the problem assuming that a simpler case of the same
problem has already been solved. By reducing the problem to a simpler
one in this way, we initiate a chain in which each case is reduced in turn
to a simpler one, until we reach a base case for which the problem can be
solved very easily.

In order to apply recursion to the present problem, we need to answer
the following question: How could we output the first m terms of the
sequence, if we already had an algorithm to output the first m – 1 terms?

If m > 1, the answer is:

1. Output the first m – 1 terms (using the algorithm we already have).

2. Evaluate t(m).

3. Output the value of t(m).

For the base case, m = 1, we simply omit Step 1.
There is one question that needs to be answered before we can write

this algorithm in pseudocode: how is Step 2 to be carried out? We could
call the recursive algorithm we have written for t(m), but that would lead
to precisely the inefficiency we are trying to avoid. What we would like to
do in Step 2 is to evaluate t(m) using the value of t(m – 1) that has already
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been obtained in Step 1. In order to be able to do this, the algorithm to
output the first m – 1 terms will need to return the value of t(m – 1) to the
algorithm that calls it.

Here is the algorithm written in pseudocode. We need to name the
algorithm so that it can be called, and the number of terms to be output
(m) and the last (i.e the mth) term (last_term) must be listed as
parameters. (Think of m as the ‘input’ and last_term as the ‘output’ of the
algorithm.)

Algorithm write_sequence(m, last_term):
1. If m = 1 then

1.1. last term_ � 3
else
1.2. write_sequence(m – 1, secondlast_term)
1.3. last term ondlast term m_ _� !2sec

2. Output last_term

The name secondlast_term refers to the fact that it is the second-last term
of the sequence with m terms (and therefore the last term of the sequence
with m – 1 terms). In Step 1.2, the algorithm is called with the formal
parameters m and last_term replaced by the actual parameters m – 1 and
secondlast_term.

Algorithm write_sequence cannot stand alone; it must be called from
another algorithm. This can be done very simply:

1. Input m
2. write_sequence(m)

Example 7.5.2 Trace Algorithm write_sequence when m = 3.

Solution Because the algorithm is recursive, we will need to keep track of the
values of the variables separately in each copy of the code (Table 7.1;
overleaf).
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The process of constructing a recursive algorithm may be new to you, so
we give another example.

Example 7.5.3 Construct a recursive algorithm to find the smallest number in a list of
numbers.

Solution Let x1, x2, ..., xn be the list of numbers. Suppose we already had an
algorithm to input the list x1, x2, ..., xn – 1 consisting of the first n – 1 of the
numbers, and find the smallest number in the list. We could then proceed
in the following way (when n > 1):

1. Find the smallest number, min, in the first n – 1 numbers.
2. Input xn
3. If xn < min then

3.1. min� xn

The final value of min is the smallest number in the list.
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Copy 1 Copy 2 Copy 3

Step m last second-
last

m last second-
last

m last second-
last

Output

Initially 3 – –

1.2
(hold)

Initially 2 – –

1.2
(hold)

Initially 1 – –

1.1 1 3 –

2 1 3 – 3

1.2 2 – 3

1.3 2 8 3

2 2 8 3 8

1.2 3 – 8

1.3 3 19 8

2 3 19 8 19

Table 7.1



Let find_minimum be the name of the algorithm. The input parameter
is n, and the output parameter is the minimum of the first n numbers. In
order to handle the case n = 1 correctly, it is convenient to input xn first.
The recursive algorithm can be written as follows:

Algorithm find_minimum(n, min):
1. Input xn
2. If n = 1 then

2.1. min� x1
else
2.2. find_minimum(n – 1, min)
2.3. If xn < min then

2.3.1. min� xn

7.6 Recursively defined functions in programming
languages

In order to relate this material to actual programming languages, we will
conclude this chapter by looking briefly at recursive algorithms for
functions in Pascal and the Lisp-based language PC-Scheme®. We will use
as our example the sequence defined in Example 7.3.1:

t(1) = 1

t(n) = t(n – 1) + 2n – 1 (n > 1)

The terms of this sequence can be generated using a recursive algorithm
for t(n), which looks like this in pseudocode:

Function t(n):
1. If n = 1 then

1.1. t�1
else
1.2. t t n n� � ! �( )1 2 1

In Pascal, both the type of the input parameter and the type of the value
of the function must be declared in the function header. In order to keep
the code consistent with the mathematical definition of a sequence as a
function from N to R, we will declare the type of the function to be real,
even though all the terms of this particular sequence are integers.

Here is the Pascal code:

function t(n: integer): real;
begin

if n = 1 then
t := 1.0

else
t := t(n - 1) + 2.0 * n - 1.0

end;

131

Induction and recursion



It is not surprising that the Pascal code looks very similar to the
pseudocode version of the algorithm, since our pseudocode is based
closely on Pascal syntax.

The PC-Scheme version looks a bit different:

(define t
(lambda(n)
(if (= n 1)

1
(- (+ (t (- n 1)) (* 2 n)) 1))))

The code takes the form of a list of three items written between
parentheses: the operator define, the name t of the function, and the
definition of the function. The definition of the function is itself a list of
two items: the first, lambda(n)2, indicates that a rule for a function
expressed in terms of a variable n is about to follow, and the second is a
list that gives that rule. In turn, some of the items in the rule are lists, and
so on. PC-Scheme uses prefix notation for operations (such as addition
and subtraction) and relations (such as equality). For example, n – 1 is
written (- n 1), and n = 1 is written (= n 1). With this explanation,
you should be able to follow the gist of the code, even if you are not
familiar with PC-Scheme.

Recursion can be a powerful way of approaching problems in
programming, especially in languages such as Lisp that are designed to
take full advantage of it. This chapter has provided an introduction to
induction and recursion; we will make use of both of these tools again in
the chapters to follow.
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EXERCISES
1 Evaluate t(2), t(3) and t(4) for the following recursively defined

sequences:

(a) t(1) = 3

t(n) = t(n – 1) + 4 (n > 1)

(b) t(1) = 1

t(n) = t(n – 1) + n (n > 1)

(c) t(1) = 0

t(n) = 2t(n – 1) + 1 (n > 1)

(d) t(1) = 2

t(n) = t(n – 1) + n2 (n > 1)

2 ‘Lambda’ is the name of the Greek letter written 2, which is used as a symbol in
the branch of logic known as lambda calculus, with a similar meaning to its
meaning in PC-Scheme.
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2 Evaluate t(3), t(4) and t(5) for the sequence:

t(1) = 1, t(2) = 1

t(n) = t(n – 1) + 2t(n – 2) (n > 2)

3 For each of the sequences in Exercises 1(a) and 1(b), write an
iterative algorithm to output the first m terms of the sequence.

4 Write down a recursive definition for 2n (where n is a non-
negative integer), that is, give the value of 20, and give a formula
for 2n in terms of 2n – 1 when n > 0.

5 Let t(n) = 1 + 3 + 5 + ... + (2n – 1). Write down a recursive
definition of t(n).

6 Find a recursive and a non-recursive definition for the sequence:

2, 7, 12, 17, 22, 27, ...

7 The first term of a certain sequence is 1, and each subsequent
term is obtained by doubling the previous term and adding 3 to
the result. Write down a recursive definition of the sequence.

8 The non-recursive formula for F(n), the nth term of the Fibonacci
sequence, is shown below:

Verify that the non-recursive formula given for the Fibonacci
sequence is correct for the first few values of n.

9 Without using a calculator, and using the properties of factorials
to facilitate the calculations as far as possible, simplify or evaluate
the following expressions:

(a)
25

24

!

!
(b)

11

8

!

!

(c)
10

7 3

!

! !
(d)

n
n

!

( )!�2

10 Construct a trace table for the iterative factorial algorithm given
in Section 7.1, for the case n = 4.

11 Use the recursive definition given in the text to show that
� � �( )p q q is a logical expression.

12 Prove by induction that the following statements are true for all
natural numbers n:

(a) 1 + 3 + 5 + ... + (2n – 1) = n2

(b) 1 2 3
1 2 1

6
2 2 2 2! ! ! ! �

! !
� n

n n n( )( )

1 1 5 1 5
( )

2 25

n n

F n
È ˘Ê ˆ Ê ˆ+ -Í ˙= -Á ˜ Á ˜Í ˙Ë ¯ Ë ¯Î ˚
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(c) n3 – n is divisible by 3

(d) 5n – 1 is divisible by 4

(e)
1

3

1

9

1

27

1

3

1

2

1
3! ! ! ! �

�
�

n

n

13 The summation notation (mentioned briefly in Section 7.2) is
defined as follows. Suppose that f(i) is a general formula for the
ith term in the sum. Then:

Examples:

Evaluate the following sums:

(a) ( )3 2
1

4

i
i

�
�

�

(b) k k
k

( )!
�

� 4
1

6

(c) ( )i i
i

2

5

9

�
�

�

14 Prove by induction:

(a) ( ) ( )4 1 2 1
1

i n n
i

n

� � !
�

�

(b) 2 2 11

1

i n

i

n
�

�

� ��

15 Let t(n) be defined recursively as follows:

t(1) = 2

t(n) = t(n – 1) + 3n – 1 (n > 1)

( ) ( ) ( 1) ( 2) ... ( )
n

i m

f i f m f m f m f n
=

= + + + + + +Â

5
2 2 2 2 2 2

1

1 2 3 4 5 55
i

i
=

= + + + + =Â
7

4

(2 1) (2 4 1) (2 5 1) (2 6 1) (2 7 1)

48

j

j
=

+ = ¥ + + ¥ + + ¥ + + ¥ +

=

Â
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Prove by induction that

t n
n n

( )
( )

�
!3 1

2

16 Let t(n) be defined recursively as follows:

t(1) = 1

t(n) = t(n – 1) + n × n! (n > 1)

Prove by induction that t(n) = (n + 1)! – 1.

17 For each of the following recursively defined sequences, evaluate
the first few terms, conjecture a formula for t(n), and use
induction to prove that the formula is correct:

(a) t(1) = 3

t(n) = t(n – 1) + 5 (n > 1)

(b) t(1) = 1

t n t n n( ) ( )( )� � �1 1 1 (n > 1)

(c) t(1) = 2

t(n) = t(n – 1) + 2n – 1 (n > 1)

18 Suppose we are able to prove the following results for a statement
about any natural number n:

1. The statement is true when n = 5.

2. For any natural number k, if the statement is true when n = k
then it is true when n = k + 1.

For which natural numbers could we be certain that the
statement is correct?

19 Suppose we are able to prove the following results for a statement
about any natural number n:

1. The statement is true when n = 1.

2. For any natural number k, if the statement is true when n = k
then it is true when n = k + 2.

For which natural numbers could we be certain that the
statement is correct?

20 A minor variation of proof by induction in the form we have
presented it can be used to prove statements about all non-
negative integers n. This is done by using n = 0 instead n = 1 in
the base step.

(a) Prove that (6n – 1)/5 is an integer for n 0, using induction
with n = 0 in the base step.

(b) Explain the problem that arises if you attempt to prove that
2n > n for n 0 using induction with n = 0 in the base step.

(c) Use induction in another way to prove that 2n > n for n 0.
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21 Find a recursive expression for the output of each of the
following algorithms. Hence prove by induction that the
algorithm produces the output claimed.

(a) Algorithm to output a table of values of

i i( )!3

2
, i = 1, 2, 3, ..., n:

1. Input n
2. value� 0
3. For i = 1 to n do

3.1. j i� !1
3.2. value value j� !
3.3. Output i, value

(b) Algorithm to output a table of values of

i i i( )( )2 1 2 1

3

! �
, i = 1, 2, 3, ..., n:

1. Input n
2. value� 0
3. For i = 1 to n do

3.1. j i� �( )2 1 2

3.2. value value j� !
3.3. Output i, value

22 (a) Suppose that the characteristic equation of the recurrence
at(n) + bt(n – 1) + ct(n – 2) = 0 has two distinct real
solutions, r1 and r2. Show that t n Ar Brn n( )� !1 2 is a solution
of the recurrence, where A and B are any constants.

(b) Suppose that the characteristic equation of the recurrence
at(n) + bt(n – 1) + ct(n – 2) = 0 has one real solution, r.
Show that t(n) = (A + Bn)rn is a solution of the recurrence,
where A and B are any constants.

23 Solve the following recurrences:

(a) t(n) – 5t(n – 1) + 4t(n – 2) = 0, t(1) = 2, t(2) = –1

(b) t(n) – 2t(n – 1) – 8t(n – 2) = 0, t(1) = 1, t(2) = 0

(c) t(n) – 6t(n – 1) + 9t(n – 2) = 0, t(1) = 3, t(2) = 2

(d) t(n) + 5t(n – 1) + 6t(n – 2) = 0, t(1) = 1, t(2) = –4

(e) t(n) + 2t(n – 1) + t(n – 2) = 0, t(1) = 3, t(2) = 3

(f) t(n) – 25t(n – 2) = 0, t(1) = –1, t(2) = 1

24 Write the recursive definition of F(n), the nth term of the
Fibonacci sequence, in the form of a homogeneous second order
linear recurrence with constant coefficients. Hence, derive the
expression for F(n) given in Exercise 8.
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25 Write a recursive algorithm for each of the sequences in Exercises
1(a) and 1(b) regarded as functions.

26 For each of the sequences in Exercises 1(c) and 1(d), write a
recursive algorithm to output the first m terms of the sequence.

27 Trace the algorithms in Exercises 26 with m = 3.

28 Write a recursive algorithm to test whether a sequence of n bits
consists entirely of zeros.

29 Write a recursive algorithm to count the number of times the
letter ‘a’ occurs in a string of n characters c1c2...cn.

30 The algorithm shown below generates the terms of the Fibonacci
sequence:

Function Fibonacci(n):
1. If n = 1 or n = 2 then

1.1. fibonacci�1
else
1.2. fibonacci fibonacci n fibonacci n� � ! �( ) ( )2 1

Although this algorithm is correct, it is very inefficient. Explain
why this is so. (Hint: Carrying out a trace for a particular value of
n may help to locate the problem.)



Boolean algebra and
digital circuits

8.1 Boolean algebra

In this chapter we take a look at the branch of mathematics known as
Boolean algebra. There are two main reasons for studying Boolean
algebra at this point. Firstly, we will be able to see how Boolean algebra
draws together into a unified theory many of the concepts in
propositional logic and sets that we met in Chapters 4 and 5. The idea of
incorporating two (or more) separate topics into a single theory is a
powerful concept, which has played an important role in the development
of mathematics. By identifying the common rules that underlie logic and
sets, we will be able to derive results that can be applied to both areas.

The second reason for studying Boolean algebra is that the notation of
Boolean algebra is widely used in computing, especially in the design of
digital circuits. In the latter part of this chapter, we will see how Boolean
algebra is used in designing the circuitry needed to perform digital
computations.

Let us start by recalling the work we did in Chapter 4 on propositional
logic. The objects we were working with there were logical expressions.
When we used a variable such as p to denote a logical expression, it was
natural to think of p as standing for a proposition, in the same way as we
think of a variable x in algebra as standing for a number. When we do
symbolic logic, however, we are not really working with the propositions
themselves but with their truth values. Seen from this point of view, a
logical expression such as p can have only two values: true (T) and false
(F). So we see that it is really the 2-element set {T, F} that takes the place
in logic that the set R of real numbers takes in ordinary algebra.

We can express this idea in another way using the concept of
equivalence relations introduced in Chapter 5. The relation ‘has the same
truth value as’ is reflexive, symmetric and transitive, so it is an
equivalence relation on the set of all the propositions we are dealing with.
There are two equivalence classes: the set of all the true propositions and
the set of all the false propositions. We can think of T as standing for the
first of these equivalence classes and F for the second.

In the same way as addition and multiplication are operations defined
on the set R of real numbers, the logical connectives introduced in
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Chapter 4 are operations on the set {T, F}. In this chapter we will be
concerned with just three of the connectives: and, or and not. The way
each of these connectives operates is set out in its truth table, just as the
way in which numbers are added could be defined by writing down an
addition table. We saw in Chapter 4 that the logical operations obey
certain laws, some of which are similar in form to laws of ordinary
algebra.

In summary, propositional logic consists of:

A set {T, F}.

Three operations,�,�and�, defined on the set.

A list of laws that the three operations satisfy.

Now, suppose we put propositional logic aside for the moment, and
consider the power set (A) of a set A. (Recall that (A) means the set of
all of the subsets of A.) The operations of intersection, union and
complement are operations on (A), because the intersection and union
of any two elements of (A) are also elements of (A), and the
complement of any element of (A) is an element of (A). In Chapter 5
we listed some laws that these three operations satisfy.

Summarising, here is what we have:

A set (A).

Three operations,�,�and , defined on the set.

A list of laws that the three operations satisfy.

This looks very similar to what we had in propositional logic. In fact, we
can say more – we saw in Chapter 5 that it is really the same list of laws in
both cases, provided that we replace the logical connectives by their
corresponding set operations.

This does not mean that logic and power sets are the same in every
respect. The set we deal with in logic has just two elements: T and F. A
power set (A) will usually have more than two elements, although two of
those elements,
and A, play a special role, because they have a place in
the laws of sets that corresponds to the place occupied by F and T in the
laws of logic. What we can say is that logic and power sets have much in
common; in particular, their operations obey essentially the same laws.

We can exploit the similarity between logic and power sets in the
following way. Instead of studying logic or power sets, as we have been
doing until now, we can study the laws themselves. By doing that, we will
in a sense be studying logic and power sets simultaneously (and also any
other mathematical system that satisfies those laws), because anything
that can be deduced from the laws must be true when interpreted for
logic, for power sets, or for any other system in which the laws apply.

We have been using the word ‘operation’ without having defined it
properly. Here are the definitions of the two types of operations we will be
needing.
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Definitions A binary operation on a set X is a function with domain X × X and
codomain X.

A unary operation on X is a function with domain and codomain X.

A binary operation can be thought of as a rule that takes two elements of
a set, and produces an element of the set as the answer. Addition is an
example of a binary operation on R, because we can think of addition as a
function that takes each element (x, y) of R × R and maps it to the
element x + y of R. In symbols, addition is a function f defined as follows:

(Strictly, we should write f((x, y)) for the image of (x, y), but the notation
f(x, y) is usual.)

Subtraction and multiplication (but not division) are also binary
operations on R. Similarly, the logical connectives and and or are binary
operations on {T, F}; for example, we could express and as a function by
writing:

In the same way, intersection and union are binary operations on the
power set (A) of a set A.

In a similar manner, a unary operation is a rule that takes one element
of a set and produces an element of the set as the answer. The process of
negating a number is an example of a unary operation on R:

Somewhat confusingly, the minus sign is used with two different
meanings in algebra. When we perform a subtraction, x – y, we are using
the minus sign to denote a binary operation, whereas when we negate a
number, –x, we are using it to denote a unary operation. (On most
calculators, the distinction between binary and unary minus is made
explicit because they correspond to different keys.)

The connective not is a unary operation on {T, F}, and
complementation is a unary operation on a power set.

Now we are ready for the main definition in this chapter.

Definition A Boolean algebra1 consists of a set B, two binary operations on B
(denoted by + and ×), a unary operation (denoted by �), and two
distinguished elements of B (denoted by 0 and 1), such that the following
axioms are satisfied for all elements x, y and z of B:
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x + y = y + x x × y = y × x commutative
axioms

x + (y + z) = (x + y) + z x × (y × z) = (x × y) × z associative
axioms

x + (y × z) = x × (y + z) =
(x + y) × (x + z) (x × y) + (x × z) distributive

axioms

x + 0 = x x × 1 = x identity axioms

x x! ��1 x x# ��0 inverse axioms

The operations +, × and �are called addition, multiplication and
complementation respectively.

The word ‘axiom’ is used here rather than ‘law’, because these
equations are part of the definition of a Boolean algebra, rather than
statements to be proved.

The definition of a Boolean algebra is rather more abstract than any we
have come across before, but it is precisely for that reason that it turns out
to be so useful. It is well worth the effort to examine it a bit more closely.

First of all, the definition does not say what the elements of B are. They
could be logical expressions, sets, or possibly something else again. When
we are studying Boolean algebra, we do not need to know anything about
the elements of B. When the time comes to apply the results of our study,
we then interpret the elements of B as logical expressions, sets, or whatever.

A similar comment applies to the operations. We call them ‘addition’,
‘multiplication’ and ‘complementation’ (and denote them by familiar-
looking symbols) simply because we have to call them something. It must
be stressed that they are not addition, multiplication and
complementation in the usual sense; the names and symbols are quite
arbitrary. Likewise, 0 and 1 are not the numbers zero and one; they are
arbitrary symbols for two particular elements of B.

Now suppose we interpret B to mean the set {T, F}, the operations +, ×
and � to mean the logical connectives�,�and�respectively, the elements
0 and 1 to mean F and T respectively, and = to mean logical equivalence
(denoted by�). We can rewrite the axioms in this interpretation; for
example, the first commutative axiom becomes:

x y y x� � �

This is a valid law of logic, and so are the other nine axioms when they are
interpreted in this way. We conclude that propositional logic is a Boolean
algebra.

Alternatively, we can interpret B to mean a power set (A), and
interpret +, ×, �, 0 and 1 as�,�, ,
and A respectively. We can then
verify that the axioms of Boolean algebra are satisfied with this
interpretation also.

There are other examples of Boolean algebras. For instance, if B is the
set of all bytes (strings of 8 bits), with +, × and � interpreted to mean the
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bitwise or, and and not operations, and 0 and 1 interpreted to mean the
bytes 00000000 and 11111111 respectively, then the axioms of a Boolean
algebra are satisfied.

You may be wondering why only some of the laws of logic (or laws of
sets) have a corresponding axiom in Boolean algebra. The answer is that
the other laws do not need to be included in the definition, because they
can be deduced from the ten axioms.

Example 8.1.1 Prove that the idempotent law for addition is true in any Boolean algebra:

x + x = x

Solution

It takes a little while to get used to seeing things like ‘x + x = x’, which of
course is not a law in ordinary algebra. Just keep in mind that the symbols
+, ×, 0 and 1 do not have their ‘usual’ meanings, and make sure that each
step in the reasoning can be justified by one of the axioms (or by a law
that has already been proved). Take particular care that you do not try to
use a law of ordinary algebra that does not hold in Boolean algebra. For
example, there are no ‘cancellation laws’ in Boolean algebra; if you have
the equation x + y = x + z, you are not permitted to cancel x from both
sides.

With Example 8.1.1, you should be able to begin to see the value of
studying Boolean algebra. Now that we have proved the additive
idempotent law in Boolean algebra, it follows automatically that this law
holds when we interpret it in logic, in power sets, or in any other system
that satisfies the axioms. There is no need to prove it separately for the
different interpretations.

There is a useful principle in Boolean algebra called the duality
principle. The duality principle states that if we have proved a law of
Boolean algebra, then the dual of that law is also true, where the dual is
obtained by replacing + with ×, × with +, 1 with 0 and 0 with 1. The
principle arises from the fact that the axioms occur in pairs, in which each
axiom in a pair is the dual of the other one.

For example, the dual of the additive idempotent law we have just
proved is the multiplicative idempotent law:

x × x = x
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There is no need to prove this law, since it follows from Example 8.1.1
and the duality principle. Alternatively, a proof of the multiplicative
idempotent law can easily be constructed by replacing each line of the
proof in Example 8.1.1 by its dual. (You are asked to do this in Exercise 4
at the end of the chapter.)

For convenient reference, here is a list of the main laws in Boolean
algebra:

���x x double complement law

x x x! � x x x# � idempotent laws

( )x y x y! �� �# � ( )x y x y# �� �! � de Morgan’s laws

x! �1 1 x# �0 0 annihilation laws

x x y x! # �( ) x x y x# ! �( ) absorption laws

��0 1 ��1 0 complement laws

These laws can all be proved from the axioms, just as we have done for
the idempotent laws, although the proofs can be tricky unless you are
given some hints. (De Morgan’s laws are particularly difficult to prove.)
You are guided through the proofs of some of the laws in the exercises at
the end of the chapter.

For the rest of this chapter, there will no longer be any need to
distinguish between the axioms and the laws derived from them, and so
we will refer to all of them as ‘laws’.

8.2 Simplifying Boolean expressions

We turn now to the problem of simplifying Boolean expressions. A
Boolean expression is an expression involving one or more Boolean
variables (denoted by letters such as x and y), together with the Boolean
operations +, × and �, and the Boolean constants 0 and 1. We will see in
Section 8.3 how the techniques for simplifying Boolean expressions can
be applied to the practical problem of designing digital circuits.

A Boolean expression can be simplified by applying the laws of Boolean
algebra until the simplest possible expression is obtained. Here are some
examples showing how this is done.

Example 8.2.1 Simplify the Boolean expression x x y# # � �( ) .

Solution The presence of ( )x y# � � in the expression suggests that we should begin
by applying the second de Morgan’s law:

where the second equality is obtained using the double complement law.
The right-hand side is now in a form where the second distributive law

can be used:

143

Boolean algebra and digital circuits

�
�

�
�

�
�

( ) ( ) ( )x x y x x y x x y¥ ¥ = ¥ + = ¥ +¢ ¢ ¢ ¢¢ ¢



The expression x x# �can be simplified using the multiplicative inverse
law:

The expression on the right-hand side is very close to being in a form
where we can use the additive identity law, but we need to use the additive
commutative law first:

0 + (x × y) = (x × y) + 0 = x × y

The last expression cannot be simplified further. The simplification of the
original expression can therefore be written:

In Example 8.2.1, it was not too difficult to see which law to apply at each
step. The next example is a little less straightforward.

Example 8.2.2 Simplify the Boolean expression[( ) ( )] ( )x y x z y z# ! �# ! # � .

Solution We notice that the terms x × y and y z# �have a common factor of y. This
suggests that we should bring them together using the commutative and
associative laws for addition, and then use the second distributive law to
take out the common factor:

We can now apply the first distributive law to this expression. At first
sight, this seems to make things more complicated, but there is a chance
that the terms containing x and z will combine together and simplify in
some way. (If they don’t, we will have to try something else.)

The factor ( ) ( )�# ! ! �x z x z can be tackled in more than one way. The
simplest way is by using the second de Morgan’s law:

where we have used the additive inverse law to obtain the last line.
Putting this result back in the earlier expression, we obtain:
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The result of all these manipulations can be written as follows:

Example 8.2.3 Interpret the result of Example 8.2.2 if x, y and z denote:

(a) logical expressions p, q and r;

(b) sets A, B and C.

Solution (a) [( ) ( )] ( ) ( )p q p r q r p r q� �� � � �� � � � �

(b) [( ) ( )] ( ) ( )A B A C B C A C B� � � � � � � �

8.3 Digital circuits

We saw in Chapter 2 that the circuitry in a binary digital computer
operates with signals that can take only two values, which are usually
represented by the symbols 0 and 1. We now want to take a closer look at
how the design of binary digital circuitry is carried out. While we could
use the notation of propositional logic for this purpose, it is more usual to
carry out the necessary calculations in Boolean notation. This means that
we will be working with the Boolean algebra for which the set B contains
just the two elements 0 and 1 (corresponding to F and T respectively).
The Boolean operations +, × and �will represent respectively the logical
connectives or, and and not. In short, we will simply be doing
propositional logic in a different notation.

The truth tables for the operations (connectives), written in Boolean
notation, are shown in Tables 8.1 to 8.3.

Before we go any further, we will introduce some notational
conventions that we will be using from now on. Firstly, we will omit the
symbol ×, and simply write xy instead of x × y. Secondly, we will omit the
brackets in a sum or a product of three or more expressions, because
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according to the associative laws the result is the same whichever way
such expressions are bracketed; for example, we will write x + y + z and
xyz rather than (x + y) + z and (xy)z. Finally, we will assume that
multiplication takes precedence over addition (just as it does in ordinary
algebra), unless a different order has been specified using brackets; for
example, the expression x + yz will always mean x + (yz) and never
(x + y)z.

Using these conventions, the result of Example 8.2.2 can be written in
the following way:

We are now ready to look at digital circuits.
A digital circuit (or logic gate circuit) is an electronic device for

performing a digital computation. It has a number of inputs, each of
which is an electrical signal that can take one of two states, denoted by 0
and 1. For any given combination of inputs, the device computes one or
more outputs, each of which is either 0 or 1.

In practice, a digital circuit is usually etched onto a microchip. We are
not concerned here with the physical details of how the device is
constructed, so it is convenient to think of a digital circuit as a ‘box’ with
some input wires entering from the left and some output wires leaving
from the right, as shown in Figure 8.1.

A circuit of this type could be designed to perform any one of a wide
variety of computational tasks. For example, we might want to design a
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circuit to add two numbers; the input would be the binary representations
of the numbers, and the output would be the binary representation of
their sum.

If a circuit has more than one output, we can think of it as consisting of
several circuits, all with the same input, and each with a single output. For
this reason, we will confine our attention to circuits with one or more
inputs and one output.

It is useful to express these ideas in the mathematical language that was
introduced in Chapters 5 and 6. Suppose we have a circuit with n inputs
(and one output). We will assume that all possible combinations of n
zeros and ones are valid inputs to the circuit. If B denotes the set {0, 1},
then the set of all possible inputs can be regarded as the Cartesian
product Bn. Associated with each one of these inputs is an output of either
0 or 1. Mathematically, the circuit can be thought of as a function with
domain Bn and codomain B:

f B Bn: �

Functions of this type are called Boolean functions.
A Boolean function can be defined by listing all possible inputs

together with their corresponding outputs. For example, we could define
a Boolean function f B B: 2 � as shown in Table 8.4.

It is often simpler to define a Boolean function using a Boolean
expression. For example, the Boolean function in the table above can be
written as follows:

We can verify that the two definitions of f are equivalent by constructing a
table (Table 8.5), in which the third and fourth columns are obtained by
referring to Tables 8.1 to 8.3. Table 8.5 is just a truth table written in
Boolean notation.

Apart from having a convenient notation, there is another reason why
we want to use Boolean expressions to represent digital circuits. A digital
circuit can be constructed using devices known as logic gates. A logic gate
is a simple digital circuit that corresponds to one of the logical
connectives. By assembling logic gates, more complicated digital circuits
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0 0 1

0 1 0

1 0 1
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can be built up. We will see shortly how the design of a digital circuit
using logic gates corresponds to a Boolean expression.

Here are the definitions and symbols for the three logic gates we will be
using in our work.

Definitions An OR gate is a digital circuit with two inputs x and y, which produces an
output of x + y. An OR gate is represented by the symbol shown in Figure
8.2(a).

An AND gate is a digital circuit with two inputs x and y, which produces
an output of xy. An AND gate is represented by the symbol shown in
Figure 8.2(b).

An inverter (or NOT gate) is a digital circuit with one input x, which
produces an output of �x . An inverter is represented by the symbol shown
in Figure 8.2(c).

These gates correspond to actual physical devices that can be assembled
to create digital circuits. If 0 and 1 denote respectively the absence or
presence of an electrical pulse, for example, then an OR gate is a device
that produces an output pulse whenever a pulse is applied to at least one
input, an AND gate produces an output pulse only if a pulse is applied to
both inputs, and an inverter produces an output pulse whenever there is
no pulse applied to the input.

At the moment, we are interested only in the logical behaviour of these
gates, and so we need not concern ourselves here with details of their
physical implementation. (For example, a real inverter would need a
power supply in addition to the logical input, in order to supply the

Discrete mathematics for computing

148

x y �y x y! �

0 0 1 1

0 1 0 0

1 0 1 1

1 1 0 1

Table 8.5

Figure 8.2(a)

Figure 8.2(b)

Figure 8.2(c)



energy for the output pulse when no pulse is input.) Neither will we
consider the problem of how to time the pulses so that they arrive at the
gates at the moment they are needed; this is an important question as far
as the actual construction of digital circuits is concerned, but it would
take us too far afield to deal with it here.

If we are given a Boolean function, corresponding to the inputs and
outputs of a digital circuit, how can we design the circuit using only the
three types of gates we have available? The answer is by finding a Boolean
expression for the function, and drawing the circuit corresponding to that
expression.

For example, consider the Boolean expression xy y�! . Starting with x
and y as inputs, we can think of the expression as the result of a three-
step process:

1. Evaluate �y .

2. Evaluate xy�.

3. Evaluate xy y�! .

Each step uses one of the Boolean operations, and corresponds to one of
the logic gates. A circuit for evaluating the expression xy y�! can be built
up in this way using the gates, as shown in Figure 8.3.

The output �y from the inverter is one of the inputs to the AND gate. The
other input to the AND gate is x, so the output from the AND gate is xy�.
This output in turn is one of the inputs to the OR gate, together with y.
Notice that the wire from y is split, because y is needed as input to two of
the gates.

If a Boolean expression contains any zeros or ones, they can easily be
removed using the identity and annihilation laws. We can then draw the
digital circuit for the resulting expression. (There is a trivial exception:
the Boolean expressions 0 and 1 cannot be simplified further, and
therefore have no corresponding circuits.)

Example 8.3.1 Draw the digital circuit corresponding to the Boolean expression
( ) ( )�! � !x y x y .

Solution
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If two Boolean expressions are equal, then their corresponding circuits
behave in the same way. In practice, we would like our circuits to be as
simple as possible, because simpler circuits tend to be faster and more
reliable, and they occupy less space on a microchip. We can use Boolean
algebra to replace a digital circuit with an equivalent one that is simpler.

Example 8.3.2 Write down the Boolean expression corresponding to the digital circuit
shown in Figure 8.5. Using the laws of Boolean algebra, obtain a simpler
equivalent expression, and draw the corresponding circuit.

Solution The Boolean expression corresponding to this circuit is
( )( )( )�! � ! � !x y x y y z . It can be simplified in the following way:

(We have taken a few shortcuts here; some steps in the working require
the application of more than one law of Boolean algebra. You should
check each step carefully to see that the laws have been followed.)

The simplified circuit is shown in Figure 8.6.

When we work with more complicated digital circuits, it is convenient
to allow the use of AND and OR gates with multiple inputs. These gates
have the same symbols as the usual AND and OR gates, but are shown
with varying numbers of input channels. For example, a three-input AND
gate, corresponding to the expression xyz, is depicted as shown in Figure
8.7.
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We will use multiple input gates in Example 8.4.4 in the next section.

8.4 Disjunctive normal form and Karnaugh maps

The method we used in Section 8.3 for simplifying Boolean expressions
relies on our being able to recognise at each step which of the laws of
Boolean algebra can be applied to produce a simpler expression.
Sometimes it might not be clear which law to use, or even whether the
expression can be simplified at all. For these reasons, we look now at a
more systematic approach to the problem.

Suppose we want to find a Boolean expression corresponding to the
function given in Table 8.6.

There is a purely mechanical way of obtaining a Boolean expression from
a table such as this, although it will usually not produce the simplest
expression. Here is how it works.

For each line of the table for which f(x, y, z) = 1, we form a product of
three factors, known as a minterm. Each factor in a minterm corresponds
to one of the three variables x, y and z; the factor is the variable itself if
the column for that variable contains 1, and the complement of the
variable if the column contains 0.

In this example, we form the minterms for the first, fourth and sixth
lines of the table, because these are the lines where f(x, y, z) = 1. The
minterm for the first line is � � �x y z . The minterms for the fourth and sixth
lines are �x yz and xy z� respectively.

An expression for f(x, y, z) can now be written down; it is the sum of
the minterms:
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0 0 0 1

0 0 1 0

0 1 0 0

0 1 1 1

1 0 0 0

1 0 1 1
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In the language of logic, f(x, y, z) is true when x is false and y is false and z
is false, or x is false and y is true and z is true, or x is true and y is false
and z is true.

A Boolean function expressed in this way as a sum of distinct minterms
is said to be written in disjunctive normal form. Every Boolean function
can be written in disjunctive normal form in precisely one way (apart
from trivial variations such as writing the minterms in a different order).

Example 8.4.1 Let f x y z xy y z( , , ) ( ) ( )� � � ! � . Write f(x, y, z) in disjunctive normal form.

Solution The first step is to apply de Morgan’s laws and the distributive laws to
express f(x, y, z) as a sum of terms:

( )( ) ( )( )xy y z x y y z

x y x z yy yz

� ! � � �! ! �

� � ! � �! ! �

Next, we deal with repeated variables within a term. Any term in which a
variable or a complemented variable is repeated (such as xx or � �x x ) can
be simplified using the multiplicative idempotent law, and any term
containing a variable and its complement (such as xx�) can be eliminated
using the multiplicative inverse law. For the present problem, we obtain:

� ! � �! ! �x y x z y yz

In order to put this expression into disjunctive normal form, we need to
ensure that every term contains all three variables. This is done in the
following way:

� ! � �! ! �

� � ! � ! � � ! � ! ! � ! � !

x y x z y yz

x y z z x z y y y x x z z( ) ( ) ( )( ) yz x x

x yz x yz x yz x y z xyz xyz x yz x

� ! �

� � ! � �! � �! � � �! ! �! � ! �

( )

yz xyz x yz�! �! � �

Now we use the additive idempotent law to eliminate the repeated terms.
The result is:

f x y z x yz x yz x y z xyz xyz( , , )� � ! � �! � � �! ! �

There is no need to be concerned about the fact that the answer is more
complicated than some of the expressions we obtained along the way.
Disjunctive normal form is not meant to be a simplified form for a
Boolean function, but rather a standard form in which all Boolean
functions can be written.

Now that we know how to put an expression into disjunctive normal
form, there remains the problem of simplifying it. A number of methods
have been developed for doing this, but the use of Karnaugh maps, which

152

Discrete mathematics for computing

( , , )f x y z x y z x yz xy z= + +¢ ¢ ¢ ¢ ¢



we are about to describe, is probably the easiest for hand computation
with expressions containing up to about four variables. If a larger number
of variables is involved, there are other methods designed for
implementation on a computer which are more suitable.

Suppose we have an expression written in disjunctive normal form and
containing two variables x and y, for example xy x y x y! � ! � �. We can
construct a table for this expression with two rows, labelled x and �x , and
two columns, labelled y and �y . In the body of the table, we use a 1 to
indicate that the minterm corresponding to that row and column is
present, and leave the entry blank if the minterm is absent:

y �y

x 1

�x 1 1

Notice that if there are two entries in the same row or column, then the
corresponding minterms have a common factor. In this example, the 1s in
the second row correspond to the minterms �x y and � �x y , which have a
common factor of �x , while the 1s in the first column correspond to
minterms with a common factor of y. It is the presence of these common
factors that allows us to simplify the expression. We identify the rows and
columns where the common factors occur by drawing loops around the
1s:

y �y

x 1

�x 1 1

A diagram constructed in this way is called a Karnaugh map.
The horizontal loop corresponds to � ! � �x y x y . You can check using the

laws of Boolean algebra that this expression can be simplified to �x .
Similarly, the vertical loop corresponds to the terms xy x y! � , which can
be simplified to y. There is no need to actually apply the laws; we can read
the answer directly off the Karnaugh map. The simplified expression is
�!x y, where �x corresponds to the horizontal loop and y corresponds to

the vertical loop.
If there had been no complete rows or columns of 1s (for example, if

the 1 in the bottom left-hand corner had not been there), no
simplification would have been possible. At the other extreme, if all the
entries had been 1, the entire expression would have simplified to 1
(which we could have indicated by drawing a loop around all four 1s on
the Karnaugh map).

Expressions containing only two variables are easy enough to simplify
without using Karnaugh maps. The problems for which the method is
most useful are those in which we need to simplify expressions containing
three or four variables.
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A Karnaugh map for an expression containing three variables x, y and z
has two rows, labelled x and �x , and four columns, labelled yz, �y z, � �y z
and yz�. In order for the method to work, it is essential that the column
labels be written down from left to right in the order given. As before, a 1
means that the minterm is present in the expression, and a blank means it
is absent.

There are several types of loops we can now draw on the Karnaugh
map, corresponding to the ways in which the minterms can be combined
and simplified:

All eight 1s. (This applies only in the trivial case where all possible
minterms are present.)

Four 1s in a row.

Four 1s in a square. This includes the ‘broken’ square consisting of the
first and fourth columns, because we regard the right-hand edge as
joining up with the left-hand edge. (It may be helpful to imagine that
the Karnaugh map has been drawn around the curved surface of a
cylinder.)

Two adjacent 1s in a row or column, including ‘broken’ pairs such as
the top left-hand and top right-hand corners.

A single 1.

The larger the loop, the greater the resulting simplification. The general
rule, therefore, is to begin by drawing as many of the loops containing
four 1s as possible, followed by loops containing two 1s, and finishing
with loops containing a single 1. Keep in mind that loops are allowed to
overlap, and that every 1 must be included in at least one loop. Within
these limits, the number of loops should be kept as small as possible.

Example 8.4.2 Use a Karnaugh map to simplify the Boolean expression xy z xyz� ! �!
xy z x y z x y z� �! � � ! � � �.

Solution We begin by setting up the table for the expression:

yz �y z � �y z yz�

x 1 1 1

�x 1 1

There are no rows of four 1s, but there is a square of four 1s, so we put a
loop around it. The remaining 1 cannot be included in a square of four 1s,
but we can include it in a loop of two 1s. The Karnaugh map now looks
like this:
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yz �y z � �y z yz�

x 1 1 1

�x 1 1

The square of four 1s yields the term �y , because �y is the only factor
common to the four minterms. The loop of two 1s yields the term xz�. The
simplified expression is therefore �! �y xz .

If a Boolean expression contains four variables, x, y, z and w, then the
Karnaugh map has four rows and four columns. The rows are labelled (in
order) xy, �x y, � �x y and xy�, and the columns are labelled zw, �z w, � �z w and
zw�. The following types of loops are available:

All sixteen 1s (only if all possible minterms are present).

Eight 1s in a four-by-two or two-by-four rectangle. This includes
‘broken’ rectangles such as the rectangle consisting of the first and
fourth rows, because we identify the top and bottom edges with each
other, and the left-hand and right-hand edges with each other.

Four 1s in a row or column.

Four 1s in a square, including ‘broken’ squares. In particular, this case
includes the square comprising a 1 in each of the four corners of the
table.

Two adjacent 1s in a row or column, including ‘broken’ pairs.

A single 1.

Example 8.4.3 Use a Karnaugh map to simplify the Boolean expression xyzw xyz w! � !
xyzw x yzw x yzw x yz w xy zw xy z w xy zw x�! � ! � �! � � �! � ! � � ! � �! � �y zw!
� � �x y zw .

Solution
zw �z w � �z w zw�

xy 1 1 1

�x y 1 1 1

� �x y 1 1

xy� 1 1 1

The first and last columns together form a broken rectangle of eight 1s.
We can pick up two of the three remaining 1s with a broken square of
four 1s. The final 1 can be included in a loop of two 1s:
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zw �z w � �z w zw�

xy 1 1 1

�x y 1 1 1

� �x y 1 1

xy� 1 1 1

The simplified expression is z xw x yw! ! � �.

A variation of this method can be used if there are some inputs that we
know will never arise in the application we have in mind, so that we don’t
care what output they produce. In problems of this type, the letter ‘d’ (for
‘don’t care’) is used in the Karnaugh map to indicate that it does not
matter whether the output corresponding to that particular set of inputs
is 0 or 1. A ‘d’ does not have to be included in any loop, but it may be
included in a loop if a simpler result can be obtained by doing so.

Example 8.4.4 Design a digital circuit with four inputs, x, y, z and w, and with outputs
according to Table 8.7.

Any combination of inputs not appearing in the table can be assumed
never to occur.
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x y z w Output

0 0 0 0 0

0 0 1 1 1

0 1 0 0 1

0 1 0 1 0

0 1 1 0 0

0 1 1 1 0

1 0 0 1 0

1 0 1 0 1

1 1 0 0 0

1 1 0 1 1

1 1 1 1 1

Table 8.7



Solution
zw �z w � �z w zw�

xy 1 1 d

�x y 1

� �x y 1 d d

xy� d d 1

There are no rectangles of eight 1s. By using some of the ‘d’s, we can form
two broken squares of four 1s. Another of the 1s can be looped into a pair,
and the remaining 1 is in a loop of its own. Notice that two of the ‘d’s are
not used.

zw �z w � �z w zw�

xy 1 1 d

�x y 1

� �x y 1 d d

xy� d d 1

The simplified expression is � ! ! ! � � �y z xz xyw x yz w .
The digital circuit for an expression of this form is best handled using

multiple input AND and OR gates as shown in Figure 8.8.

Before we conclude this example, it is worth noting one point. We drew
the loops on the Karnaugh map by applying the rules exactly in the form
we stated them, beginning with the larger loops. In fact, if we inspect the
Karnaugh map, we can see that it could be simplified by removing the
loop corresponding to the term xz. This example shows that the rules we
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have stated for drawing the loops on a Karnaugh map do not always
produce the simplest Boolean expression.
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EXERCISES
1 Explain why division is not a binary operation on R. Is division a

binary operation on R – {0}?

2 Determine which of the following are binary operations on the
set indicated:

(a) Addition on N

(b) Subtraction on N

(c) Subtraction on J

(d) Multiplication on Q

3 For the Boolean algebra for which B is the set of all bytes, and +,
× and �denote bitwise or, and and not:

(a) Verify the distributive axiom x + (y × z) = (x + y) × (x + z)
in the case x = 10010100, y = 00111010, z = 01010001.

(b) Verify the inverse axiom x x! ��1 in the case x = 11001011.

4 Construct a proof of the multiplicative idempotent law of
Boolean algebra x × x = x, by replacing each line of the proof of
the additive idempotent law in Example 8.1.1 by its dual.

5 Use the axioms of Boolean algebra to prove the complement law
��0 1. (The first step uses one of the identity axioms.)

6 Use the axioms of Boolean algebra together with one of the
idempotent laws to prove the annihilation law x + 1 = 1. (The
first step uses one of the inverse axioms.)

7 Use the axioms of Boolean algebra together with one of the
annihilation laws to prove the absorption law x + (x × y) = x.

8 Prove the double complement law ���x x, by proving first that
x x x# ��� ��and then that x x x# ��� . (Begin both parts of the
proof with the additive inverse axiom, replacing x by �x for the
second part of the proof.)

9 In ordinary algebra, the null factor law for multiplication states:
if xy = 0 then x = 0 or y = 0. Is the null factor law true:

(a) in the logic interpretation of Boolean algebra;

(b) in the power set interpretation of Boolean algebra;

(c) in Boolean algebra?

10 Use the laws of Boolean algebra to simplify the following Boolean
expressions:

(a) y x x y# ! �#[ ( )]
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(b) [( ) ]x y x# � ! � �

(c) [ ( )] ( )x y z x z! # # �!

(d) ( ) ( )x y y z# �! #

11 Interpret the result of Exercise 10(a) if x and y denote:

(a) logical expressions p and q;

(b) sets A and B.

12 Simplify the following Boolean expressions, and draw the digital
circuits for both the original and simplified expressions:

(a) � ! ! �x y x x y( )

(b) ( )x xy y! �

(c) xz x y yz�! � ! �( )

13 Write down the Boolean expressions corresponding to the digital
circuits shown in Figures 8.9(a) and 8.9(b). For each expression,
use the laws of Boolean algebra to obtain a simpler equivalent
expression, and draw the corresponding circuit.

14 Write the Boolean function given by Table 8.8 (overleaf) in
disjunctive normal form.

15 Write the Boolean expression ( )( )�! �x z yz in disjunctive normal
form.

16 Use Karnaugh maps to simplify the following Boolean expressions,
converting them to disjunctive normal form first where necessary:

(a) � ! �! � �x y xy x y

(b) xy z x yz x y z x yz x y z� �! � ! � � ! � �! � � �

(c) xyz xyz x yz x y z! �! � �! � � �

(d) ( )( )x y z y z! � ! �

Figure 8.9(a)

Figure 8.9(b)
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(e) xyzw x yzw x yz w x yzw x yz w xy z w�! � ! � � ! � �! � � �! � � !
xy zw x y zw x y z w x y zw� �! � � ! � � � ! � � �

(f) xyzw xyz w x yz w xy zw x y zw x y z w�! � �! � � ! � �! � � ! � � � �

(g) x y z w( )! � �

17 In some problems involving Boolean expressions, a simpler answer
can be obtained using the Karnaugh map of the complement of the
expression to be simplified (that is, interchange 1s and blanks in the
Karnaugh map). The answer is then expressed as the complement of
the simplified expression obtained from the Karnaugh map.

Use this method to simplify the following Boolean expressions:

(a) xy z x y z� �! � �

(b) xyzw xy z w xy z w! � � ! � � �

18 Design a digital circuit with four inputs, x, y, z and w, and with
outputs according to Table 8.9.

x y z f(x, y, z)

0 0 0 0

0 0 1 1

0 1 0 0

0 1 1 1

1 0 0 1

1 0 1 1

1 1 0 0

1 1 1 0

Table 8.8

x y z w Output

0 0 0 1 1

0 0 1 0 0

0 1 0 0 1

0 1 1 1 0

1 0 0 1 0

1 1 0 0 0

1 1 0 1 0

1 1 1 0 0

1 1 1 1 1

Table 8.9
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(Any combination of inputs that does not appear in the table can
be assumed never to occur.)

19 The digits on the display of a certain calculator are each
composed of seven segments arranged in the following layout:

The designs of the digits from 0 to 9 are shown below:

A digit to be displayed is input in its 4-bit binary representation
to seven digital circuits, corresponding to the seven segments.
The output of each circuit is 0 if the corresponding segment is off
for that digit, and 1 if it is on.

For each segment, use a Karnaugh map (with ‘don’t care’ entries
where appropriate) to obtain a simple Boolean expression for the
corresponding digital circuit, and draw a diagram for that circuit.

20 A digital circuit for adding two binary digits has two inputs: the
two digits to be added; and two outputs: the units bit and the
twos bit of the answer. (A circuit of this kind is called a half
adder.)

By treating this as two circuits, each with a single output, use
Karnaugh maps to obtain a Boolean expression for each circuit,
and draw the corresponding circuit diagrams.

21 Consider a digital circuit for computing a column sum as part of
the process of adding two binary numbers. A circuit of this kind
(called a full adder) has three inputs: the 2 bits in the column to
be added, and a carry bit (1 if there was ‘one to carry’ when the
column immediately to the right was added, 0 otherwise). The
circuit has two outputs: the ‘sum’ bit and the ‘carry’ bit.

By treating this as two circuits, each with a single output, use
Karnaugh maps to obtain a Boolean expression for each circuit,
and draw the corresponding circuit diagrams.
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22 Design digital circuits for adding:

(a) two 2-digit binary numbers, using one half adder and one
full adder;

(b) two 3-digit binary numbers, using one half adder and two
full adders;

using the symbols shown below for a half adder and a full adder:

23 The behaviour of a NAND gate is defined by Table 8.10.

Its symbol is shown in Figure 8.10.

Using the results of Exercise 17 of Chapter 4, design digital
circuits that are equivalent to the three gates AND, OR and NOT,
using only NAND gates.

x y Output

0 0 1

0 1 1

1 0 1

1 1 0

Table 8.10

Figure 8.10



Combinatorics

9.1 Combinatorics and computing

Combinatorics is the branch of mathematics devoted to calculating the
number of ways in which a specified process can be carried out. Problems
of this type often occur in computing. A typical problem is to determine
how many times a particular sequence of steps in an algorithm will be
executed. You might need to know this in order to estimate how long the
algorithm will take to run. For example, a simple algorithm for
determining the shortest path for a signal to travel through a
communications network might begin by calculating the lengths of all of
the possible paths through the network. A better algorithm might arrive
at the correct answer after calculating just the lengths of a selection of
paths. In order to determine how efficient these algorithms are, and to be
able to compare them with each other and with other algorithms, we must
first answer the question: ‘How many such paths are there altogether?’

In this chapter, we present some basic counting techniques that can be
used to solve problems of this type.

9.2 The Principle of inclusion and exclusion

The following formula for the cardinality of the union of two sets is
known as the Principle of inclusion and exclusion:

The formula is derived from the fact that if the cardinalities of A and B
are added, then the elements in A B� will be counted twice, so this is
corrected for by subtracting the cardinality of A B� .

Example 9.2.1 In a group of 120 students studying computing, 84 can program in C and
66 can program in Java. If 45 can program in both C and Java, how many
of the students cannot program in either of these languages?

Solution Let � = {computing students}, C = {C programming students}, and J =
{Java programming students}. The problem is to find | |C J� . By the
Principle of inclusion and exclusion:
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Therefore | |C J� � � �120 105 15.
There are 15 students who cannot program in either of these languages.

9.3 The Multiplication principle

Suppose a document is printed using five different fonts: Arial, Gothic,
Courier, Times Roman and Sans Serif. Suppose also that each font can
appear in one of three styles: normal, bold and italic. How many
combinations of a font and a style are there altogether?

The question can be answered very simply. Since there are five fonts,
each of which can be paired with one of three styles, the total number of
combinations is 5 × 3 = 15. The possible combinations are illustrated in
the tree diagram in Figure 9.1.

The problem can also be expressed in the notation of sets. Let F be the
set of fonts, and let S be the set of styles. A combination such as Courier
Italic can be thought of as an ordered pair – (Courier, Italic). The set of all
such ordered pairs is the Cartesian product F × S, and the problem asks
for the cardinality of F × S. We obtained the answer by multiplying the
cardinality of F by the cardinality of S.

This example illustrates a basic principle in combinatorics known as
the Multiplication principle. The Multiplication principle states that the
cardinality of the Cartesian product of two finite sets X and Y equals the
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cardinality of X multiplied by the cardinality of Y. We can write this result
in symbols as follows:

| X × Y | = | X | × | Y |

More generally, we can obtain the cardinality of a Cartesian product X1 ×
X2 × ... × Xn of a number of finite sets by multiplying together the
cardinalities of the sets X1, X2, ..., Xn. The Multiplication principle is
usually stated in this more general form:

| X1 × X2 × ... × Xn | = | X1 | × | X2 | × ... × | Xn |

For many applications, a more intuitive (though somewhat wordier)
version of the Multiplication principle is useful:

If a selection process consists of n steps, where the selection in the
first step can be done in k1 ways, the selection in the second step can
be done in k2 ways, and so on, then the total number of possible
selections is k1k2...kn.

We have actually met the Multiplication principle already. In Chapter 3,
we used it to calculate the number of distinct integers that can be stored
in 16 bits, by arguing that there were two possibilities for the first bit, two
possibilities for the second bit, and so on, giving an answer of 2n integers
altogether. We also used the Multiplication principle in Chapter 5, when
we showed that any set with n elements has 2n subsets.

Example 9.3.1 The usercodes on a certain computer consist of 3 letters, followed by 3
digits, followed by a letter, for example, XYZ123A. (Assume that no
distinction is made between upper-case and lower-case letters.)

(a) How many different usercodes can be constructed altogether?

(b) In how many of these usercodes does the digit 0 occur at least once?

Solution (a) The first character may be chosen to be any one of the 26 letters of the
alphabet, and so may the second and third characters. The fourth,
fifth and sixth characters are each chosen from the 10 digits, and the
seventh character is chosen from the 26 letters. By the Multiplication
principle, the total number of different usercodes is:

26 × 26 × 26 × 10 ×10 × 10 × 26 = 456 976 000

(b) Rather than try to count directly the number of usercodes containing at
least one zero, it is simpler to count the number of usercodes that
contain no zeros, and to subtract the answer from the result of part (a).
If no zeros are allowed, then there are only nine choices available for
each digit rather than ten, so the number of usercodes with no zeros is:

26 × 26 × 26 × 9 × 9 × 9 × 26 = 333 135 504

Therefore, the number of usercodes containing at least one zero is:

456 976 000 – 333 135 504 = 123 840 496
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9.4 Permutations

A common task in computing is that of sorting a list of items into order
according to some criterion, such as alphabetical or numerical order. We
will look at sorting algorithms in Chapter 13. In the meantime, a question
that arises in this context is: in how many different orders can a set of
items be listed?

If there are three items, for example, say a, b and c, then a bit of trial
and error reveals that there are six different ways in which they can be
arranged:

abc, acb, bac, bca, cab, cba

An arrangement of the elements of a set into a particular order is called a
permutation of that set. We have just listed the six permutations of the set
{a, b, c}.

How many permutations are there of a set with n elements? We can
answer this question by applying the Multiplication principle in the
following way. The first element of the permutation can be any one of the
n elements. Once this element has been chosen, the second element can
be any one of the remaining n – 1 elements. Continuing in this way, the
third element can be any one of the remaining n – 2 elements, the fourth
element can be any one of the remaining n – 3 elements, and so on. Of
course, there is only one possible choice for the last element. According to
the Multiplication principle, the total number of permutations is:

n(n – 1)(n – 2) ... × 3 × 2 × 1

We recognise this from our earlier work as n factorial (n!). The result can
be stated as follows: The number of permutations of a set with n elements
is n!.

Example 9.4.1 How many anagrams (permutations of the letters) are there of the
following words?

(a) ANSWER (b) PERMUTE (c) LITTLE

Solution (a) Since ANSWER has 6 different letters, the number of anagrams is 6! =
720.

(b) There are 7! ways of arranging 7 letters; however, this assumes that all
the letters are different. In the present case, the number of anagrams
is only half that number, because interchanging the two Es in an
anagram does not produce a new anagram. The answer is 7!/2 = 2520.

(c) There are 6! permutations of six letters, but again we need to take
care to avoid double counting. In each of these 6! arrangements, we
can swap the Ts or the Ls or both without obtaining new anagrams.
The number of different anagrams is therefore 6!/4 = 180.
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Note that in each case the original word is counted as one of the
anagrams.

A more general permutation problem arises if the elements to be
arranged are chosen from a larger set. Suppose we want to select r
elements from a set with n elements (where n > r), and arrange those r
elements in a particular order. In how many ways can this be done?

This question can be answered in a similar manner to the previous one.
The first element of the permutation can be any one of the n elements in
the larger set. The second element must then be chosen from the
remaining n – 1 elements, the third element from the remaining n – 2
elements, and so on, until r elements have been chosen. The last (rth)
element is chosen from the n – r + 1 elements remaining at that stage. By
the Multiplication principle, the total number of ways this can be done is:

n(n – 1)(n – 2) ... (n – r + 1)

This expression is denoted by nPr. It is not difficult to see that we can also
write nPr in terms of factorials in the following way:

Example 9.4.2 As part of a market research survey, you are shown a list of 20 types of
chocolate bar, and asked to list your five favourite bars in order of
preference. How many different responses to this question are there?

Solution You are selecting five bars from a larger set of 20 bars. Since the order in
which the five bars are listed is important (that is, the same selection in a
different order counts as a different response), this is a problem involving
permutations. The answer is:

20P5 = 20 × 19 × 18 × 17 × 16 = 1 860 480

9.5 Combinations

In Section 9.4, we investigated the problem of selecting a certain number
of items from a set, where the order in which the items are selected is
taken into account. A more common problem in practice is to ascertain
the number of ways in which a selection can be made, without
distinguishing between different orders. Problems of this kind are called
combinations problems.

For example, suppose that the rules of a lottery specify that entrants
must select eight different numbers chosen from the natural numbers
from 1 to 45 inclusive. In how many different ways can this selection be
made?
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As a first step towards solving the problem, we can calculate the number of
choices if order is taken into account; it is 45P8. This number is not the answer
to the problem, of course, because we have counted the same selection many
times, once for each different way in which the eight numbers can be arranged.
In fact, we can state precisely how much too large it is; since there are 8! ways of
arranging the eight chosen numbers, 45P8 is too large by a factor of 8!. The
correct answer to the problem is therefore 45P8/8!, which equals 215 553 195.

This example gives us a clue to the solution of the combinations
problem in general. Suppose we want to select r items without
replacement from a set of n items, without taking into account the order
in which the selection is made. (In the language of sets, we want to choose
a subset with r elements from a set with n elements.) In how many ways
can this be done?

The number of selections with order taken into account is nPr. Now, if
order is not to be taken into account, then this number is too large by a
factor of r!, because r! is the number of permutations of the r selected
elements. The correct answer is therefore nPr/r!. Using the fact that

we obtain the following expression as the answer:

n
r n r

!

!( )!�

This expression is denoted by ( )r
n or nCr. It is the number of ways that r

items can be chosen from a set of n items. Equivalently, it is the number
of r-element subsets of an n-element set. Given a particular value of n, the
values of ( )r

n (as r ranges from 0 to n) are referred to as the nth binomial
coefficients, because they occur in the binomial theorem in algebra.

Using the alternative expression for nPr, we obtain another expression
for ( )r

n that is generally more useful for computations:

Example 9.5.1 A test is to be generated by selecting six questions from a test bank
consisting of 50 questions. How many different tests are possible,
assuming that the order in which the questions appear on the test is not
taken into account?

Solution The number of different tests is:
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A comment about evaluating these kinds of expressions on a calculator
is appropriate here. Some calculators have keys for evaluating nPr and ( )r

n

directly. If a calculator with these facilities is not available, it may be
necessary first to perform some simple cancellations by hand, in order to
avoid overflow problems on the calculator. (In Example 9.5.1, the 48 in
the numerator cancels with the factors 6, 4 and 2 in the denominator, and
the 45 in the numerator can be divided by the 5 and the 3 in the
denominator, leaving the expression 50 × 49 × 47 × 46 × 3 to be evaluated
on a calculator.)

Example 9.5.2 A task group consisting of three women and three men is to be chosen
from the members of an organisation consisting of 23 women and 18
men. In how many ways can this be done?

Solution The three women can be chosen in ( )3
23 ways. For each of these choices,

the three men can be chosen in ( )3
18 ways. By the Multiplication principle,

the total number of ways is

In some problems, combinations appear in a rather more subtle way, as
the next example illustrates.

Example 9.5.3 A motorist wants to travel from A to B using the grid of streets shown in
Figure 9.2. Assuming that no ‘doubling back’ is allowed at any stage of the
journey, in how many ways can this be done?

Solution Since there is no doubling back, a journey from A to B consists of a list of
segments, where each segment is the length of a single block, either south
(S) or east (E). For example, one such journey is ESSEEESESEEE. There
must be 8 segments east and 4 segments south, and these 12 segments can
be arranged in any order. The problem then becomes: in how many
different ways can 8 Es and 4 Ss be arranged?

This can actually be treated as a combinations problem, although at
first sight it might not appear to be one. The number of such
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arrangements is just the number of different ways of selecting the
positions of the 4 Ss from the 12 available positions in the list. (Once the
positions of the Ss have been chosen, the Es must occupy all the other
positions.) The answer is:

There are 495 different journeys.

The binomial coefficients ( )r
n satisfy a number of identities. One of the

most useful of these is the following identity:

n

r

n

n r
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This result is easily proved by writing out each side in terms of factorials.
It is useful in computations, because it allows a binomial coefficient with
r > n/2 to be replaced by one with r < n/2.

For example, rather than evaluate ( )25
30 directly, it is simpler to replace it

with ( )5
30 using the identity above:

Some other useful identities are:
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The first two identities follow immediately from the definition of ( )r
n

(remembering that 0! = 1). You are asked to prove the third identity in
the exercises.

The third identity forms the basis of a simple method for generating
and displaying the binomial coefficients row by row. The top row of the
display contains just the number 1, which is the value of ( )0

0 . Beneath it
are the values of ( )0

1 and ( )1
1 , the binomial coefficients corresponding to

n = 1. The next row contains the values of ( )0
2 , ( )1

2 and ( )2
2 , the binomial

coefficients corresponding to n = 2, and so on. The first and last entries in
each row are 1, because ( ) ( )0 1n

n
n� � . Each other entry is obtained by

adding the two numbers immediately above it, because ( ) ( ) ( )r
n

r
n

r
n� !�

� �
1
1 1 .

The first six rows (corresponding to values of n from 0 to 5) are shown
below:
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1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

This way of displaying the binomial coefficients is called Pascal’s triangle,
after the French mathematician Blaise Pascal (1623–1662) who
investigated its properties, although it was known to earlier
mathematicians.
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EXERCISES
1 In a class of 35 students, there are 12 students who speak

German, and 5 students who speak Japanese. If 2 of the students
speak both of these languages, how many of the students speak
neither language?

2 With the aid of a Venn diagram, obtain a version of the Principle
of inclusion and exclusion for the cardinality of the union of
three sets.

3 Suppose you are offered a choice of tea or coffee, with full milk,
reduced milk or no milk, and either with or without sugar.
Express all the possible drinks you could have as a Cartesian
product of sets, and depict them on a tree diagram.

4 How many different car number plates consisting of 3 letters
followed by 3 digits are there altogether?

5 The telephone numbers in a certain area consist of 8 digits. The
first digit of a telephone number is not permitted to be 0 or 1.

(a) How many such telephone numbers are there altogether?

(b) How many of the telephone numbers do not contain any
zeros?

(c) How many of the telephone numbers contain at least one
zero?

6 Australian postcodes consist of 4 digits, but only the digits 0, 2, 3,
4, 5, 6 and 7 are used for the first digit, and if the first digit is 0
then the second digit is always 8. How many different postcodes
are possible with these restrictions?

7 The DX code on photographic film canisters (which is used by
some cameras to set the film speed and number of exposures
automatically) consists of 12 regions, numbered from 1 to 12.
Each region is either conducting or non-conducting.
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(a) If all possible combinations of ‘conducting’ and ‘non-
conducting’ can occur, how many different codes are
possible?

(b) In fact, regions 1 and 7 are always conducting. In addition,
at least one of areas 5 and 6 is always conducting. How many
codes are possible with these restrictions?

8 On a certain computer system, a valid password consists of
exactly 8 characters. The first character must be a letter, and the
remaining characters must be letters or digits. (Assume that no
distinction is made between upper-case and lower-case letters.)
In order to be valid, a password must contain at least one digit.
How many valid passwords are there?

9 A combination lock for a bicycle has four dials, each with the
numbers from 1 to 6. If you have forgotten the combination that
opens the lock, how long will it take you to try all the
combinations, at a rate of one every 5 seconds?

10 A program to generate all the permutations of a set is run on a
computer that writes the output to a file at a rate of 1000
permutations per second. How long will it take the computer to
generate all the permutations of a set with:

(a) 10 elements?

(b) 15 elements?

11 Evaluate:

(a) 10P6 (b) 12P8

(c) 13C5 (d) ( )11
15

12 In how many ways can a club with 45 members select a president,
a vice president, a secretary and a treasurer, if no member is
permitted to hold more than one office?

13 The test marks for a class of 12 students are as follows:

15, 13, 18, 15, 7, 12, 10, 13, 9, 5, 15, 17

These marks may be entered into a statistical analysis program in
any order. How many different orders are there?

14 The Information Systems department at a university has 16
members of staff. The department has been asked to choose five
of its members to serve on a faculty committee.

(a) In how many ways can the members who are to serve on the
committee be chosen?

(b) If seven of the 16 members of the department are female,
how many five-member committees can be formed in which
exactly two of the members are female?

15 A test bank of questions is to be set up so that tests consisting of
ten questions can be generated by selecting questions from the
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test bank. What is the minimum number of questions needed in
the test bank in order to ensure that at least 1000 different tests
can be generated? (Assume that the order in which the questions
appear on a test is not important.)

16 The position of a robotic arm above a printed circuit board is
described by a pair of coordinates, giving the distances of the
point from the left-hand edge and the lower edge of the board, in
that order. The arm is initially at the bottom left-hand corner of
the board, which has coordinates (0, 0). Two other points on the
board are A, with coordinates (6, 3), and B, with coordinates
(3, 5). The arm can only move in unit steps parallel to the sides of
the board.

In how many different ways can the arm move:

(a) from the initial position to A;

(b) from the initial position to A, and then to B;

(c) from the initial position to A, then to B, and back to the
initial position;

(d) from the initial position to A and B in either order, returning
to the initial position?

(Assume that the arm always takes one of the shortest paths from
one point to another, with no doubling back.)

17 Prove the identity
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18 Prove that nPr = n n – 1Pr – 1.

19 Write down the rows of Pascal’s triangle corresponding to n = 6
and n = 7.

20 By interpreting ( )r
n as the number of r-element subsets of an n-

element set, find the value of

n n n n
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21 Without referring to ( )r
n , explain why a set with n elements has:

(a) n 1-element subsets;

(b) n (n – 1)-element subsets;

(c) the same number of (n – r)-element subsets as r-element
subsets.



Introduction to graph
theory

10.1 What is a graph?

The objects that we study in the branch of mathematics known as graph
theory are not graphs drawn with x and y axes. In this chapter, the word
‘graph’ refers to a structure consisting of points (called ‘vertices’), some
of which may be joined to other vertices by lines (called ‘edges’) to form a
network. Structures of this type abound in computing. The computers on
a site may be connected into a local area network, which in turn may be
linked to wider networks, including the Internet. The circuitry inside a
computer (which we represented schematically by digital circuit diagrams
in Chapter 8) provides another example of a graph or network structure.
At a more abstract level, we saw in Chapter 5 how a relation on a set can
be depicted using a diagram that takes the form of a graph.

There is a particular type of graph called a tree, which we will study in
Chapter 11. Trees are used in computing to represent the structure of
expressions; we saw an example of a logical expression tree in Chapter 4.
Trees can also be used to represent decision processes, in which we are
faced with two or more choices at each step of a procedure; the tree
diagrams in Chapter 9 were of this type.

In this chapter, we introduce graphs, study their basic properties, and
investigate some practical problems in which they can be applied. In
Chapter 11, we will study trees and investigate some of their applications
to computing.

10.2 Basic concepts in graph theory

Definition A graph consists of a non-empty set of points, called vertices (singular:
vertex), and a set of lines or curves, called edges, such that every edge is
attached at each end to a vertex.

An example of a graph is shown in Figure 10.1, with the edges and
vertices labelled.

174

C

H

A

P

T

E

R

10



An edge is said to be incident to the vertices to which it is attached. For
example, the edge e1 is incident to the vertices v1 and v2 in the graph in
Figure 10.1.

Two vertices that are joined by an edge are said to be adjacent. In the
graph in Figure 10.1, v1 and v2 are adjacent, while v1 and v3 are not
adjacent.

A graph such as the one shown in Figure 10.1 could arise in many
situations of practical interest. For example, a graph could represent a
road system, in which the edges are the roads and the vertices are the
towns and road junctions. Alternatively, the vertices might represent
computer laboratories in a local area network (LAN), with the edges
representing the links in the network.

More abstract interpretations are also possible. For example, the
vertices could be sporting teams, with an edge joining two vertices if
those teams have played against each other during the current season.

Before we go any further, it is important that we clarify just what is and
what is not allowed in a graph.

Firstly, a graph does not have to be in one piece. For example, Figure
10.2 shows a perfectly legitimate graph.

If a graph is in one piece, it is said to be connected. For some applications
we will only be interested in connected graphs, but we do not include
being connected in the definition of a graph.

The second point to notice is that there is no restriction on the
numbers of edges and vertices a graph may have (except that it must have
at least one vertex). It is permissible for a graph to have no edges; such
graphs are called null graphs. It is also permissible for the number of
vertices or edges of a graph to be infinite; however, we will assume from
now on that all the graphs we will be dealing with have a finite number of
vertices and edges.

A graph may have loops (an edge from one vertex to the same vertex),
as in Figure 10.3.

A graph may also have parallel edges (two or more edges linking the
same pair of vertices), as in Figure 10.4.
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In some applications of graphs, loops and parallel edges make sense.
For example, if a graph represents a road system, there may be two towns
with two or more roads joining them, and there may be a road that leaves
a town and returns to it. There are other applications in which loops and
multiple edges do not arise – a graph representing a local area network,
for example.

A graph is said to be simple if it has no loops and no parallel edges.
Notice that we have not assigned a direction to the edges of a graph. In

some applications it would make sense for each edge to have a direction.
For example, in the technique known as critical path analysis, the vertices
of a graph represent tasks to be carried out, and an edge from one vertex
to another indicates that one task has to be completed before the other
can begin. This situation can be depicted using directed edges (edges with
arrows drawn on them), and a graph with directed edges is called a
directed graph. The graphical depiction of a relation, which we met in
Chapter 5, is an example of a directed graph. The graphs we study in this
chapter are all undirected graphs.

We now come to a subtle but important point about the way graphs are
drawn. When we draw a graph, all that matters is which vertices are
adjacent (joined by an edge) and which are not; the precise location of the
vertices and the lengths and shapes of the edges are irrelevant. It follows
that there will be many different ways of drawing the same graph, some of
which may look very different from others.

For example, the two diagrams in Figure 10.5 represent the same graph.

In order to make the relationship between these two graphs clearer,
corresponding vertices have been labelled with the same letter. The
graphs are essentially the same (they are isomorphic, to use the technical
term), because the first graph can be ‘rearranged’ to look like the second.
In this rearranging process, we are free to move the vertices around, and
stretch and bend the edges, as much as we like. We may even draw two
edges so that they cross at a point where there is no vertex. The only
restrictions are that we may not create new edges or vertices, delete any
edges or vertices, or reattach edges to different vertices.

Imagine that the graph in Figure 10.5(a) is made of buttons (the
vertices) joined by pieces of elastic string (the edges). We may move the
buttons and string around however we like, as long as we don’t break any
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of the strings. In particular, we can rotate the first graph anticlockwise so
that it looks like the one shown in Figure 10.6.

If we flip the edge AB over into the triangle BCD, and bend DEF up a bit,
we now obtain the graph shown in Figure 10.5(b) without breaking or
rejoining edges or creating new ones.

We will have more to say in Section 10.4 about graphs being
isomorphic.

A useful way to get a feel for graphs is to look for all the simple graphs
with a small number of vertices. We do this now, by finding all the simple
graphs with up to three vertices.

If a simple graph has one vertex, then it must have no edges, because a
simple graph is not permitted to have loops. Therefore there is only one
simple graph with one vertex; it is shown in Figure 10.7(a).

If a simple graph has two vertices, then either there is an edge joining
the vertices or there is not. The two possibilities are shown in Figure
10.7(b).

With three vertices, things start to get more complicated. It doesn’t
matter whether we draw the vertices in a straight line or in a triangle,
because we may move them around however we like and the graph will
still be essentially the same graph. Suppose we arrange the vertices in a
triangle. We find that there are four different simple graphs with three
vertices; see Figure 10.7(c).

These four graphs are all different (they must be, because they have
different numbers of edges), and any simple graph with three vertices is
isomorphic to one of these four. (For example, the graph with three
vertices ‘in line’ can be obtained by ‘straightening out’ the third graph in
Figure 10.7(c).)

You are asked in Exercise 2 to draw all 11 simple graphs with four
vertices. This can be tricky, but it is a useful exercise for becoming
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familiar with graphs. (If you think you have found more than 11, you will
need to look carefully to see whether you have included graphs that
appear to be different but are actually isomorphic.)

There are 34 simple graphs with five vertices. The number of simple
graphs increases rapidly as the number of vertices increases. There is a
known method for calculating the number of simple graphs with n
vertices, but as it is very complicated we will not give it here.

We now return to graphs in general (not necessarily simple graphs). In
order to proceed further, we need the following definitions.

Definitions The degree of a vertex v in a graph is the number of edges incident to v,
with a loop counting 2 towards the degree of the vertex to which it is
incident. The degree of v is denoted by deg(v).

A vertex with degree 0 is said to be isolated.

For example, the vertices of the graph shown in Figure 10.8 have the
degrees indicated.

There is a simple relationship between the degrees of the vertices of any
graph and the number of edges of the graph. It is given by the following
theorem.

Theorem In any graph, the sum of the degrees of the vertices equals twice the
number of edges.

If V and E denote respectively the set of vertices and the set of edges of a
graph, then the theorem can be written in symbols as follows:

The theorem follows immediately from the fact that if we add the degrees
of all the vertices, every edge will be counted twice, since each edge is
incident to two vertices.

Example 10.2.1 Verify for the graph shown in Figure 10.8 that the sum of the degrees of
the vertices equals twice the number of edges.
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Solution

A more surprising result is the following one, which is widely known by
the curious name of the ‘Handshaking lemma’. (A lemma is a result that
is used primarily to prove other theorems, rather than being of interest in
its own right.)

Handshaking
lemma

In any graph, the number of vertices with odd degree is even.

For example, the graph in Example 10.2.1 (Figure 10.8) has two vertices
with odd degree (b and e), and two is an even number. In general, the
Handshaking lemma asserts that if we count the number of vertices with
odd degree in a graph, we must obtain an even number as the answer.

The name of the lemma arises from an amusing way of interpreting this
result. Imagine a room full of people, some of whom shake hands with
some of the other people in the room. The situation can be represented as
a graph, in which the vertices represent the people in the room, and two
vertices are adjacent if the corresponding people shake hands. Even if we
do not know how many people there are, or how many times and with
whom each person shakes hands, we can nevertheless make one assertion
with confidence: the number of people who shake hands an odd number of
times is even.

The Handshaking lemma can be proved in the following way. We begin
with the result of the previous theorem:

The left-hand side of this equation can be split into two terms: the sum
taken over the set Vodd of vertices with odd degree, and the sum taken
over the set Veven of vertices with even degree:
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The second term on the left-hand side is a sum of even numbers, and is
therefore equal to an even number. The right-hand side is clearly an even
number. Thus the first term on the left-hand side is the difference
between two even numbers, and so it must be an even number. Now, this
term is a sum of odd numbers; but an even result can be obtained by
adding odd numbers together only if there is an even number of them.
Hence the number of vertices with odd degree is even. This completes the
proof.

Definition A simple graph is complete if each vertex of the graph is adjacent to every
other vertex.

There is essentially only one complete graph with any given number of
vertices. The complete graph with five vertices is shown in Figure 10.9.

We can obtain a formula for the number of edges in the complete graph
with n vertices, using the following reasoning. Each edge in the graph
corresponds to a selection of two distinct vertices from the set of n vertices,
without taking order into account. This selection can be carried out in ( )2

n

ways. Hence the number of edges is ( )2
n , which equals [n(n – 1)]/2.

Definition The complement G of a simple graph G is the graph with the same vertices
as G, such that any two vertices are adjacent in G if and only if they are
not adjacent in G.

For example, if the vertices of G represent sporting teams, and an edge
indicates that two teams have already played a match against each other
this season, then G shows the matches that are still to be played if each
team plays once against every other team during the season.

10.3 The matrix representation of a graph

While a pen-and-paper drawing of a graph is convenient for working with
small graphs by hand, it is not suitable if a graph is to be handled on a
computer. For this purpose, other ways of representing graphs have been
developed. The most commonly used representation is known as an
adjacency matrix.
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If G is a graph with n vertices, labelled v1, v2, ..., vn, then the adjacency
matrix of G is an n × n matrix whose entries are given by the following
rule:

The entry in the ith row and the jth column is the number of edges
from vi to vj.

In particular, if G is a simple graph, then the entry in the ith row and the
jth column of the adjacency matrix is 1 if vi and vj are adjacent, and 0 if
they are not. In addition, the elements on the principal diagonal of the
matrix (from the top left to the bottom right corner) are all 0, because
simple graphs do not have loops.

Example 10.3.1 Construct the adjacency matrix for the graph shown in Figure 10.10,
assuming the vertices are given in the order a, b, c, d, e.

Solution a b c d e
a

b

c

d

e

0 1 0 1 1

1 0 1 1 0

0 1 0 1 1

1 1 1 0 0

1 0 1 0 0

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

Example 10.3.2 Draw the graph with the following adjacency matrix:

a b c d
a

b

c

d

0 0 0 1

0 0 2 0

0 2 0 1

1 0 1 1

-

�

.

.

.

.

/

�

0
0
0
0

Solution The graph is shown in Figure 10.11.
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The entry in the ith row and the jth column of an adjacency matrix must
be the same as the entry in the jth row and the ith column, because both
entries represent the number of edges between vi and vj. We express this
fact by saying that the adjacency matrix of any graph is symmetric. (Recall
that we are dealing only with undirected graphs; the adjacency matrix of a
directed graph need not be symmetric.) It follows that it is sufficient to
give the entries on and below the principal diagonal of the matrix; there is
no need to write down the entire matrix. This representation is called the
lower triangular matrix representation of the graph. For example, the
lower triangular matrix representation of the graph in Example 10.3.2 is:

a b c d
a

b

c

d

0

0 0

0 2 0

1 0 1 1

-

�

.

.

.

.

/

�

0
0
0
0

Notice that the adjacency matrix of a graph depends on the order in
which the vertices are labelled. A graph can have many adjacency
matrices, corresponding to the different ways in which the vertices can be
arranged. Using the theory introduced in Chapter 9, we know that there
are n! different ways in which n items can be arranged, so a graph with n
vertices could have up to n! different adjacency matrices.

10.4 Isomorphism of graphs

We want to look more closely now at the problem of how to tell whether
graphs are isomorphic. We have said that two graphs are isomorphic if
one of them can be ‘moved around’ until it looks like the other (subject to
certain rules, such as not breaking edges). This is a bit too vague to be
really satisfactory, so we will now look for a more precise definition. In
order to avoid some rather messy details that arise in the general case, we
will deal only with simple graphs in this section.

The key to defining ‘isomorphic’ precisely is the idea of matching up
the corresponding vertices in the two graphs. We did this in Figure 10.5,
where we labelled corresponding vertices with the same letter. If two
graphs are isomorphic, then we can associate with each vertex of one
graph a corresponding vertex in the other graph.
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Suppose we have two simple graphs G and H. Let V(G) and V(H)
denote the vertex sets of G and H respectively. If G and H are isomorphic,
then we should be able to show this by associating with each element of
V(G) the corresponding element of V(H).

We have seen something like this before. Recall that in Chapter 6, we
encountered the idea of associating each element of a set with an element
of another set. In a word, what we have here is a function, with domain
V(G) and codomain V(H):

f V G V H: ( ) ( )�

There are some conditions that the function f must satisfy. We cannot
associate two different vertices of G with the same vertex of H, nor can
there be any vertices of H that are not associated with vertices of G. This
means that f must be one-to-one and onto. There is a further requirement
– if two vertices are adjacent in G, then the corresponding vertices must
be adjacent in H, while if two vertices are not adjacent in G, then the
corresponding vertices must not be adjacent in H. A function that
satisfies all of these conditions is called an isomorphism from G to H.

Definitions Let G and H be two simple graphs, with vertex sets V(G) and V(H)
respectively. An isomorphism from G to H is a function f V G V H: ( ) ( )�
with the following properties:

f is one-to-one and onto.

For any two vertices u and v of G, if u and v are adjacent in G, then f(u)
and f(v) are adjacent in H, and if u and v are not adjacent in G, then
f(u) and f(v) are not adjacent in H.

If there exists an isomorphism from G to H, then G and H are isomorphic.

Example 10.4.1 Find an isomorphism between the two graphs shown in Figure 10.12.

Solution One isomorphism is:
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It is a straightforward exercise to check that this function satisfies the
conditions of an isomorphism.

How can two graphs G and H be shown not to be isomorphic, if this is
the case? It would be impractical to test all the functions from V(G) to
V(H) to show that none of them are isomorphisms. A better way of
showing that two graphs are not isomorphic is to find a graph-theoretic
property that one graph has but the other does not. A ‘graph-theoretic’
property is a property that is retained if the graph is rearranged according
to the rules we stated in Section 10.2.

For example, rearranging a graph in this way will not change the
number of edges or the number of vertices. It follows that two graphs
with different numbers of edges or vertices cannot possibly be
isomorphic.

If two graphs have the same number of edges and the same number of
vertices, then the problem is more difficult. In such cases, it is often useful
to look at the degrees of the vertices. For example, if one graph has two
vertices with degree 3, and the other has only one, then the graphs are not
isomorphic. Sometimes even this test fails, and it is necessary to look for
another property that distinguishes the two graphs.

Example 10.4.2 Show that the pairs of graphs shown in Figures 10.13(a) and 10.13(b) are
not isomorphic.

Solution (a) Both graphs in Figure 10.13(a) have four vertices and three edges.
However, the second graph has a vertex with degree 3, while the first
does not, so the graphs are not isomorphic. (Note that it would be
incorrect to say that they are not isomorphic because vertex a has
degree 2 in the first graph and degree 1 in the second. An
isomorphism from one graph to another does not necessarily
associate vertices that happen to be labelled with the same letter.)

(b) Both graphs in Figure 10.13(b) have six vertices and seven edges.
Also, both graphs have four vertices with degree 2 and two vertices
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with degree 3. However, the first graph has a sequence def of three
vertices with degree 2, with d adjacent to e and e adjacent to f,
whereas there is no such sequence of three vertices with degree 2 in
the second graph. Therefore the graphs are not isomorphic.

In the spirit of the earlier chapters, you might imagine that we would
provide an algorithm for testing whether two graphs are isomorphic.
Unfortunately, even the best known graph isomorphism algorithms are
inefficient when applied to moderately large graphs. It is not known
whether it is possible to construct a graph isomorphism algorithm that
works ‘efficiently’ (in a sense that will be made precise in Chapter 13).

The idea that two mathematical objects (whether they are graphs or
something else) can be fundamentally the same, even if they ‘look different’,
is very powerful. We met a related idea in Chapter 8, where we saw that
propositional logic and sets obey the ‘same’ laws of Boolean algebra. In this
more general sense, isomorphism is one of the most important concepts in
mathematics, because it allows us to ignore the superficial aspects of a
problem and study its underlying mathematical structure.

10.5 Paths and circuits

If you look at a fairly detailed map of eastern Europe, you will see that
there is a small territory on the coast of the Baltic Sea between Poland and
Lithuania, called the Kaliningrad Region. The region belongs politically to
the Russian Federation (although it is physically separate), and its main
town is the Russian naval base of Kaliningrad. Until the Second World
War, Kaliningrad was known by the name of Königsberg, and was in the
part of Germany known as East Prussia.

The town of Königsberg provides the historical setting for the
Königsberg bridge problem. This problem is one of the most famous in the
history of mathematics, and its solution in about 1735 by the famous
Swiss mathematician Leonhard Euler1 (1707–1783) is generally regarded
as marking the beginning of graph theory as a subject.

Two streams, called the Old Pregel and the New Pregel, join in the town
to form the river Pregel (now called the Pregolya), but with the added
complication that there is an island in the stream where they meet. In the
early 18th century, seven bridges joined the four areas of land thus
formed (the north and south banks, the island, and the land between the
two streams), as shown in Figure 10.14.

The problem that is now known as the Königsberg bridge problem must
have first occurred to someone who was taking a stroll around the town. It
goes as follows: is it possible for someone to take a walk around Königsberg
in such a way as to cross each of the seven bridges exactly once?

A good way to get a feel for the problem is to try to find such a path.
For example, if we start on the north bank, we could cross bridge a to the
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island, then e to the south bank. After returning to the island via f, we
could then cross d, followed by c and b. But now we’re in trouble; bridge g
remains uncrossed, but we have no way of reaching it without crossing
one of the bridges a second time.

At this point, you are encouraged to explore the problem yourself
before reading further. We will obtain the answer later in this section. For
now, we just make the observation that the Königsberg bridge problem
can be treated as a problem in graph theory.

In order to see this, notice that in order to explore the problem, it is not
necessary to know the precise geography of the pieces of land, the shape
of the river, or the lengths of the bridges. In fact, we could collapse each
of the four pieces of land down to a single point, without changing the
problem in any essential way. All that matters is which pieces of land are
joined by bridges, and by how many. If we represent the pieces of land by
vertices and the bridges by edges joining those vertices, we obtain the
graph shown in Figure 10.15.

In the terminology of graph theory, the Königsberg bridge problem now
asks whether it is possible to trace along the edges of the graph in Figure
10.15 in a continuous sequence (which we will be calling a path) in a way
that ensures that each edge is traversed exactly once.

If the recreational needs of the citizens of 18th century Königsberg
seem irrelevant to today’s problems, imagine instead that the edges
represent the streets on a mail delivery run. It is necessary to travel along
every street in order to deliver the mail, but in the interests of efficiency
we would prefer not to travel along any street a second time.

Before we can investigate the Königsberg bridge problem, we need to
establish some more terminology.2
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Figure 10.14

Figure 10.15

2 Unfortunately, the terminology in graph theory is not fully standardised, and
some terms, in particular ‘path’ and ‘circuit’ (defined here) and ‘cycle’ (defined
in Chapter 11), are defined differently elsewhere. You should keep this in mind
when referring to other textbooks.



Definitions A path of length n in a graph is a sequence of vertices and edges of the
form:

v0, e1, v1, e2, v2, ..., en, vn

where ei is an edge joining vi – 1 and vi, for all i n�{ , , , }1 2 � .
(In other words, e1 is an edge joining v0 and v1, e2 is an edge joining v1

and v2, and so on.)
A path for which v0 = vn is called a circuit.

A path can be thought of as a sequence of vertices and edges that can be
traced without lifting your pen off the paper. A path may include repeated
edges or repeated vertices. The length of a path is the number of edges in
the path. A circuit is a path that starts and ends at the same vertex.

A careful reading of the definition reveals that any vertex by itself is
both a path and a circuit of length 0.

For example, consider the graph shown in Figure 10.16.

In this graph, A, a, B, g, D, d, E is a path of length 3, and C, c, D, g, B, b, C,
c, D is a path of length 4. E, d, D, g, B, b, C, c, D, d, E is a circuit of length 5.

When we write down a path, it is sufficient to list the starting vertex
followed by the sequence of edges; for example, the first of the paths listed
above can be written Aagd.

Paths can also be defined recursively, in the following way:

1. A sequence consisting of a single vertex is a path.

2. If a sequence p is a path whose last term is the vertex u, and e is an
edge from u to v, then the sequence p, e, v is a path.

We can now give a more precise definition of what it means for a graph to
be connected.

Definition A graph G is connected if, for any pair of vertices u and v of G, there is a
path from u to v.
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The graph shown in Figure 10.17 is not connected, because there is no
path from u to v.

We can define a relation R on the set of vertices of a graph by the rule:
u R v if there is a path from u to v. Then R is an equivalence relation; you
are asked to show this in Exercise 14. The equivalence classes for this
relation are called the components of the graph; they are simply the
connected ‘pieces’ of the graph. A connected graph is thus a graph that
has only one component.

In passing, we note that if there is a path from a vertex u to a vertex v in
a graph, then in particular there is a path from u to v that contains no
repeated vertices or edges. It follows that in a connected graph, each pair
of vertices is connected by at least one path that doesn’t contain repeated
vertices or edges.

The path we are looking for in the Königsberg bridge problem has an
additional property – it must include every edge of the graph exactly
once. More generally, we can ask the following question: Given any
connected graph, can we find a path that includes every edge exactly
once? (If a graph is not connected, there could still be a path that includes
every edge exactly once, but only in the not particularly interesting case
where all the components except one consist of just one vertex. For this
reason, we will restrict our attention to connected graphs.)

Definitions Let G be a connected graph. An Eulerian path is a path that includes every
edge of G exactly once. An Eulerian circuit is an Eulerian path for which
the first and the last vertices coincide (that is, an Eulerian circuit is an
Eulerian path that is also a circuit).

A connected graph that has an Eulerian circuit is called Eulerian. A
connected graph that has an Eulerian path but no Eulerian circuit is
called semi-Eulerian.

Note that an Eulerian circuit may have repeated vertices.
Figure 10.18 shows the graph for the Königsberg bridge problem again,

this time with the vertices labelled. The problem can now be restated as
follows: does this graph have an Eulerian path (that is, is it either an
Eulerian or a semi-Eulerian graph)?

Suppose we focus our attention on vertex A for a moment. If there is an
Eulerian path in the graph, then at some stage it must enter A along one
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of the three edges incident to A, and leave via another one. That leaves
just one unused edge incident to A. It would be impossible to pass
through A a second time without repeating an edge that has already been
used, so the remaining edge can be used only if the path either starts or
ends at A. This rules out any possibility of an Eulerian circuit, but there
could still be an Eulerian path.

Now consider vertex C. Like vertex A, this vertex also has degree 3, so
the reasoning that we have just applied to A applies to C too. We deduce
that any Eulerian path would have to start or end at C.

So far, it appears that there could be an Eulerian path, provided that it
starts at A and ends at C (or vice versa). But now, if we apply the same
reasoning to vertex D (which also has degree 3), we see that any Eulerian
path would have to start or end at D. We conclude that no Eulerian path
exists, and therefore that it is impossible to find a route around
Königsberg that crosses every bridge exactly once.

The solution to the Königsberg bridge problem suggests a more general
result about Eulerian paths and circuits in connected graphs. The key to the
reasoning we used was to look at the degrees of the vertices. If a vertex has
even degree, say 2n, then an Eulerian path will use all the edges incident to
the vertex by entering and leaving the vertex n times. If a vertex has odd
degree, on the other hand, then there will be one edge left over which can be
used only if the path starts or ends there. Therefore, any connected graph
with more than two vertices with odd degree cannot have an Eulerian path.
This conclusion forms part of the following theorem.

Theorem Let G be a connected graph.

1. If all the vertices of G have even degree, then G is Eulerian.

2. If exactly two vertices of G have odd degree, then G is semi-Eulerian,
and every Eulerian path in G must start at one of the vertices with
odd degree and end at the other.

3. If G has more than two vertices with odd degree, then G is neither
Eulerian nor semi-Eulerian.

Example 10.5.1 Classify each of the graphs in Figure 10.19 as Eulerian, semi-Eulerian, or
neither, and find an Eulerian path or an Eulerian circuit if one exists.
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Solution (a) All the vertices have even degree, so the graph is Eulerian. An
Eulerian circuit is Aabcdefgihj.

(b) Two vertices, B and C, have odd degree, so it is possible to find an
Eulerian path from B to C. One such path is Baedcbgfh.

(c) There are four vertices with odd degree, so this graph does not have
an Eulerian path.

We have not yet proved Parts 1 and 2 of the theorem. We will establish
Part 1 by devising an algorithm for finding an Eulerian circuit in a
connected graph in which all the vertices have even degree. The fact that
the algorithm always works amounts to a proof of Part 1. Part 2 will
follow as a corollary.

Consider again the graph in part (a) of Example 10.5.1. Suppose we
decide to begin our Eulerian circuit at vertex F. (Because an Eulerian
circuit is a circuit, we should be able to start at any vertex.) If we follow
the circuit Ffge, we then find that we cannot go any further without
repeating edges, yet we have not used all the edges in the graph.

The key to the algorithm for finding an Eulerian circuit is that we can
extend the circuit we already have, by inserting extra edges and vertices at
any vertex where there are unused edges. A is such a vertex. Starting at A,
and following unused edges until we can go no further, we produce the
circuit Aahj. This new circuit can be inserted into the original one to
produce the extended circuit Ffahjge.
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The circuit we have obtained so far still doesn’t include all of the edges
of the graph, so we repeat the extension process. There is a vertex, B, on
the circuit, where there are still some unused edges. Starting at B, and
using only edges that have not previously been used, we obtain the circuit
Bbcdi. Inserting the new circuit into the existing one, we obtain
Ffabcdihjge. This circuit uses all of the edges, so it is an Eulerian circuit.

Why does this procedure work? To answer this question, we need to explain
why, when a path is being created for insertion into a circuit that has already
been obtained, we can be sure that the new path will always be a circuit.

The explanation runs as follows. Since every vertex of the graph has
even degree, the new path can always leave any vertex it has entered, with
the exception only of the vertex where it started. This guarantees that
each new path will always be a circuit, and so can be inserted into the
circuit previously obtained.
We will now write this procedure as an algorithm in a form suited to hand
computation. (In a computer-oriented version of the algorithm, the graph
would be input as an adjacency matrix, and some of the steps would need
to be specified in greater detail.)

1. Input an Eulerian graph G, with vertex set V(G) = {v1, v2, ..., vm} and
edge set E(G) = {e1, e2, ..., en}.3

2. circuit v unused edges E G� �1; _ ( )
{circuit is a circuit (expressed as a sequence of vertices and edges) that
is built up piece by piece until it forms an Eulerian circuit. Initially it
consists of a single vertex. The set unused_edges keeps track of the
edges that have not yet been used.}
{Step 3 is the main part of the algorithm. Each time the While-do loop
is executed, a new circuit is formed and inserted into circuit in place of
the vertex insertion_point.}

3. While unused edges_ "
 do
3.1. insertion po_ int� first vertex in circuit with unused edges incident

to it
3.2. v insertion po� _ int; new circuit v_ �
{Each time the Repeat-until loop in Step 3.3 is executed, an edge and a
vertex are appended to new_circuit.}
3.3. Repeat

3.3.1. e� first element of unused_edges incident to v
3.3.2. v� vertex adjacent to v via edge e
3.3.3. new circuit new circuit e v_ _ , ,�
3.3.4. unused edges unused edges e_ _ { }� �
until no element of unused_edges is incident to v

3.4. circuit� (circuit before insertion_point), new_circuit, (circuit after
insertion_point)

4. Output circuit
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Example 10.5.2 Trace the algorithm using the graph shown in Figure 10.20 as input, with
vertex set {A, B, C, D} and edge set {p, q, r, s, t, u}.

Solution A full trace would be rather tedious here, so we will take a short-cut and
treat the four steps within Step 3.3 as a single step (see Table 10.1).

192

Discrete mathematics for computing

Step circuit insertion_
point

e v new_
circuit

unused_
edges

Output

2 A – – – – {p, q, r, s, t, u} –

3 A – – – – {p, q, r, s, t, u} –

3.1 A A – – – {p, q, r, s, t, u} –

3.2 A A – A A {p, q, r, s, t, u} –

3.3.1–4 A A p B ApB {q, r, s, t, u} –

3.3.1–4 A A q C ApBqC {r, s, t, u} –

3.3.1–4 A A s D ApBqCsD {r, t, u} –

3.3.1–4 A A r A ApBqCsDrA {t, u} –

3.4 ApBqCsDrA A r A ApBqCsDrA {t, u} –

3 ApBqCsDrA A r A ApBqCsDrA {t, u} –

3.1 ApBqCsDrA B r A ApBqCsDrA {t, u} –

3.2 ApBqCsDrA B r B B {t, u} –

3.3.1–4 ApBqCsDrA B t D BtD {u} –

3.3.1–4 ApBqCsDrA B u B BtDuB 
 –

3.4 ApBtDuBqCs
DrA

B u B BtDuB 
 –

3 ApBtDuBqCs
DrA

B u B BtDuB 
 –

4 ApBtDuBqCs
DrA

B u B BtDuB 
 ApBtDuBqCsDrA

Table 10.1

Figure 10.20



If a graph is semi-Eulerian, we can find an Eulerian path in the following
way:

1. Insert a new edge between the two vertices with odd degree. (The
resulting graph is Eulerian, because all of its vertices have even
degree.)

2. Let the vertex set and the edge set of the Eulerian graph be {v1, v2, ..., vm}
and {e1, e2, ..., en} respectively, where the new edge e1 is incident to v1
and v2. Apply the algorithm to obtain an Eulerian circuit.

3. Remove v1, e1 from the beginning of the Eulerian circuit. What
remains is an Eulerian path joining the two vertices with odd degree.

Now that we have obtained a satisfactory solution to the problem of
determining whether a graph has a path or a circuit that includes every
edge exactly once, we turn to what appears to be a similar problem – to
determine whether a graph has a path or a circuit that includes every
vertex exactly once.

Definitions Let G be a connected graph. A Hamiltonian4 path is a path that includes
every vertex of G exactly once, except only that the first and the last
vertices may coincide. A Hamiltonian circuit is a Hamiltonian path for
which the first and the last vertices coincide (that is, a Hamiltonian circuit
is a Hamiltonian path that is also a circuit).

A connected graph that has a Hamiltonian circuit is called Hamiltonian.

Note that a Hamiltonian path or a Hamiltonian circuit need not use all of
the edges of the graph.

For example, consider the two graphs shown in Figure 10.21.
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4 Hamiltonian paths and circuits are named after the Irish mathematician Sir
William Hamilton (1805–1865). In 1859, Hamilton produced a puzzle
consisting of a dodecahedron (a regular solid with 12 faces) on which each
vertex was labelled with the name of a city. The problem was to find a way of
travelling along the edges of the dodecahedron, visiting each city exactly once.



The first graph, Figure 10.21(a), is Hamiltonian, because it has a
Hamiltonian circuit, Acefda. The second graph, Figure 10.21(b), has a
Hamiltonian path, Babef; however, the graph is not Hamiltonian, because
any circuit passing through all of the vertices would have to pass through
vertex C twice.

The problem of determining whether a graph is Hamiltonian appears at
first sight to be similar to the problem of determining whether a graph is
Eulerian, and it might be imagined that it could be solved in a similar
way. In fact, no efficient algorithm for determining whether a graph is
Hamiltonian has so far been produced, and it may well turn out to be the
case that no such algorithm can exist. This problem is one of a certain
class of problems, all of which can be shown to be equivalent, in the sense
that if an efficient algorithm could be found for solving just one of the
problems, then there would be an efficient algorithm for solving all of
them. The problem of the ‘Travelling sales representative’, which we will
examine in Chapter 11, is another such problem.
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EXERCISES
1 Explain how each of the following situations could be modelled

as a graph. In each case, state what meaning (if any) can be
attached to loops and parallel edges, and whether it would make
sense to use directed edges.

(a) An electronic circuit.

(b) A chemical molecule.

(c) A group of people and the relationship of friendship
between two people.

(d) The management structure of a company.

(e) The modules of a computer program, and the relationship of
one module calling another.

2 Draw all 11 simple graphs with four vertices.

3 Verify for each of the graphs shown in Figure 10.22 (opposite)
that the sum of the degrees of the vertices equals twice the
number of edges.

4 Draw a graph whose vertices have the following degrees, or
explain why no such graph exists:

(a) 2, 3, 3, 4, 5 (b) 2, 3, 3, 3, 3

5 Obtain an alternative proof that the complete graph with n
vertices has [n(n – 1)]/2 edges, using the result that the sum of
the degrees of the vertices equals twice the number of edges.

6 If a simple graph G has n vertices and m edges, how many edges
does G have?
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7 Construct an adjacency matrix for each of the graphs shown in
Figure 10.23.

8 Draw the graphs with the following adjacency matrices:

(a)

0 1 1 0

1 0 0 1

1 0 0 1

0 1 1 0

-

�

.

.

.

.

/

�

0
0
0
0

(b)

0 0 1 2 1

0 1 1 1 0

1 1 0 0 1

2 1 0 0 1

1 0 1 1 2

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

9 Write down the lower triangular matrix representation of each of
the graphs in Exercise 7.

10 How can the degrees of the vertices of a graph be determined
directly from the adjacency matrix, without drawing the graph?

Figure 10.22

Figure 10.23
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(Answer the question first for the simpler case where the graph
has no loops.)

11 Show that the pairs of graphs in Figure 10.24 are isomorphic, by
finding an isomorphism from one graph to the other.

12 Show that the pairs of graphs in Figure 10.25 are not isomorphic.

Figure 10.24

Figure 10.25
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13 (a) Draw the complement G of graph G (Figure 10.26), and
show that G and G are isomorphic.

(b) Could a simple graph with six vertices be isomorphic to its
complement? (Use the result of Exercise 6.)

14 Let G be a graph, and let R be the relation on the set of vertices of
G defined by the rule: u R v if there is a path from u to v. Prove
that R is an equivalence relation.

15 Classify the graphs in Figure 10.27 as Eulerian, semi-Eulerian, or
neither, and find an Eulerian path or an Eulerian circuit if one
exists.

Figure 10.26

Figure 10.27

(a) and (b)

(continued overleaf)
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16 The theorem for determining whether a graph is Eulerian, semi-
Eulerian or neither makes no mention of the case of a graph with
exactly one vertex with odd degree. Why not?

17 For each of the graphs in Exercise 15, find a Hamiltonian circuit
or explain why no Hamiltonian circuit exists.

18 Prove that if G is any simple graph, then at least one of G and G is
a connected graph. (Assume G is not connected, and prove that
there is a path between any two vertices u and v of G by
considering two cases: u and v are in the same component of G,
and u and v are in different components.)

19 Prove that if G is a simple graph with at least two vertices, then it
is always possible to find two vertices of G with the same degree.
(Begin by listing all the possible values that the degree of a vertex
can take in a simple graph with n vertices.)

20. (Assumes a knowledge of matrix multiplication.) Let G be a
graph with vertex set V = {v1, v2, ..., vn}.

(a) Explain why the number of paths of length 2 from a vertex vi
to a vertex vj is

Figure 10.27

(c) and (d)
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(b) Let M denote the adjacency matrix of G. Using the result of
(a), give an interpretation of M2 in terms of the graph, where
M2 denotes the matrix product of M with itself.

(c) Calculate M2 for the graph in Exercise 7(a), and verify your
answer to (b) for that graph.



Trees

11.1 Introduction to trees

In this chapter, we study the particular type of graph known as a tree, and
investigate some applications of trees to practical problems. Trees arise in
the problem of designing a communications network as cheaply as
possible, and in the representation of hierarchical structures and decision
processes, as well as in many other situations.

As we did in Chapter 10, we assume that all of the graphs we are
dealing with are finite.

We begin with a definition.

Definition A cycle is a path in a graph with the following properties:

It includes at least one edge.

There are no repeated edges.

The first and last vertices coincide, but there are no other repeated
vertices.

A cycle with n edges is called an n-cycle.

A cycle is thus a circuit with some additional properties. A vertex by itself
is not a cycle, because a cycle must include at least one edge. If two cycles
consist of the same vertices and edges, we regard them as the same cycle;
for example, a cycle with edges e1e2e3e4 is the same cycle as e2e3e4e1 and
e3e2e1e4. Note that when we write down a cycle, we do not need to state a
starting vertex.

A 1-cycle is a loop, while a 2-cycle is formed by a pair of parallel edges.
The shortest possible cycle in a simple graph is a 3-cycle.

Example 11.1.1 List the cycles in the graph shown in Figure 11.1.
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Solution There are three cycles: abc, cegd and abegd.

Definition A tree is a connected graph with no cycles.

Some examples of trees are shown in Figure 11.2.

If the word ‘connected’ is removed from the definition of a tree, we are
left with a definition for a graph that has no cycles but need not be
connected. Such a graph is called a forest; a forest consists of one or more
components, each of which is a tree.

Three basic properties of trees are listed below. You should have no
difficulty convincing yourself that they are true.

For each pair of vertices u and v in a tree, there is exactly one path
from u to v that does not repeat any vertices or edges.

Inserting an edge between any two vertices of a tree produces a graph
containing a cycle.

Removing any edge from a tree produces a disconnected graph.

The property given in the following theorem is a bit more subtle.

Theorem Any tree with n vertices has n – 1 edges.

It is easily checked that the theorem is true for each of the trees shown in
Figure 11.2. For example, the rightmost tree has 13 vertices and 12 edges.

We will prove the theorem using induction on n. The proof is an
interesting example of induction because it shows that the method can be
applied more widely than just to the algebraic problems we dealt with in
Chapter 7.
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In the course of the proof, we will need to use the following fact, which
should be obvious: in any tree with at least two vertices, it is always
possible to find a vertex with degree 1.

For the base step of the proof, we simply note that a tree with one
vertex must have no edges, because a tree cannot contain loops.

We begin the inductive step by assuming that any tree with k vertices
has k – 1 edges. Let T be a tree with k + 1 vertices. ‘Prune’ the tree T by
removing a vertex v with degree 1 and the edge e incident to v. The
resulting graph is a tree with k vertices, and by the inductive hypothesis it
has k – 1 edges. Now restore T by replacing v and e. In the process, the
number of edges increases by 1, so T has k edges. This completes the
inductive step.

It follows by induction that a tree with n vertices has n – 1 edges, for all
values of n. This concludes the proof.

We will use this result in the minimal spanning tree algorithm in the
next section.

11.2 Local area networks and minimal spanning trees

In this section, we will solve a practical problem in the design of local area
networks.

Suppose there is a site, such as a university campus, on which there are
several buildings containing computer laboratories. We would like to
build a communications network, called a local area network (or LAN), in
such a way that it is possible for a computer in any laboratory to
communicate with a computer in any other laboratory. Of course, this
does not mean that every pair of buildings must be directly linked; it is
quite acceptable for two buildings to be linked indirectly via a third, for
example. Given that installing a link between two buildings is a costly
process, we would like to build the network as cheaply as possible.

For example, suppose we have four buildings: A, B, C and D. The costs
of linking each pair of buildings (in thousands of dollars) are tabulated in
Table 11.1.

We can represent the situation by means of a graph in which the
vertices are the buildings (Figure 11.3). A graph of this type is called a
weighted graph.
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A B C D

A –

B 120 –

C 100 105 –

D 140 125 90 –

Table 11.1



Definitions A weighted graph is a simple graph in which each edge has a positive
number attached to it. The number attached to an edge in a weighted
graph is called the weight of the edge.

In the present example, the weights are the costs of installing the links. In
other problems in which weighted graphs are used, the weights might
represent road distances, signal travelling times, or link capacities.

We do not need to install all of the links in our example; it is sufficient
to install just the three cheapest: CD, BC and AC. With these links in
place, any two laboratories can communicate with one another.

This example was small enough that the solution could be obtained
easily by inspection. In a problem involving a large number of sites, it is
not practical to determine the solution by trial and error in this way. For
this reason, we now turn our attention to developing an algorithm for
finding the cheapest network linking the sites.

As a first step towards solving the problem, we can look for some
properties that the solution must have. The solution is itself a graph,
consisting of all of the vertices but only some of the edges of the original
weighted graph. Clearly the solution must be a connected graph, in order to
ensure that any two sites can communicate with each other. Furthermore,
since the solution represents the cheapest possible network connecting the
sites, it cannot contain any cycles because if a cycle were present, then one
of the edges in the cycle could be removed to produce a connected graph
with a smaller total weight.

We can sum up these observations as follows. The solution to the
problem must be a tree. The vertices of the tree must be the vertices of the
original graph, and the edges of the tree must be selected from the set of
edges in the original graph. A tree that satisfies these requirements is
called a spanning tree of the graph.

Typically, a connected graph has many spanning trees. In Figure 11.3,
not only do the edges CD, BC and AC form a spanning tree, but so do the
edges AB, AC and AD, and the edges AB, BC and CD. The problem is to
find a spanning tree with the smallest possible total weight, since this will
represent the cheapest possible network. A spanning tree with this
property is called a minimal spanning tree.

Here, then, is the problem stated in the terminology of graph theory.

Minimal Spanning Tree Problem
Design an algorithm that inputs a connected weighted graph and outputs
a minimal spanning tree for the graph.

203

Trees

Figure 11.3



How might we go about finding a minimal spanning tree? A plausible
approach would be to start at one of the vertices, and pick an edge with
the least weight of all the edges incident to that vertex. This edge forms
the start of our minimal spanning tree. Next, we could look for an edge
with least weight of all the edges that join up with the edge we already
have. Continuing in this way, adding one edge at a time, we might hope to
obtain a minimal spanning tree.

We would have to make one modification to this procedure. If the
addition of an edge would create a cycle, then clearly we would not want
to add that edge. What we need to do at each step, then, is to add an edge
of least weight that does not form a cycle.

The procedure we have just described can be formulated as an
algorithm, known as Prim’s algorithm:

1. Input a connected weighted graph G, with vertex set V(G) = {v1, ..., vn}
and edge set E(G) = {e1, ..., em}

2. T v� { }1 ; unused edges E G_ ( )�
3. For i = 1 to n – 1 do

3.1. e� the first edge with minimal weight in unused_edges that is
incident to exactly one vertex in T

3.2. v� the vertex not in T to which e is incident
3.3. T T e v� �{ , }
3.4. unused edges unused edges e_ _ { }� �

4. Output T

Notice that the For-do loop is executed n – 1 times (where n is the
number of vertices in the weighted graph), because any tree with n
vertices has n – 1 edges, and a spanning tree for a graph has the same
number of vertices as the original graph.

Example 11.2.1 Use Prim’s algorithm to find a minimal spanning tree for the weighted
graph shown in Figure 11.4.

Solution Starting at vertex A, we find that the edge with least weight incident to A
is the edge AD with weight 20, so this is the first edge in the minimal
spanning tree T.

We look next at the edges incident to both A and D and not yet in T. Of
these, DE has the least weight, so we add it to T.
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In a similar fashion, we add EB and EC to T. At this stage, the edge with
least weight incident to a vertex of T is BC with weight 10, but this edge is
incident to two vertices of T, and therefore we cannot add it to T. The
edge with least weight that is incident to exactly one vertex of T is BF, so
this is the edge to be added.

The tree T now has a total of 5 edges. Since the original graph has 6
vertices, and 5 = 6 – 1, there are no more edges to be added.

The minimal spanning tree is shown in Figure 11.5; it has a total weight
of 58.

A trace table for the algorithm is shown in Table 11.2.

While Prim’s algorithm appears to be a reasonable way of finding a
spanning tree with small total weight, it is not obvious that it always
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Step e v T unused_edges Output

2 – – {A} {AB, AD, AF, BC, BE,
BF, CD, CE, DE, EF}

–

3.1–3.4 AD D {A, AD, D} {AB, AF, BC, BE, BF,
CD, CE, DE, EF}

–

3.1–3.4 DE E {A, AD, D, DE,
E}

{AB, AF, BC, BE, BF,
CD, CE, EF}

–

3.1–3.4 BE B {A, AD, D, DE,
E, BE, B}

{AB, AF, BC, BF, CD,
CE, EF}

–

3.1–3.4 CE C {A, AD, D, DE,
E, BE, B, CE, C}

{AB, AF, BC, BF, CD,
EF}

–

3.1–3.4 BF F {A, AD, D, DE,
E, BE, B, CE, C,
BF, F}

{AB, AF, BC, CD, EF} –

4 BF F {A, AD, D, DE,
E, BE, B, CE, C,
BF, F}

{AB, AF, BC, CD, EF} {A, AD, D, DE,
E, BE, B, CE, C,
BF, F}

Table 11.2



produces a minimal spanning tree. In fact, Prim’s algorithm does always
yield a minimal spanning tree in any connected weighted graph; the proof
of this fact is not given here, but it can be found in many textbooks on
graph theory.

Prim’s algorithm is one of a class of algorithms known as greedy
algorithms. A greedy algorithm is an algorithm in which at each step we
perform whatever action appears to be best at that step, without
considering whether it leads to the best result overall. In each iteration of
the For-do in Prim’s algorithm, we choose the lowest weight edge to add
to the tree (subject to the restriction that no cycles are created). It turns
out that this process leads to the lowest total weight in the spanning tree.

An example of a problem in which a greedy strategy doesn’t always
work is the Travelling sales representative (or Travelling salesman)
problem. A sales representative wants to visit a number of towns and
return home, travelling the shortest possible total distance in the process.
If we represent the towns and roads by a weighted graph, in which the
weights are the road distances, then the problem becomes: find the circuit
with the smallest possible total weight passing through all of the vertices.
(We could call this a minimal spanning circuit, as distinct from the
minimal spanning tree of the previous problem.)

A greedy approach to the Travelling sales representative problem
might work in the following way. Starting from the home vertex, travel at
each step by the shortest available path to the nearest vertex that has not
been visited already. When all of the vertices have been visited, return to
the starting vertex by the shortest path. This method is known as the
‘Nearest neighbour algorithm’.

If the Nearest neighbour algorithm is applied to the graph in Example
11.2.1 (with the weights now interpreted as distances, and with A as the
home vertex), the result is the circuit ADEBCBFA, with a total distance of
95. This is not the best solution, however; for example, the circuit
ADCEBFA is shorter, with a total distance of 88. Greed doesn’t always pay!

We mention in passing that it is not known whether it is possible to
design an efficient algorithm for the Travelling sales representative
problem, where ‘efficient’ is used in a sense that we will make precise in
Chapter 13.

There is one further question that we would like to answer before we
conclude this section. How can a weighted graph be represented in a form
suitable for machine computation? The answer that most readily comes to
mind is to use a matrix similar to an adjacency matrix, but to put the
weight of the edge from vertex vi to vertex vj, rather than the number of
edges, in row i and column j. (Recall that, by definition, every weighted
graph is a simple graph, so there will be no multiple edges.) A matrix of
this type is called a weight matrix.

What should we put in row i and column j if there is no edge from vi to
vj? In order to answer this question, we need to realise that there are two
types of weighted graphs. In the first type, the weights represent a penalty
of some kind, such as a distance or a cost, which we would want to try to
minimise in a typical application. The graphs in the Minimal spanning
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tree problem and the Travelling sales representative problem are of this
type. In the second type, the weights represent something we would want
to maximise, such as the capacity of a communications channel. In a
graph of the first type, a pair of vertices with no connecting edge is even
‘worse’ than a pair joined by an edge with a very large weight. This is
indicated in the weight matrix by treating two non-adjacent vertices as if
they were joined by an edge of infinite weight. For weighted graphs of the
second type, a weight of zero is appropriate for non-adjacent vertices. The
entries on the diagonal of the weight matrix are zero for both types of
weighted graph. We consider only the first type here.

Definition Let G be a weighted graph with vertices v1, v2, ..., vn, in which the weights
represent a penalty of some kind. The weight matrix of G is the n × n
matrix for which the entry wij in the ith row and the jth column is given
by the rule:

Example 11.2.2 Write down the weight matrix for the weighted graph in Example 11.2.1.

Solution A B C D E F
A

B

C

D

E

F

0 22 20 25

22 0 10 5 12

10 0 18 8

20 18 0 13

5 8

3 3

3

3 3

3 3

3 13 0 15

25 12 15 03 3

-

�

.

.

.

.

.

.

.

/

�

0
0
0
0
0
0
0

11.3 Minimal distance paths

Suppose we have a weighted graph that represents a communications
network as in the previous section, but now the weight of each edge
represents the time taken by a signal to travel along that link in the
network. Given any two nodes (vertices) in the network, it is a problem of
considerable practical importance to find the quickest path for a signal to
take through the network from one node to the other.
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In order to cast the problem in graph-theoretic terms, the following
definitions are useful.

Definitions Let G be a connected weighted graph, and let u and v be vertices in G. If P
is a path from u to v, then the length of P is the sum of the weights of the
edges in P. The distance from u to v is the smallest of the lengths of all the
paths from u to v.

We will use the notation d(u, v) to denote the distance from u to v. It will
also be convenient to use the notation weight(e) to denote the weight of
an edge e.

Notice that the definition of the length of a path in a weighted graph is
different from the definition in a graph without weights, which we
encountered in Chapter 10. (Recall that in the latter case the length of a
path is simply the number of edges in the path.)

In the application we have in mind, the weights actually represent
times rather than distances. However, we can imagine that a weighted
graph could also represent a road network in which the weights are the
road distances.

The problem can now be stated in the terminology of graph theory as
follows.

Minimum distance problem
Design an algorithm to input a connected weighted graph and two
vertices u and v, and output the distance d(u, v) from u to v together with
a path from u to v that achieves this distance.

It turns out that it is no more difficult to design an algorithm to answer a
slightly more general problem: given a weighted graph G and a vertex u,
find the distances from u to all vertices v of G. Roughly speaking, the
reason for this is that in the process of finding the distance from u to v,
we also find the distance from u to each vertex along the way.

Dijkstra’s algorithm is an algorithm that provides an efficient solution
to the minimum distance problem. Just as we did with Prim’s algorithm
for finding a minimal spanning tree, we will present Dijkstra’s algorithm
in a form suited to hand computation.

1. Input a connected weighted graph G with vertex set V(G) = {v1, ..., vn}
and edge set E(G) = {e1, ..., em}
{We will obtain, in the form of a spanning tree, T, the minimum
distance paths from v1 to each of the other vertices. In the process, we
will also obtain the distance of each vertex from v1 as we add the vertex
to T.}

2. T v� { }1 ; d v v( , )1 1 0�
3. For j = 1 to n – 1 do
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3.1. w� the first vertex for which d(v1, w) + weight(e) is minimised,
where w ranges over all the vertices in T, and e ranges over all the
edges in G – T that are incident to w

3.2. e� the first edge incident to w for which d(v1, w) + weight(e) is
minimised

3.3. v� the vertex in G – T to which e is incident
3.4. T T e v� �{ , }
3.5. d v v d v w weight e( , ) ( , ) ( )1 1� !

4. Output T

Example 11.3.1 Apply Dijkstra’s algorithm to find the minimum distance from A to C in
the weighted graph in Example 11.2.1, and the path that achieves this
distance.

Solution Table 11.3 is a partial trace table for the algorithm.

The distance from A to C is 32, and the path is ABC.

11.4 Rooted trees

In this section, we consider the kind of tree known as a rooted tree, and
investigate one of its applications to a problem in computing.

A rooted tree is a tree in which one of the vertices is specified as the
root. By convention, rooted trees are usually drawn with the root at the
top. The vertices adjacent to the root (the ‘first generation’) are shown in
a horizontal line below the root, the vertices that can be reached from the
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Step w e v T d(v1, v) Output

2 – – – {A} – –

3.1–3.5 A AD D {A, AD, D} 20 –

3.1–3.5 A AB B {A, AD, D, AB, B} 22 –

3.1–3.5 A AF F {A, AD, D, AB, B,
AF, F}

25 –

3.1–3.5 B BE E {A, AD, D, AB, B,
AF, F, BE, E}

27 –

3.1–3.5 B BC C {A, AD, D, AB, B,
AF, F, BE, E, BC, C}

32 –

4 B BC C {A, AD, D, AB, B,
AF, F, BE, E, BC, C}

32 {A, AD, D, AB, B, AF, F,
BE, E, BC, C}

Table 11.3



root by a path of length 2 (the ‘second generation’) are shown in a line
below the first generation, and so on.

An example of a rooted tree is shown in Figure 11.6.

A family tree, showing the descendants of an individual, is a familiar
everyday example of a rooted tree. For this reason, much of the
terminology associated with family trees is carried over to rooted trees.
For example, we refer to the vertex immediately above a given vertex as
the parent of the given vertex, while a vertex immediately below a given
vertex is a child of that vertex. Note that every vertex in a rooted tree
except the root has exactly one parent. Similarly, we can say that one
vertex in a rooted tree is an ancestor or a descendant of another, with the
obvious meaning in each case. Changing the analogy, a vertex with no
children is called a leaf.

The tree diagrams we encountered in Chapter 9 are rooted trees,
although we drew them with the root on the left rather than at the top. In
that chapter, tree diagrams were used to represent decision processes, in
which we were faced with a choice at each of several steps in a procedure.
This is one of the most widely used applications of rooted trees in
computing.

As an example of a decision tree, suppose we want to sort three distinct
numbers, denoted by a, b and c, into increasing order. In order to carry
out the sorting process, we need to take the numbers two at a time and
compare them. In some cases, two such comparisons will be sufficient to
determine the order in which the three numbers should be arranged,
while in other cases three comparisons will be needed. The procedure is
depicted in the rooted tree shown in Figure 11.7. The leaves represent the
final arrangements of the three numbers into increasing order, and the
other vertices represent points at which a decision is made. The decision
process begins at the root, and moves down the tree until a leaf is
reached.
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The rooted tree in this example has the property that every vertex that
is not a leaf has exactly two children. A rooted tree with this property is
called a binary rooted tree. In a binary rooted tree, the two children of
each parent are identified as the left child and the right child, according to
where they are placed when the tree is drawn. For any given parent
vertex, the left child is the root of the left subtree, the binary rooted tree
consisting of the left child and its descendants. Similarly, the right child is
the root of the right subtree.

There is also a recursive definition of a binary rooted tree:

1. A single vertex is a binary rooted tree.

2. If T is a binary rooted tree, and v is a leaf of T, then T v e v e�{ , , , }1 1 2 2
is a binary rooted tree, where v1 and v2 are vertices not in T, e1 is an
edge from v to v1, and e2 is an edge from v to v2.

We now show how a binary rooted tree can be used to represent the
way in which an algebraic expression is evaluated.

Suppose we have an algebraic expression containing a number of
variables and the binary operations of addition (+), subtraction (–),
multiplication (×) and division (/). An example of such an expression is
shown below:

(a – (b/c)) × (d + e)

For the sake of clarity, we have used brackets explicitly to indicate the
order in which the operations are to be carried out, including those
around b/c where brackets are not strictly necessary because of the
convention in algebra about precedence of operators.

We now imagine that this expression is being evaluated by a computer
with particular values substituted for the variables. The principal
operation in this example is the multiplication, because this is the
operation that would be executed last, after (a – (b/c)) and (d + e) have
both been evaluated. (This is exactly analogous to the principal
connective of a logical expression, which we met in Chapter 4.) The
principal operations of the subexpressions (a – (b/c)) and (d + e) are the
subtraction and the addition respectively. In turn, (a – (b/c)) contains the
subexpression (b/c) with division as its principal operation.

The structure of the expression can be depicted using a binary rooted
tree known as an expression tree (Figure 11.8).

The root of the tree is labelled with the principal operation. The left
subexpression (a – (b/c)) is represented by the left subtree, whose root is
the left child of the root of the expression tree. Similarly, the right
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subexpression (d + e) is represented by the right subtree, whose root is the
right child of the root of the expression tree. The left subtree contains a
right subtree of its own, corresponding to the subexpression (b/c).

The way in which a computer processes the expression corresponds to
visiting the vertices of the expression tree in a particular order. A
procedure for visiting all of the vertices of a binary rooted tree in a given
order is called a traversal of the tree. We will see how different ways of
traversing an expression tree correspond to different ways of writing the
expression.

The usual way of writing an algebraic expression is to place each
operator (the symbol +, –, × or /) between the two expressions on which
it operates: 3 + 2, for example. This notation is called infix notation. Infix
notation corresponds to a method of traversing the expression tree
known as an in-order traversal.

The idea underlying in-order traversal is to visit all of the vertices
corresponding to the left subexpression, then to visit the root, and lastly
to visit the vertices corresponding to the right subexpression. The order
in which the vertices are visited within each subexpression is itself an in-
order traversal.

Here is an algorithm for carrying out an in-order traversal on a binary
rooted tree T:

Algorithm in-order_traverse(T):
1. If T is not a leaf then

1.1. in-order_traverse(left subtree of T)
2. Output the root of T
3. If T is not a leaf then

3.1. in-order_traverse(right subtree of T)

Notice that Algorithm in-order_traverse contains calls to itself in Steps 1
and 3. This makes in-order_traverse a recursive algorithm.

Suppose we wish to apply the in-order_traverse algorithm to the
expression tree in Figure 11.8. Here is a detailed description of what
happens.

In Step 1, we are required to perform an in-order traversal of the left
subtree with its root at the minus sign. To do this, we need to put
execution of this first copy of the algorithm on hold while we begin
executing a second copy with T equal to the left subtree. In Step 1 of this
second copy, we need to go on hold again and begin execution of a third
copy with T equal to the subtree with its root at a. This subtree is a leaf, so
the third copy of the algorithm executes to completion and outputs a.

Returning now to the second copy, we execute Step 2 (output –) and
move to Step 3. A third copy of the algorithm is needed again, this time
with T equal to the subtree with its root at the division sign. Now a fourth
copy is needed with T equal to the subtree with its root at b. This
produces an output of b and returns to the third copy. The third copy
continues execution and outputs /. Another fourth copy, this time using c
as the root, produces an output of c. Execution of the second copy is now
complete.
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Step 2 of the first copy now executes, giving an output of ×.
We now move to Step 3 of the first copy. This requires us to perform an

in-order traversal of the subtree with root at the plus sign. Calling up a
second copy of the algorithm again, followed by a third copy, we output d,
then return to the second copy to output +, then call up another third
copy to output e. This completes the entire algorithm.

The output of the algorithm is the original expression with the
variables and operators in the order written (but without the brackets).

All of this sounds much more complicated than it really is. Describing
each step in detail requires a lot of words, but the process is actually fairly
straightforward.

Two other traversal methods are pre-order and post-order traversal. The
idea underlying pre-order traversal is to visit the root before visiting each
subtree. A recursive algorithm for pre-order traversal is given below:

Algorithm pre-order_traverse(T):
1. Output the root of T
2. If T is not a leaf then

2.1. pre-order_traverse(left subtree of T)
2.2. pre-order_traverse(right subtree of T)

Example 11.4.1 Carry out a pre-order traversal on the expression tree in Figure 11.8.

Solution Output the root: ×.
Pre-order traverse the left subtree. To do this, output its root (–), then

pre-order traverse its left subtree (output: a), then pre-order traverse its
right subtree (output: / b c).

Pre-order traverse the right subtree, giving an output of + d e.
The overall output is:

× – a / b c + d e

An expression written in the form given by the output of a pre-order
traversal is said to be written in Polish prefix notation. In Polish prefix
notation, each operator appears before the two operands to which it is to
be applied. Unlike infix notation, Polish prefix notation does not require
the use of brackets to specify the order of the operations. Polish prefix
notation is used in the programming language Lisp.

Finally, we look at post-order traversal. Here, the idea is to visit the
root after visiting each subtree. A recursive algorithm for post-order
traversal is given below:

Algorithm post-order_traverse(T):
1. If T is not a leaf then

1.1. post-order_traverse(left subtree of T)
1.2. post-order_traverse(right subtree of T)

2. Output the root of T
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Example 11.4.2 Carry out a post-order traversal on the expression tree in Figure 11.8.

Solution The details are similar to those in the previous example, so we just give
the output:

a b c / – d e + ×

An expression written in the form given by the output of a post-order
traversal is said to be written in reverse Polish notation. In reverse Polish
notation, each operator appears after the two operands to which it is to be
applied. Like Polish prefix notation, reverse Polish notation does not
require the use of brackets to specify the order of the operations. Some
calculators use reverse Polish notation – the numbers to be operated on
are entered first (usually with the use of a key labelled ENTER), followed
by the operation (for example, addition).
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EXERCISES
1 List the cycles in the graphs shown in Figure 11.9.

2 Draw all six trees (up to isomorphism) with six vertices.

3 Draw a tree whose vertices have the following degrees, or explain
why no such tree exists:

(a) seven vertices, with degrees 1, 1, 1, 1, 1, 3, 4;

(b) eight vertices, with degrees 1, 1, 2, 2, 2, 2, 3, 3.

4 A tree has eight vertices of degree 1, three vertices of degree 2,
and two vertices of degree 3. The other vertices all have degree 4.
How many vertices must there be altogether?

5 Find a minimal spanning tree for each of the weighted graphs in
Figure 11.10 (opposite).

6 Write down the weight matrix for each of the weighted graphs in
Exercise 5.

7 The relative costs of building the links between six nodes,
denoted by A, B, C, D, E and F, in a proposed local area network
are tabulated below:

Figure 11.9
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A B C D E

B 85

C – 95

D 65 50 –

E 55 – – 70

F 45 – 80 – –

Find the network with the least possible cost that could be built
to link all the nodes in the network.

8 Use Dijkstra’s algorithm to find:

(a) the minimum distance path from C to F in the weighted
graph in Exercise 5(a) (Figure 11.10(a));

(b) the minimum distance path from A to C in the weighted
graph in Exercise 5(b) (Figure 11.10(b)).

9 Construct an expression tree for each of the following
expressions:

(a) a + ((b – c) × d)

(b) ((a × b)/(c × d)) – (e/f)

(c) (a – (b + (c + d))) – ((e × f) × g)

10 By applying a pre-order traversal to the expression tree, write
each of the expressions in Exercise 9 in Polish prefix notation.

11 By applying a post-order traversal to the expression tree, write
each of the expressions in Exercise 9 in reverse Polish notation.

12 Write down (in infix notation) the expressions corresponding to
the trees shown in Figure 11.11 (overleaf).

13 The binary rooted tree shown in Figure 11.12 can be used to
encode and decode English text according to a Huffman code.
The sequence of edges from the root to any letter yields the
binary code for that letter. Note that the number of bits varies
from one letter to another.

Figure 11.10
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(a) Decode 00100110 11101011 11010111 10001010 01011010
11010011 11111100 01111111 10010001 11000.

(The coded message is grouped into strings of eight bits to
enhance readability only; the grouping has no other
significance.)

(b) Encode ‘TO BE OR NOT TO BE’.

(c) What is the advantage of a Huffman code over codes that
use a fixed number of bits for each letter?

Figure 11.11

Figure 11.12



Number theory

12.1 What is number theory?

No doubt you the have been familiar with the natural numbers since
childhood. For this reason, it might seem that there could be little more to
learn about them, at least in comparison with other types of numbers:
fractions, negative numbers, irrational numbers and complex numbers.
Nothing could be further from the truth; in fact, some of the most
challenging problems in mathematics involve just the natural numbers.
Since ancient times, mathematicians have been intrigued by the subtle
properties that underlie the apparent simplicity of these numbers.

Number theory is principally the study of the natural numbers.
However, the term is often extended to include the study of all the
integers or all the rational numbers, since many of the techniques
developed in the study of the natural numbers can also be applied to the
study of these more general types of numbers. Even the study of irrational
numbers can be included, because any problem that involves
distinguishing between rational and irrational numbers (for example a
proof that a certain number or class of numbers is irrational) invariably
requires the use of properties of the natural numbers in order to solve it.

For our purposes, the main reason for studying number theory lies in
its usefulness in many areas of computing. Until quite recently, number
theory was viewed as a branch of mathematics with limited practical use,
but the situation has changed dramatically as a result of the computer
revolution. Data encryption, for example, relies heavily on results from
number theory, as do the design of error-detecting and error-correcting
codes and the generation of pseudo-random numbers for simulation
programs, to name just some of the areas where number theory can be
applied. It is not really surprising that the natural numbers, the most
fundamental discrete structure in mathematics, should play a prominent
role in the study of machines that process information in a discrete
fashion.

12.2 Divisibility and prime numbers

As usual, we begin with some basic definitions. For much of the time we
will be working with the integers (positive, zero and negative), but there
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will be some occasions when we will need to restrict our attention just to
the natural numbers.

Definition Let a and b be integers. We say a divides b (or a is a divisor of b) if there is
an integer n such that an = b. We also say in this case that b is divisible by
a, or that b is a multiple of a.

If a divides b we will write this as a | b. If a does not divide b then we write
a b�| .

Informally, the definition says that a divides b if a ‘goes into’ b an exact
number of times. For example, 4 | 12 (because 4 × 3 = 12), but 5 12�|
(because there is no integer n such that 5n = 12).

The following basic properties of divisibility are reasonably obvious
after a moment’s thought, and in any case they are not difficult to prove:

1. For any integer a, a | 0, 1 | a and a | a.

2. For any integers a, b and c, if a | b then a | bc.

3. For any integers a, b and c, if a | b and a | c then a | b + c.

4. For any integers a, b and c, if a | b and b | c then a | c.

5. For any integers a and b, if a | b then –a | b.

6. For any integers a and b, if a | b and b | a then either a = b or a = –b.

As an example, we will prove the second property. Let a | b; this means
that there is an integer n such that an = b. In order to show now that
a | bc (where c is any integer), we need to show that there is an integer m
such that am = bc. There is indeed such an integer – it is nc. This
concludes the proof.

Definition A natural number p other than 1 is prime if its only positive divisors are 1
and p. A natural number other than 1 is composite if it is not prime.

Thus a composite number is a natural number that can be written as the
product of smaller natural numbers. Note that 1 is neither prime nor
composite.

The first few prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, .... The
prime numbers are spaced irregularly, but tend to be distributed more
sparsely among the natural numbers as they increase, according to a
definite mathematical relationship (the ‘Prime number theorem’, which is
well beyond the scope of this book).

By definition, any composite number can be expressed as the product
of smaller natural numbers. If any of these smaller numbers are
composite, they in turn can be factorised into yet smaller numbers, and
so on. This process must eventually stop with an expression for the
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original number as a product of prime numbers. An expression of this
form is called a prime factorisation of the original number, and the prime
numbers appearing in the expression are called the prime factors of the
original number.

For example, consider the composite number 72. One possible
factorisation of 72 is 12 × 6. The numbers 12 and 6 can in turn be
factorised as 4 × 3 and 2 × 3 respectively, and 4 can then be factorised as
2 × 2. It follows that a prime factorisation of 72 is 72 = 2 × 2 × 3 × 2 × 3,
which we can write more conveniently as 23 × 32.

If we think of each prime number as a ‘product’ of one prime (namely
itself), then every natural number greater than 1 can be expressed as a
product of prime numbers. The Fundamental theorem of arithmetic states
that this prime factorisation can be done in essentially only one way.

Fundamental theorem of arithmetic
The prime factorisation of a natural number greater than 1 is unique,
apart from the order of the factors.

Thus the prime factorisation 72 = 23 ×32 is the only prime factorisation of
72 (except that the three 2s and the two 3s could be written in a different
order). Note that the factorisation would not be unique if we had defined
1 to be a prime number, because there would then be other factorisations,
such as 1 × 23 × 32 and 12 × 23 × 32. It is mainly for this reason that prime
numbers are defined with 1 explicitly excluded.

If you think the Fundamental theorem of arithmetic is obvious, it is
worthwhile digressing for a moment to look at a situation where a very
similar statement turns out to be false. Imagine that we have decided to ban
odd numbers and to work only with the positive even numbers: 2, 4, 6, 8, ...
We can still add and multiply, because any sum or product of even
numbers is an even number. Any even number that can’t be factorised into
smaller even numbers is ‘prime’ in this system; for example, 4 is still
composite because 4 = 2 × 2, but 6 is ‘prime’ because it cannot be expressed
as the product of even numbers. Now, 36 has two ‘prime’ factorisations: 36
= 2 × 18 = 6 × 6, so the ‘prime’ factorisation of a number is not always
unique in this system. This example should help to convince you that the
Fundamental theorem of arithmetic is not a trivial result.

As far as the remainder of this chapter is concerned, we can take the
Fundamental theorem of arithmetic as given. For the sake of
completeness, however, we provide a proof in Section 12.7.

It has been known since ancient times that the number of primes is
infinite. The proof uses the fact that if a > 1 and a | b then a b� !| 1. If there
were a finite number of primes, say n of them, we could (at least in
principle) list them all: p1, p2, p3, ..., pn. The product p1p2p3...pn of these
primes would then have every prime as a divisor, and so p1p2p3...pn + 1
would have none of the primes as divisors. The prime factorisation of
p1p2p3...pn + 1 would therefore involve new primes not in the original list,
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contrary to the assumption that the list contained all the primes. It
follows that the number of primes must be infinite.

It might appear from this proof that new primes could be found by
multiplying together all the known primes, adding 1, and finding the
prime factorisation of the result. This method is not computationally
feasible in practice, however, because of the difficulty of factorising very
large numbers. The methods currently used to find new primes involve a
combination of advanced mathematical theory and substantial
computations performed on a computer.1

12.3 Greatest common divisors and the Euclidean
algorithm

In this section we will see how the greatest common divisor of two non-
negative integers can be found using one of the oldest algorithms still in
use.

Definitions Let a and b be non-negative integers, not both zero.

The greatest common divisor of a and b is the largest natural number m
such that m | a and m | b.

If a and b are both non-zero, the least common multiple of a and b is the
smallest natural number m such that a | m and b | m.

Two natural numbers a and b are coprime (or relatively prime) if their
greatest common divisor is 1.

The greatest common divisor and least common multiple of a and b are
denoted respectively by gcd(a, b) and lcm(a, b).

For example: gcd(27, 45) = 9, gcd(15, 32) = 1, lcm(12, 18) = 36,
lcm(11, 18) = 198. The numbers 15 and 32 are coprime.

Both the greatest common divisor (gcd) and the least common multiple
(lcm) arise when we perform arithmetic with fractions. The gcd arises
when a fraction is to be reduced to its lowest terms; for example, 27

45 can be
simplified to 3

5 by dividing the numerator and the denominator by 9, the
gcd of 27 and 45. The lcm arises as the ‘lowest common denominator’
when fractions are added; for example, when adding 5

12 and 7
18, the

fractions must first be expressed in terms of the common denominator
36, which is the lcm of 12 and 18.

If a and b are fairly small, gcd(a, b) can be found by listing all the
divisors of a and b and looking for the largest number common to both

220

Discrete mathematics for computing

1 Information on the search for new prime numbers, and an opportunity for
anyone with a computer to take part in the search, can be found on the GIMPS
(Great Internet Mersenne Prime Search) Web page:
http://www.mersenne.org/prime.htm.



lists. If the numbers are large, however, this method is cumbersome, and
a more efficient method is needed.

For example, suppose we want to evaluate gcd(2737, 1225). It would be
tedious to do this by listing all of the divisors of the two numbers. We can
speed up the process, however, by using a property of the gcd that we will
now establish:

For any integers a, b and k such that a, b and a – kb are non-
negative, gcd(a, b) = gcd(b, a – kb).

This result will follow immediately, if we can show that not just the
greatest common divisors, but all the common divisors, are the same for
both the pair (a, b) and the pair (b, a – kb). It is not difficult to see that
any common divisor of a and b must also be a divisor of a – kb (and
therefore must be a common divisor of b and a – kb). Conversely, since
a = kb + (a – kb), any common divisor of b and a – kb must be a divisor
of a (and therefore must be a common divisor of a and b). Hence all the
common divisors are the same for the two pairs of numbers; in particular,
the greatest common divisor must be the same.

This result is important because it allows a gcd problem involving large
numbers to be reduced to a gcd problem with smaller numbers.
Returning to the problem of evaluating gcd(2737, 1225), we can put
a = 2737 and b = 1225, and choose k in such a way that a – kb is as small
as possible (but still non-negative). The value of k that achieves this is
a div b (using the Pascal-style notation we introduced in Chapter 2 for
truncated division in which the remainder is ignored). In this example,
k = 2737 div 1225 = 2.

The calculation now goes like this:

gcd(2737, 1225) = gcd(1225, 2737 – 2 × 1225) = gcd(1225, 287)

The process can be repeated with the new gcd. Divide 287 into 1225,
obtaining a quotient of 4 and a remainder of 77:

gcd(1225, 287) = gcd(287, 1225 – 4 × 287) = gcd(287, 77)

Repeating the process five more times, we obtain:

The procedure we have just described is known as the Euclidean
algorithm.

If we regard gcd as a function with domain ( { }) ( { }) {( , )}N N� # � �0 0 0 0
and codomain N, then the Euclidean algorithm can be written very
succinctly in the following recursive form.
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gcd(287,77) gcd(77,56)

gcd(56,21)

gcd(21,14)

gcd(14,7)

gcd(7,0)

7

=
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=
=



Function gcd(a, b):
1. If b = 0 then

1.1. gcd� a
else
1.2. k a b� div
1.3. gcd� gcd(b, a – kb)

A non-recursive algorithm for inputting two non-negative integers and
calculating their gcd using the Euclidean algorithm can be written using a
While-do loop:

1. Input a, b
2. Whileb"0 do

2.1. k a b� div
2.2. temp b�
2.3. b a kb� �
2.4. a temp�

3. Output a

For the purpose of hand calculation, the computation is usually set out by
writing down a set of equations, as shown in the following example.

Example 12.3.1 Use the Euclidean algorithm to evaluate gcd(2093, 836).

Solution

Therefore gcd(2093, 836) = 1.

At each step of the calculation, the divisor and the remainder become
respectively the dividend (number to be divided) and the divisor in the
next step. The process terminates when the remainder is zero. The last
non-zero remainder is the gcd.

The Euclidean algorithm is used in computer algebra software, which
performs exact arithmetic with rational numbers in which the numerators
and denominators can be arbitrarily large integers. An expression for a
rational number as a ratio of two integers can be reduced to its lowest
terms by dividing the numerator and the denominator by their gcd.

The Euclidean algorithm can also be used to find integer solutions x
and y to equations of the form ax + by = c, where the integers a, b and c
are given. We will illustrate this by using the equations in Example 12.3.1
to find integers x and y such that 2093x + 836y = 1. (If it were not for the
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2093 2 836 421

836 1 421 415

421 1 415 6

415 69 6 1

6 6 1 0

= ¥ +
= ¥ +
= ¥ +
= ¥ +
= ¥ +



restriction to integer solutions, we could of course choose x to be any
number and set y = (1 – 2093x)/836.)

Begin by rearranging the equations (except the last) to make the
remainder the subject of the equation in each case:

421 2093 2 836� � # (1)

415 836 1 421� � # (2)

6 421 1 415� � # (3)

1 415 69 6� � # (4)

Starting with Equation (4), replace the divisor, 6, with the expression in
Equation (3):

Now replace 415 by the expression in Equation (2):

Finally, replace 421 by the expression in Equation (1):

We can now see that x = – 139, y = 348 is a solution of the equation 2093x
+ 836y = 1.

Example 12.3.2 Find a solution in integers to each of the following equations, or explain
why no solution exists:

(a) 3024x + 2076y = 12

(b) 3024x + 2076y = 36

(c) 3024x + 2076y = 10

Solution (a) The Euclidean algorithm applied to 3024 and 2076 gives the following
equations:

Rewriting the equations in terms of the remainders, we obtain:
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1 415 69(421 1 415)

70 415 69 421

= - - ¥
= ¥ - ¥

1 70(836 1 421) 69 421

70 836 139 421

= - ¥ - ¥
= ¥ - ¥

1 70 836 139(2093 2 836)

348 836 139 2093

= ¥ - - ¥
= ¥ - ¥

3024 1 2076 948

2076 2 948 180

948 5 180 48

180 3 48 36

48 1 36 12

36 3 12 0

= ¥ +
= ¥ +
= ¥ +
= ¥ +
= ¥ +
= ¥ +



948 3024 1 2076

180 2076 2 948

48 948 5 180

36 180 3

� � #

� � #

� � #

� � #48

12 48 1 36� � #

Starting with the last of these and working back:

Therefore x = 46, y = –67 is a solution of the equation 3024x + 2076y
= 12.

(b) Since 36 = 12 × 3, a solution in integers to 3024x + 2076y = 36 can be
obtained from the solution to part (a) by multiplying both x and y by
3:

x = 3 × 46 = 138, y = 3 × (–67) = –201

(c) The equation has no solution in integers, because if x and y are
integers then the left-hand side is divisible by 12 (12 is the gcd of 3024
and 2076) but the right-hand side is not.

Example 12.3.2 illustrates the three cases that arise in the general
problem of finding integer solutions to equations of the form ax + by = c:

1. If c = gcd(a, b), then a solution is obtained directly from the
Euclidean algorithm.

2. If c is a multiple of gcd(a, b), say c = m gcd(a, b), then a solution is
obtained by multiplying the values of x and y obtained from the
Euclidean algorithm by m.

3. If c is not a multiple of gcd(a, b), then the equation has no integer
solutions.

The solution obtained in either Case 1 or Case 2 is not unique. When one
solution, say x = x0, y = y0, has been found using the Euclidean algorithm,
any pair of numbers of the form x = x0 + nb, y = y0 – na, where n is an
integer, is also a solution, as you can check by substituting x = x0 + nb
and y = y0 – na into the equation ax + by = c. In fact, it can be proved that
all the integer solutions of the equation can be expressed in this form.
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12 48 1(180 3 48)

4 48 1 180

4(948 5 180) 1 180

4 948 21 180

4 948 21(2076 2 948)

46 948 21 2076

46(3024 1 2076) 21 2076

46 3024 67 2076

= - - ¥
= ¥ - ¥
= - ¥ - ¥
= ¥ - ¥
= ¥ - - ¥
= ¥ - ¥
= - ¥ - ¥
= ¥ - ¥



Example 12.3.3 Find all of the integer solutions to the equations in Example 12.3.2(a) and
(b).

Solution The solutions to 3024x + 2076y = 12 are x = 46 + 2076n, y = –67 – 3024n,
where n�J.

The solutions to 3024x + 2076y = 36 are x = 138 + 2076n, y = –201 – 3024n,
where n�J.

We have said very little about least common multiples apart from
stating the definition, because we will not be needing them in what
follows. For the sake of completeness, we state without proof the
following result, which allows us to calculate the least common multiple
of two natural numbers when we have found their greatest common
divisor:

For any two natural numbers a and b,

For example,

12.4 Congruences

The concept of divisibility leads naturally to the study of congruences.
Congruence arithmetic was pioneered by the German mathematician Carl
Friedrich Gauss (1777–1855), and is used today in a broad range of
computing applications.

When we perform congruence arithmetic, we are effectively working
with a finite subset of the set of all integers. There is nothing particularly
new about this idea; when we quote the time in hours according to a 12-
hour clock, we use only the integers from 1 to 12, and we know that after
reaching 12 we ‘start over again’ at 1. As we will see shortly, it is often
useful to think of congruence arithmetic in terms of a clock face.

Another example of a system in which arithmetic is carried out with a
finite set of integers is the computer representation of integers. In
Chapter 3, we investigated a model computer in which only the integers
from –8 to 7 could be represented. Congruence arithmetic provides a
more elegant mathematical setting for such studies.

The basic definition in the study of congruence arithmetic is as follows.
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lcm( , )
gcd( , )

ab
a b

a b
=

3024 2076 3024 2076
lcm(3024,2076) 523 152

gcd(3024,2076) 12

¥ ¥= = =



Definition Let m be a natural number. Two integers a and b are said to be congruent
modulo m if m | b – a.

We use the notation a b m� mod to indicate that a is congruent to b
modulo m. The number m is called the modulus. If a is not congruent to b
modulo m, we write a b m�� mod .

An equivalent definition is: a b m� mod if a and b leave the same
remainder after division by m.

Here are some examples:

7 4 3� mod , because both 7 and 4 leave a remainder of 1 after division
by 3 (or, equivalently, because 7 – 4 is divisible by 3).

11 19 4� mod , because both 11 and 19 leave a remainder of 3 after
division by 4.

35 14 7� mod , because both 35 and 14 leave a remainder of 0 after
division by 7.

In Chapter 2, we used ‘mod’ in a different but closely related sense:
a mod b means the integer in the range from 0 to b – 1 that is congruent
to a modulo b.

Sometimes it is useful to describe congruences in terms of the theory of
relations which we studied in Chapter 5. If we think of the modulus m as
fixed, then we can define a relation R on the set of integers by the rule:
a R b if a b m� mod . It is not difficult to check that this relation satisfies
the following three properties:

a a m� mod , for all integers a.

If a b m� mod thenb a m� mod , for all integers a and b.

Ifa b m� mod andb c m� mod thena c m� mod , for all integers a, b and c.

In the terminology we introduced in Chapter 5, the relation is reflexive,
symmetric and transitive, and therefore it is an equivalence relation. We
could have expected that this would be the case anyway, because we know
that equivalence relations are relations that state that two elements are
‘the same’ in some sense; in the present situation, two integers are related
if they leave the same remainder after division by m.

In Chapter 5, we proved that any equivalence relation gives rise to a set
of equivalence classes, in which all the elements in each class are related
to each other. What are the equivalence classes in the present case?

We have already answered this question for one value of m. The
relation in Example 5.5.5 in Chapter 5 is actually the relation a b� mod4,
and in that example we derived the four equivalence classes. We recall
them now:

E

E

( ) { , , , , , , , , }

( ) { , , , , ,

0 12 8 4 0 4 8 12

1 11 7 3 1 5

� � � �

� � � �

� �

� , , , }

( ) { , , , , , , , , }

( ) { , ,

9 13

2 10 6 2 2 6 10 14

3 9

�

� �

�

E

E

� � � �

� � �5 1 3 7 11 15, , , , , , }� �
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We can write E(k) in predicate form as follows, where k = 0, 1, 2, 3:

Thus, E(0) is the set of all multiples of 4, E(1) is the set of all numbers that
are 1 more than a multiple of 4, and so on.

In general, the equivalence classes modulo m are the m sets E(k) =
{ : }mn k n! �J , where k m� �{ , , , , }0 1 2 1� .

The arithmetic of congruences is based on the following results:

If a b m� mod and c d m� mod , then a c b d m! � ! mod .

If a b m� mod and c d m� mod , then a c b d m� � � mod .

If a b m� mod and c d m� mod , then ac bd m� mod .

These results can all be proved from the definition of ‘congruent modulo
m’ and the properties of divisibility. We will leave the proofs of the first
two results as exercises, and provide a proof of the third.

Let a b m� mod and c d m� mod . This means that m | a – b and m | c – d.
Using divisibility Property 2 (see Section 12.2), we deduce that m | ac – bc
and m | bc – bd. It follows now from divisibility Property 3 that
m | (ac – bc) + (bc – bd). Rewriting this as m | ac – bd, we see that
ac bd m� mod , as required.

What these three results tell us is that addition, subtraction and
multiplication ‘work’ when we do arithmetic modulo m. If we add,
subtract or multiply two congruences modulo m, the resulting
congruence is also a true statement.

Another way of looking at congruence arithmetic is from the point of
view of equivalence classes. Suppose we concentrate just on addition for
the moment. We can rephrase the first of the three results listed above in
the following way: if a and b are in the same equivalence class, and c and
d are in the same equivalence class, then a + c and b + d are in the same
equivalence class. What this means is that the equivalence classes
themselves can be added using the rule E(a) + E(b) = E(a + b). This rule
makes sense because the result of the addition is unchanged if a and b are
replaced by other elements of their respective equivalence classes.

An example will help to make this clear. Look again at the equivalence
classes we listed for modulus 4. Choose any two of them, say E(2) and
E(3). Now, if we add any element of E(2) to any element of E(3), we
always obtain an element of E(1). We can sum up this observation by
writing E(2) + E(3) = E(1).

The complete addition table for the four equivalence classes is shown
in Table 12.1.

We can think of addition of the equivalence classes modulo 4 as
addition around a cycle (or ‘clock face’):
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To evaluate E(2) + E(3), start at 2 and take 3 steps clockwise to obtain the
answer: E(1).

The multiplication table for the equivalence classes modulo 4 is shown
in Table 12.2.

For example, E(3) × E(3) can be evaluated in the following way: E(3) × E(3)
= E(3 × 3) = E(9) = E(1), where the last equality is true because
9 1 4� mod .

In general, there is no operation of division in congruence arithmetic.
At first sight, it might appear that we could divide one equivalence class
by another using the rule E(a)/E(b) = E(a/b). The problem with trying to
divide using this rule is that the answer we get will depend on which
elements we choose for a and b. For example, suppose we try to evaluate
E(0)/E(2) in modulo 4 arithmetic. If we choose a = 0 and b = 2, we obtain
E(0) as the answer. On the other hand, if we choose a = 4 and b = 2, we
obtain an answer of E(2). It follows that we cannot define division in a
consistent manner, at least in this example. We will explore the division
problem more fully shortly.

Congruence arithmetic provides a further insight into some aspects of
computer arithmetic. In Chapter 3, we described the computer
representation of integers using an imaginary computer that stored the
integers from –8 to 7 as strings of 4 bits. At the time, the manner in which
the computer performed arithmetic with these representations may have
seemed a little mysterious. Using the theory of congruences we have
developed, we can now provide a fuller explanation of why the method
works.
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E(0) E(1) E(2) E(3)

E(0) E(0) E(1) E(2) E(3)

E(1) E(1) E(2) E(3) E(0)

E(2) E(2) E(3) E(0) E(1)

E(3) E(3) E(0) E(1) E(2)

Table 12.1

E(0) E(1) E(2) E(3)

E(0) E(0) E(0) E(0) E(0)

E(1) E(0) E(1) E(2) E(3)

E(2) E(0) E(2) E(0) E(2)

E(3) E(0) E(3) E(2) E(1)

Table 12.2



Look again at Table 3.1. We observed in that chapter that the
representation of a non-negative integer n in the 4-bit computer is n itself
(in its 4-bit binary representation), and the representation of a negative
integer n is n + 16. In either case, the integer and its representation are
congruent modulo 16.

Now recall how the 4-bit computer adds two integers. The addition is
performed on the representations using ordinary (binary) arithmetic,
except that if the result of the addition is 16 or more, the 16s bit is
ignored. This process is really just addition modulo 16.

We now see that the answer obtained by the computer must be
congruent modulo 16 to the correct answer to the addition. Therefore,
when the answer obtained by the computer is converted to the number
that it represents, the result must be the correct answer, provided that it
falls within the allowed range.

From what we now know about congruences, subtraction and
multiplication can also be performed modulo 16. Thus, subtraction and
multiplication can also be done on the 4-bit computer by performing the
operation on the representations in the usual way, and ignoring the 16s
bit, just as for addition.

In summary, the imaginary computer we studied in Chapter 3 performs
arithmetic with integers modulo 16. In a similar way, a real computer that
stores integers as, say, 32-bit strings, would carry out integer arithmetic
modulo 232.

The lack of the operation of division in modular arithmetic is worth
taking a closer look at. Suppose that ax ay m� mod . It is tempting to try to
divide both sides by a (or ‘cancel the as’), but we know that we cannot do
this; for example, 2 0 2 2 4# � # mod , but 0 2 4�� mod .

If ab ac m� mod , then by the definition of modulus, m | ab – ac. In
general, it does not follow that m | b – c, so we cannot conclude that
b c m� mod . Is there any situation where we can make that deduction?

Yes, there is such a situation. The deduction is valid if a and m are
coprime, that is, if gcd(a, m) = 1. If this condition is satisfied, then
division by a modulo m can be carried out.

Here is a proof that if m | ab – ac and gcd(a, m) = 1, then m | b – c.
Notice first that if gcd(a, m) = 1, then we can use the Euclidean algorithm
to find integers x and y such that ax + my = 1. Now, since m | ab – ac, it
follows that m | x(ab – ac). By taking out a as a common factor, we can
rewrite this statement as m | ax(b – c). Next, using the equation ax + my = 1,
we can replace ax by 1 – my, to obtain m | (1 – my)(b – c). By expanding
the first bracket, we can write this as m | b – c – my(b – c). Finally, since
m | my(b – c), we deduce that m | b – c. Thereforeb c m� mod , as required.

If we are working with congruences modulo 4, for example, we cannot
expect to be able to divide by 2 or 4, because these numbers are not
coprime with 4. However, we should be able to divide by 3 without any
problems, because gcd(3, 4) = 1.

If the modulus m is a prime number, we find ourselves in a very
fortunate situation, because every integer that is not a multiple of m is
coprime with m. For example, if m = 5 then we can carry out division by
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1, 2, 3 or 4 (but not by 5). Expressed in terms of the equivalence classes,
we can divide any equivalence class by E(1), E(2), E(3) or E(4).

How can we use the rule E(a)/E(b) = E(a/b) to divide E(3) by E(4)
modulo 5? Of course, there is no such equivalence class as E(3/4). What
we can do, however, is to apply the rule with another member of E(3) in
place of 3. We notice that 8 3�E( ), so the division can be carried out as
follows:

E(3)/E(4) = E(8)/E(4) = E(8/4) = E(2)

The entire division table for arithmetic modulo 5 can be calculated in a
similar way (noting that we cannot divide by E(0) because it is the set of
all multiples of 5). The result is shown in Table 12.3, in which the
dividends and the divisors are listed in the left column and the top row
respectively.

Division can be used to solve a congruence for a variable x, as the next
example shows.

Example 12.4.1 Solve for x the congruence 9 5 10 11x! � mod .

Solution Subtract 5 from both sides of the congruence:

9 5 11x� mod

Since gcd(9, 11) = 1, division by 9 is valid. Before we can perform the
division, we need to choose a suitable multiple of 11 to add to the right-
hand side in order to obtain a multiple of 9. We choose 22:

9 27 11x� mod

Now divide both sides by 9:

x�3 11mod

The solution consists of all integers of the form 11n + 3, where n�J.
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E(1) E(2) E(3) E(4)

E(0) E(0) E(0) E(0) E(0)

E(1) E(1) E(3) E(2) E(4)

E(2) E(2) E(1) E(4) E(3)

E(3) E(3) E(4) E(1) E(2)

E(4) E(4) E(2) E(3) E(1)

Table 12.3



If the modulus m is a prime number, as it is in Example 12.4.1, then the
congruence ax b m� mod always has a solution if m a�| . However, it will
not always be a straightforward exercise to find a constant to add to both
sides of the congruence so that the division can be carried out, as we did
in Example 12.4.1. In problems for which there is no obvious choice of
such a constant, the Euclidean algorithm can be used to obtain the
solution, as the following example illustrates.

Example 12.4.2 Solve for x the congruence18 13 6 23x! � mod .

Solution Subtract 13 from both sides:

18 7 23x�� mod

By the definition of ‘modulus’, 23 | 18x – (–7), so there is an integer n
such that 23n = 18x + 7. Rewriting this equation as 23n – 18x = 7, we can
solve it using the Euclidean algorithm:

Therefore:

We obtain n = –7 × 7 = –49 and x = –9 × 7 = –63 as a solution of the
equation 23n – 18x = 7. Hence x = –63 is a solution of the congruence
18 13 6 23x! � mod . The smallest non-negative solution is x = –63 + 3 × 23
= 6, and the general solution is x�6 23mod .

12.5 Pseudo-random number generation

For some applications, it is necessary to generate numbers randomly
from a set of numbers, in such a way that each number in the set has an
equal chance of being generated. There are many examples of situations
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in which random numbers are used; they include software for simulating
a random process such as the arrival of customers at a counter, the
selection of a random sample of people from a population in order to
conduct an opinion poll, and the generation of test input for a computer
program.

We can imagine how we might generate random numbers if we needed
only a small number of them. For example, by throwing a fair six-sided
die repeatedly, we can generate a random sequence of numbers from the
set {1, 2, 3, 4, 5, 6}. The sequence of numbers produced in this way will
have no pattern, but in the long run we would expect each of the six
numbers to appear about equally often.

If many random numbers are required, it is natural to ask whether a
computer could be programmed to perform the task. A computer is a
deterministic device – from the input fed into it, it produces output that is
in principle always totally predictable. Nevertheless, it is possible to
program a computer to generate sequences of numbers that have many of
the properties of number sequences produced by a truly random process.
Numbers generated in this manner on a computer are called pseudo-
random numbers.

The generation of pseudo-random numbers is a large and complex
topic, and we can only give a brief description here of one of the methods
in common use.

Most of the methods currently in use for generating pseudo-random
numbers are based on the following idea. A sequence of numbers is
generated, which we may write like this:

x0, x1, x2, x3, ...

The first number, x0, is called the seed, and is specified by the user. For
any given pseudo-random number generator, different seeds yield
different sequences, while choosing the same seed will always yield the
same sequence. In some applications, it may be desirable to specify the
seed to be a function of the time shown on the system clock, in order to
avoid any possibility of bias on the part of the user.

Starting with the seed, the sequence is generated using a recursive
formula:

xi = f(xi – 1), i = 1, 2, 3, ...

where f is some function. This equation simply says that there is a rule that
is used to calculate each term in the sequence from the previous term.

The linear congruential method is a method for generating a pseudo-
random sequence of integers from the set {0, 1, 2, ..., m – 1}. The sequence
is generated using a rule of the form:

x ax c mi i� !�1 mod

In this congruence, a and c are constants, and xi is the unique element of
{0, 1, 2, ..., m – 1} that satisfies the congruence. Using ‘mod’ in the sense
in which we used it in Chapter 2, we can write the rule in the following
way:
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xi = (axi – 1 + c) mod m

If c = 0, the method is called the multiplicative congruential method.
The choice of the constants a and c is critical if the sequence is to

behave like a sequence of true random numbers. We explore this problem
now.

Notice that as soon as a term appears in the sequence for a second
time, the sequence enters an infinitely repeating cycle. This is bound to
happen eventually, because the terms belong to a finite set with m
elements. The best we can do is to choose m to be large, and to try to
ensure that the sequence is as long as possible before it starts repeating.
The more random numbers we need for an application, the larger m must
be, because we can generate at most m pseudo-random numbers before
the sequence enters a repeating cycle. (More sophisticated arguments can
be used to show that the sequence will show significant departures from
randomness long before m numbers have been generated. In practice, it is
usually recommended that no more than about l numbers be generated,
where l is the length of the cycle.)

A convenient value to choose for m is the number of unsigned integers
available on the machine we are using. (An unsigned integer is a non-
negative integer, represented by its usual binary representation with no
sign bit.) In order to explore the method, it will be convenient to use a
small value of m in our first few examples. In Examples 12.5.1 to 12.5.3,
we will assume that m = 16, corresponding to a machine on which 4 bits
are used to represent unsigned integers. The integers available to us are
therefore 0, 1, 2, ..., 15. At best, we can hope to generate 16 pseudo-
random numbers before the sequence starts repeating.

If we succeed in generating all 16 possible numbers, the choice of the
seed will not matter, because a different seed will produce the 16 numbers
in the same cyclic order, but starting at a different place. We will use 1 as
the seed in the following examples.

The main question we would like to answer is: how do the values of a
and c affect the resulting sequence? The next three examples show what
can happen with different values of a and c.

Example 12.5.1 Use the linear congruential method to generate a sequence of pseudo-
random numbers modulo 16 with a = 4 and c = 3.

Solution The recurrence relation is:

x0 = 1, xi = (4xi – 1 + 3) mod 16

Calculating the terms x1, x2, x3, ... successively, we obtain the sequence:

1, 7, 15, 15, ...

The sequence consists entirely of 15s from this point onwards.
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The choice of a and c in Example 12.5.1 turned out to be unsatisfactory.
In the next example we try different values of a and c.

Example 12.5.2 Use the linear congruential method to generate a sequence of pseudo-
random numbers modulo 16 with a = 3 and c = 7.

Solution The recurrence relation is:

x0 = 1, xi = (3xi – 1 + 7) mod 16

The sequence is:

1, 10, 5, 6, 9, 2, 13, 14, 1, ...

The sequence now begins to repeat itself.

The sequence in Example 12.5.2 goes to eight terms before it starts
repeating. This is certainly an improvement on the previous example, but
it still falls short of the ideal situation in which all 16 numbers are
generated.

Example 12.5.3 Use the linear congruential method to generate a sequence of pseudo-
random numbers modulo 16 with a = 5 and c = 11.

Solution The recurrence relation is:

x0 = 1, xi = (5xi – 1 + 11) mod 16

The sequence is:

1, 0, 11, 2, 5, 4, 15, 6, 9, 8, 3, 10, 13, 12, 7, 14, 1, ...

The sequence in Example 12.5.3 contains all of the integers from 0 to 15.
It is important to understand that this does not mean that it has all of the
properties we would want a pseudo-random number sequence to have. In
order to show that, it would be necessary to apply various statistical tests
(and it would be inappropriate to do so anyway when we have used such a
small value of m).

The examples we have just seen should make it clear that choosing
appropriate values of a and c is not a trivial task.

In one sense, our examples have been a little misleading. We have been
placing a high priority on generating all of the numbers in the set as our
criterion for a ‘good’ sequence of pseudo-random numbers. In reality, it
is far more important to generate a sequence that passes statistical tests
for randomness, even at the expense of generating only a proper subset of
the available numbers. The pseudo-random number generator in the next
example is more typical of those used in practice.
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Example 12.5.4 Generate 20 pseudo-random numbers using the following generator:

x0 = 2187, xi = 2187xi – 1 mod 65536

(Note that 65536 = 216, so a generator of this form would be a natural
choice on a machine that represents unsigned integers as 16-bit strings.)

Solution The numbers are:

64377, 21171, 32561, 38811, 10537, 41283, 42849, 59819, 14297, 6867,
10385, 36539, 22409, 53091, 45761, 5835, 47161, 52979, 62961, 4571

Notice that the generator in Example 12.5.4 uses the multiplicative
congruential method. It will not generate all of the numbers in the set
{0, 1, 2, ..., 65535}; in fact, it is not difficult to see that all of the numbers
generated must be odd, and a more sophisticated argument shows that it
generates only one-quarter of the elements of the set. This is not a serious
drawback; in most practical applications, each of the numbers would be
divided by the modulus m to produce a sequence of pseudo-random
numbers that are approximately uniformly distributed between 0 and 1,
and for this purpose the constants used in Example 12.5.4 are satisfactory.

Example 12.5.5 Convert the numbers obtained in Example 12.5.4 to numbers from a
uniform distribution between 0 and 1.

Solution The conversion is carried out by dividing each number by 65536. The
resulting sequence is:

0.982315, 0.323044, 0.496841, 0.592209, 0.160782, 0.629929, 0.653824,
0.912766, 0.218155, 0.104782, 0.158463, 0.557541, 0.341934, 0.810104,
0.698257, 0.089035, 0.719620, 0.808395, 0.960709, 0.069748

12.6 Public key cryptography

In this section, we apply some of the concepts we have developed to data
encryption. Encryption is the process of transforming a message so that it
cannot be read by someone who is not authorised to read it. Decryption is
the process that an authorised person applies to an encrypted message in
order to retrieve the original message. Encryption is used where
confidential data must be transmitted across a computer network; for
example, sending a credit card number over the Internet.

As we noted in Chapter 6, we can think of encryption as a function f,
from a set X of messages to a set Y of encrypted messages. Decryption is
then the inverse function, f–1, from Y to X. At first sight, it appears that
both f and f–1 must be kept secret; after all, if f were made public, then
surely anyone could determine f–1 from f, and so be able to decrypt any
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message. Surprisingly, however, it is possible to design systems of public
key encryption, in which only f–1 need be kept secret. Essentially, this is
done by ensuring that the process of determining f–1 from f is so difficult
that even the most powerful computer available (or likely ever to become
available) would be unable to carry it out within a feasible amount of
time.

The method of public key encryption we present here is the RSA
cryptosystem. The name is derived from the initials of its inventors,
Rivest, Shamir and Adleman, who developed the system in 1977. RSA is
currently used in many applications, including telephones, smart cards,
and secure Internet communications. In the RSA cryptosystem, two large
prime numbers, which are kept secret, are used to generate an encryption
key and a decryption key. The encryption key is made public, while the
decryption key is given only to people who are authorised to have it.
Without knowing the two prime numbers, there is no feasible way of
determining the decryption key.

Here are the details of the RSA system. Like any data, a message is
represented in a computer as a string of bits. Such a string can be divided
into substrings, each of the same length as the representation of an
unsigned integer in the computer. Thus, a message can be interpreted as
the computer representation of a list of unsigned integers, so we can think
of the message itself as a list of unsigned integers. For the same reason, an
encrypted message can also be treated as a list of unsigned integers. The
RSA encryption function, f, which we are about to describe, has for its
domain and codomain a set of unsigned integers up to a given value.

Before any messages can be sent, the person who is to receive the
messages selects two prime numbers, p and q. In practice, p and q must
be large (hundreds of digits each) in order for the system to be secure. For
the sake of illustration, however, we will use two small primes, p = 17 and
q = 23. Let n pq� , and let m = (p – 1)(q – 1). In our example, n = 17 × 23
= 391 and m = 16 × 22 = 352.

We now need to find two integers, x and y, such that both x and y are
coprime with m, and xy m�1mod . We take x to be any number that is
coprime with m, and then solve the modular equation for y using the
method of Section 12.4. For this example, we will take x = 29. Then the
modular equation is:

29 1 352y� mod

Therefore, 352k = 29y – 1 for some integer k, so 352k – 29y = –1. We now
solve the equation using the Euclidean algorithm:

Therefore:
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This yields the solution k�� #� �7 1 7( ) and y�� #� �85 1 85( ) .
The numbers x and y are the encryption and decryption keys

respectively. The value of x, together with that of n, is made public, while
the value of y is known only to the person who is to receive the messages.

As we have already noted, a message can be thought of as a sequence of
unsigned integers. We now assume that this has been done in a way that
ensures each integer in the message is less than n. The encryption key, x,
is used to encrypt each integer, a, to obtain an encrypted integer, f(a),
using the formula:

f a a nx( ) mod�

In the present example, suppose the message is the integer 247. In order
to carry out the encryption, we need to evaluate 247 39129 mod . The
calculation is best done on a computer that has been programmed to
carry it out. Alternatively, a calculator can be used, but the computation
is tedious even when the numbers are fairly small, as they are in the
present example. The calculation runs as follows:

The encrypted message is 365. Notice that we reduced the numbers
modulo 391 at each step rather than just at the end, in order to prevent
integer overflow from occurring. Notice also how we reduced the amount
of calculation required by expressing 29 as a sum of powers of 2, and
using repeated squaring. We will revisit this ‘fast exponentiation’
technique in the next chapter.

Decryption is carried out in essentially the same way, but using the
decryption key in place of the encryption key. Thus, 365 is decrypted by
evaluating 36585 mod 391. Using the method given above, you can verify
that the result is 247, which is the original message.

We will not show here why the method works, because to do so would
require some number-theoretic results that we have not presented.
However, we will try to justify the claim that the method is secure. The
security of the method rests on the claim that the decryption key, y, can’t
be discovered, even though the encryption key, x, and the value of n are
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both known. Now, there is a sense in which this claim is not true.
Knowing the value of n, we could find its prime factors, p and q, and then
work out y. That would be quite easy for the numbers used in the
example. However, if p and q are very large, then n is so large that it is not
feasible to factorise n in a reasonable amount of time, even with the most
powerful computer at our disposal. The problem of factorising an integer
into primes is intractable, in a sense that we will make more precise in the
next chapter. At least, the problem appears to be intractable; it is possible
that someone might discover a feasible factorisation algorithm at some
future date, in which case the RSA cryptosystem would no longer be
secure. It is also conceivable that the system could be breached in some
other way. For the moment, our faith in public key cryptosystems rests on
the belief that certain problems that seem to be intractable really are
intractable.

12.7 Proof of the Fundamental theorem of arithmetic

Recall that the Fundamental theorem of arithmetic states that the prime
factorisation of a natural number greater than 1 is unique, apart from the
order of the factors. Here is a proof of this result, using the technique of
proof by contradiction.

Suppose we could find a natural number, n, with two different prime
factorisations. We can assume that the two prime factorisations of n have
no prime factors in common, because if they did, we could cancel the
common factors to obtain a smaller natural number with two prime
factorisations and no common prime factors. Let one of the prime
factorisations of n be p1p2...pk, and let q be a prime number in the other
prime factorisation of n.

Now, since q | n, we can write n q�0mod , and therefore
p p p qk1 2 0� � mod . We know that none of the ps are equal to q, nor can
any of the ps equal a multiple of q either, because they are all prime
numbers. Therefore, using our results from Section 12.4, all of the ps can
be used as divisors modulo q.

Divide both sides of the congruence p p p qk1 2 0� � mod in turn by p1,
p2, ..., pk. The result is1 0� modq, which is impossible. Therefore the
prime factorisation of n must be unique. This concludes the proof.
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EXERCISES
1 Prove the divisibility properties listed in Section 12.2.

2 Let n be any natural number greater than 1. Explain why the
numbers n! + 2, n! + 3, n! + 4, ..., n! + n must all be composite.
(This exercise shows that it is possible to find arbitrarily long
sequences of consecutive composite numbers.)

3 A list of all the prime numbers less than or equal to n can be
generated in the following way: Begin with an empty list of primes.
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For each number from 2 to n in turn, test whether it is divisible by
any of the primes in the list, and append it to the list if it isn’t.

Write this procedure as an algorithm.

4 Another method for generating all the prime numbers less than
or equal to n, called the Sieve of Eratosthenes, is carried out as
follows: Begin with a list of all the natural numbers from 2 to n.
In the first step, remove from the list all the multiples of 2 (the
first number on the list) except 2 itself. In the second step,
remove from the list all the multiples of 3 (the next number on
the list) except 3 itself. Similarly, in the third step, remove the
multiples of 5 (the next number remaining on the list), and so on.

(a) Obtain a list of all the prime numbers less than 50 using this
method.

(b) Write the method as an algorithm. (Define an array of
Boolean variables prime(2), prime(3), prime(4), ..., prime(n),
and initialise them all to ‘true’. A number i can be ‘removed’
from the list by setting prime(i) to ‘false’.)

5 If a natural number n is being tested for primality, explain why it
is sufficient to test it for divisibility by the natural numbers from
2 to n.

6 For the following pairs of numbers, use the Euclidean algorithm
to evaluate the gcd, and hence also find the lcm:

(a) 572, 297 (b) 1384, 1144 (c) 1076, 2985

7 With the aid of the Euclidean algorithm, express the following
fractions in their lowest terms:

(a)
10881

2067
(b)

2623

4171

8 Find all the integer solutions to each of the following equations,
or explain why no solution exists:

(a) 4571x + 5726y = 21

(b) 2783x + 2046y = 10

(c) 4002x + 2091y = 3

9 (a) Use the Euclidean algorithm to find all the integer solutions
of the equation 8x + 5y = 100.

(b) Using the result of part (a), list all the solutions of 8x + 5y = 100
for which x and y are natural numbers.

10 Let m be a natural number, and let R be the relation defined on J
by a R b if a b m� mod . Prove that R is an equivalence relation.

11 Write down the equivalence classes modulo 5 in enumerated and
predicate form.

12 Construct the addition and multiplication tables for the
equivalence classes modulo 5.
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13 Prove:

(a) If a b m� mod and c d m� mod , then a c b d m! � ! mod .

(b) If a b m� mod and c d m� mod , then a c b d m� � � mod .

14 Which equivalence classes can be used as divisors when
arithmetic is performed (a) modulo 9; (b) modulo 10?

15 Solve the following congruences for x, expressing the answer in
the form x a m� mod where a is non-negative and is chosen to be
as small as possible:

(a) 7 24 19x� mod (b) 35 14 23 27x! � mod

16 Use the linear congruential method to generate a sequence of
pseudo-random numbers modulo 16 with a = 7 and c = 11, using
a value of 1 for the seed.

17 Use the linear congruential method to generate a sequence of
pseudo-random numbers modulo 16 with a = 9 and c = 11, using
a value of 1 for the seed.

18 It can be shown that the following conditions are necessary and
sufficient in order for the linear congruential method to generate
a cycle consisting of all of the integers from 0 to m – 1:

c and m are coprime;

a – 1 is divisible by every prime divisor of m;

if 4 | m, then 4 | a – 1.

Verify this result for the linear congruential generators in
Exercises 16 and 17.

19 Suppose we were to construct a linear congruential pseudo-
random number generator in which c and m are coprime and
a = 1. Show that this generator satisfies the three conditions in
Exercise 18. Explain why it is nevertheless unsatisfactory as a
pseudo-random number generator.

20 With the aid of a statistical calculator, calculate the sample mean
and sample variance of the numbers obtained in Example 12.5.5,
and compare the results with the theoretical values of 0.5 and 1

12
respectively for a uniform distribution between 0 and 1.

21 Determine the decryption key for each of the following RSA
cryptosystems defined by the primes p and q, and with
encryption key x:

(a) p = 13, q = 19, x = 25 (b) p = 7, q = 29, x = 37

(c) p = 11, q = 13, x = 23

22 Encrypt the message represented by the integer 85, using the RSA
cryptosystem defined in Exercise 21(c). Check your answer by
decrypting it.

�
�

�
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23 A given integer, n, is known to be the product of two integers, p
and q, with 100 decimal digits each, but the values of p and q are
unknown.

(a) How many 100-digit integers are there altogether?

(b) One million computers are used to try to factorise n by
testing n for divisibility by each 100-digit integer in turn. If
each computer performs 1012 tests every second, and the
computers run simultaneously, approximately how many
years will it take to test every 100-digit integer?



Algorithms and
computational
complexity

13.1 How long does an algorithm take to run?

In Chapter 1 we introduced the concept of an algorithm. Our main
purpose at that stage was to define a language, or pseudocode, in which
algorithms could be written. We have been using the ideas of Chapter 1,
and the pseudocode notation in particular, throughout this book.

In this final chapter, we return to the study of algorithms themselves.
In particular, we are interested in the following practical question: how
long does an algorithm take to run?

Imagine that we are running a program on a computer, with a set of
test inputs. The time (in seconds, say) between when the program is
submitted and when the output appears will depend on many factors.
Naturally, we expect it to depend on the power of the machine itself – a
supercomputer will do the job faster than a desktop computer. The time
also depends on the programming language, the compiler, the operating
system, the available memory, any auxiliary storage devices (such as
disks) used by the program, and possibly on other factors as well. In a
multi-user system, the time will increase in proportion to the number of
users. Finally, we expect that the time taken will depend on the algorithm
used and the input.

It is only these last two – the algorithm and the input – that we
consider in this chapter. If we were to try to take the other factors into
account as well, we would need to investigate questions about computer
systems that would go well beyond the scope of this book. So, our
investigations will not allow us to calculate actual running times in
seconds on a real computer. Nevertheless, we will be able to compare
algorithms one with another to determine which algorithm would run
faster. It will also be possible in some cases to establish that certain
algorithms are intractable for practical purposes, even if a very powerful
machine is available.

In order to analyse the running time of an algorithm (or its time
complexity, to use the technical term) without becoming involved in very
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complicated calculations, it is necessary to make a number of
approximations. We will make four approximations as we investigate the
problem, and each one will be stated explicitly as it arises.

13.2 Dominant operations and the first two
approximations

In order to begin to analyse the time complexity of an algorithm, we need
some idea of the relative computation times of the basic operations
performed by a computer in the course of carrying out a computation.
Here is a list of the main operations we used in the algorithms in Chapter
1:

Assignment (�)

Comparison (=,", <, >,%, )

Arithmetical operations (+, –,#, /)

Logical operations (and, or, not)

How long does each of these operations take to execute? We cannot give a
precise answer to this question without further information, because the
actual times, and even the time taken by one operation relative to
another, can vary between machines. In general, assignments are very
fast, while the other operations are slower. Multiplication and division are
often slower than addition and subtraction, and while this cannot always
be relied on, to simplify matters we will assume in this chapter that this is
the case. Also, an operation performed on floating point numbers
generally takes longer than the corresponding operation performed on
integers.

Most algorithms use several of these operations, and keeping track of
the times taken by all of them would be difficult. However, this is usually
less of a problem than it might appear. In many algorithms it is possible
to identify a single operation that dominates the time complexity. If an
operation occurs within a loop that is executed many times, then it will
dominate the time complexity over an operation outside the loop, almost
irrespective of the relative times each operation takes by itself. This
observation leads to the first of the four approximations.

First approximation: Count only the most time-consuming operations.

For example, if an algorithm contains a significant number of
multiplications or divisions, we might count only the multiplications and
divisions when analysing the time complexity, and ignore the other
operations. This situation is common in algorithms that involve
substantial numerical calculations. In algorithms where little or no
arithmetic is performed, other operations will be the most time-
consuming; in many sorting algorithms, for example, the time complexity
is dominated by the time taken to compare two of the objects being
sorted.
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Example 13.2.1 What is the dominant (that is, the most time-consuming) operation in the
algorithm in Example 1.2.1 for finding the smallest number in a list of
numbers?

Solution For convenience, we repeat the algorithm here:

1. Input the number of values n
2. Input the list of numbers x1, x2, …, xn
3. min� x1
4. For i = 2 to n do

4.1. If xi < min then
4.1.1. min� xi

5. Output min

The algorithm contains assignments in Steps 3 and 4.1.1, and a
comparison in Step 4.1. There is no arithmetic (at least not explicitly – the
For-do involves incrementing the loop variable i with each pass through
the loop, but a computer does this very quickly). The dominant operation
is therefore the comparison in Step 4.1.

Example 13.2.2 What is the dominant operation in the algorithm in Example 1.3.1 for
evaluating xn where n is a positive integer?

Solution Here is the algorithm again:

1. Input x, n
2. answer x�
3. For i = 1 to n – 1 do

3.1. answer answer x� #
4. Output answer

The multiplication in Step 3.1 is the dominant operation.

When once the time-consuming operations have been identified, the next
step is to determine how many times each operation is executed when the
algorithm runs. The answer usually depends on the input. In the
algorithm for finding the smallest number in a list, for example, the
comparison in Step 4.1 is executed n – 1 times, where n is the length of
the list. In the algorithm for evaluating xn, the multiplication in Step 3.1 is
executed n – 1 times.

If an algorithm contains a While-do or a Repeat-until structure, the
problem is more complicated. The algorithm in Example 1.2.3 for
checking whether a string of n characters consists entirely of digits
illustrates this situation.

1. Input n
2. Input c1c2...cn
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3. i� 0; nondigit ected_det � false
4. While nondigit_detected = false and i < n do

4.1. i i� !1
4.2. If ci is not a digit then

4.2.1. nondigit ected_det � true
5. If nondigit_detected = true then

5.1. Output ‘The string contains non-digit characters.’
else
5.2. Output ‘The string consists entirely of digits.’

The main part of the computation takes place in the While-do in Step 4.
The dominant operation is the test in Step 4.2 to find out if ci is a digit,
which is usually implemented by making two comparisons (comparing
the character code of ci with the character codes of ‘0’ and ‘9’).

We now need to find out how many times the While-do loop is
executed. If the input string consists entirely of digits then the loop is
executed n times, but if a non-digit character is present then the number
of executions is smaller. There is no way of determining the number of
executions without running the algorithm (or counting the number of
characters to the first non-zero character, which amounts to the same
thing).

There are two approaches we could take here to get around the
problem. One is to try to estimate the average-case time complexity – if we
take the length of the string to be given, the time will differ from one
string to another, but we could estimate how long it would take on
average. The more common approach, and the one we will pursue here, is
to deal with the worst-case time complexity. This leads us to our second
approximation.

Second approximation: Where the computation time can vary with a
given input size, analyse the worst case.

In the present example, the worst case (in the sense that it takes the
longest time) occurs when there are no non-digit characters in the string,
and the loop executes n times.

13.3 Comparing functions and the third approximation

One reason for wanting to estimate the time complexity of algorithms is
to be able to compare two algorithms for accomplishing the same task, to
find out which one runs faster. This sounds straightforward – estimate
the time complexity of each algorithm and see which answer is smaller.
However, as the examples in the previous section show, the time
complexity of an algorithm is usually a function of the size of the input.
(We haven’t yet given a general definition of ‘size of the input’, but we
have used a natural measure of size in each of the examples we have
considered.) One algorithm might be faster with some inputs, while
another might be faster with other inputs. We need to find a way of
dealing with this difficulty.
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In order to explore the question further, it will be convenient to have a
particular problem to work with as an example.

Suppose we would like to construct a faster algorithm for evaluating xn

(where x is a floating point number and n is a positive integer). In this case,
‘faster’ means the new algorithm would use fewer than n – 1
multiplications. Is such an algorithm possible? For instance, could we
evaluate x4 (for a given value of x) using fewer than 3 multiplications? Yes;
x2 can be evaluated using one multiplication, then the result can be squared
(which involves a second multiplication) to obtain the answer, (x2)2 = x4.

This idea can be generalised to permit the evaluation of xn very quickly
if n is any power of 2. For example, x16 can be evaluated using just four
multiplications by computing (((x2)2)2)2, whereas the earlier algorithm
requires 15 multiplications.

If n is not a power of 2, we can still exploit the idea of ‘repeated
squaring’. For example, if we want to evaluate x13, we can begin by
evaluating x8 using the repeated squaring process. This leaves x5 to be
evaluated and then multiplied by x8 to give x13. Now x5 can be evaluated
by first evaluating x4 (again by repeated squaring) and multiplying the
answer by x.

In general, xn can be evaluated by finding the highest power of 2 that is
less than or equal to n (call it k), evaluating xk by repeated squaring,
evaluating xn – k, and multiplying xk by xn – k. The evaluation of xn – k

would itself be performed using this procedure.
What we have just described is a recursive algorithm for evaluating xn.

From the point of view of computational complexity, however, we can do
a little better in this problem if we avoid recursion. In the evaluation of
x13, it would be preferable to evaluate x4 before x8, because x8 could then
be obtained simply by squaring x4. In the general problem of evaluating
xn, we could evaluate successively x2, x4, x8, x16, ... as far as needed, at
each stage using the power of x if it is needed and ignoring it if it is not.

We need to establish a procedure for determining which of these
powers are needed. For the case n = 13, we evaluate x13 as x8x4x, which we
can write as x8x4x1. Notice that the numbers 8, 4 and 1 are powers of 2
that add up to 13. The key to the algorithm is therefore to be able to
express n as a sum of distinct powers of 2.

We have seen this before, but in a different guise. The binary
representation of a number is essentially its representation as a sum of
powers of 2. For example:

Rather conveniently, n is already stored in binary form in a computer,
so no explicit conversion to binary is needed as far as the computer
implementation of the algorithm is concerned.
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The algorithm in pseudocode is shown below. (In the algorithm, there
is a superfluous multiplication by 1 the first time Step 4.2.1 is executed if
b1 = 0. It would make the algorithm more complicated if we were to
rewrite it to avoid the extra multiplication, and the decrease in time
complexity would be negligible.)

1. Input x, n
2. d� number of bits in n

{The binary representation of n is bdbd – 1bd – 2...b1.}
3. If b1 = 1 then

3.1. answer x�
else
3.2. answer �1

4. For i = 2 to d do
4.1. x x x� #
4.2. If bi = 1 then

4.2.1. answer answer x� #
5. Output answer

If x0 denotes the original value of x, then the successive values of x after
Step 4.1 is executed are x x x x0

2
0
4

0
8

0
16, , , , �. The variable answer is

multiplied successively by each of these powers of x0 for which the
corresponding bit in the binary representation of n is 1. It is this
algorithm, or some variation of it, that is most commonly used in practice
for evaluating xn for positive integer values of n on a computer.

How does the new algorithm compare with the earlier one in its time
complexity? The dominant operation in both algorithms is multiplication,
so we can carry out the comparison by counting the number of
multiplications performed by each algorithm. Table 13.1 shows the
numbers of multiplications performed by the two algorithms, for selected
values of n.

As expected, the second algorithm usually performs better than the
first, with the improvement becoming more marked for higher values of
n. The only exception is n = 2, where the second algorithm is slightly
worse. When we analyse the time complexity of an algorithm, we are
generally only interested in what happens for large inputs. After all, any
algorithm will surely be fast if the input is small; it is only when the input
is large that the running time is likely to be a cause for concern. This leads
to the third approximation.

Third approximation: Assume that the input is large.

With this approximation in mind, it appears that the second algorithm
for evaluating xn is better than the first, although we have not yet proved
that this is the case. In order to construct a proof, we will need a formula
for the number of multiplications performed by the second algorithm as a
function of the input size. In the worst case (remembering our second
approximation), Step 4.2.1 will be executed with every pass through the
For-do loop. The number of multiplications in the worst case is therefore
2(d – 1), where d is the number of bits in the binary representation of n.
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Up to this point, we have been rather imprecise in specifying what we
mean by ‘size of the input’. Now that we are faced with two different
measures of size, n itself and the number of bits in the binary
representation of n, we need to decide exactly how the size of the input
should be measured. Since any input to a digital computer can be
expressed as a string of bits, it is really the number of bits in the input
that is the fundamental measure of input size. From now on, this is the
measure of input size we will use. (The input in the present problem also
includes x, but this can be ignored because we are assuming that the size
of x does not affect the time complexity.)

The time complexity of the second algorithm is already expressed in
terms of the number of bits, d; it remains for us to express the time
complexity of the first algorithm in terms of d also.
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n First algorithm Second algorithm

1 0 0

2 1 2

3 2 2

4 3 3

5 4 3

6 5 4

7 6 4

8 7 4

9 8 4

10 9 5

11 10 5

12 11 5

13 12 5

14 13 6

15 14 6

16 15 5

32 31 6

64 63 7

Table 13.1



Suppose that the input to the first algorithm is a string of d bits
corresponding to the binary representation of n. For a fixed value of d,
the ‘worst case’ occurs when n is the largest number with d bits in its
binary representation: n = 2d – 1. We know already that the time
complexity of the algorithm is n – 1. The time complexity in terms of d
therefore equals 2d – 2.

In order to establish what we suspect to be the case, that the second
algorithm is faster, it remains only to show that 2(d – 1) is less than 2d – 2
when d is sufficiently large. This can be done by proving that 2d < 2d

when d 3. The proof, using induction on d with d = 3 as the base step, is
left as an exercise.

In general, the time complexity of an algorithm is a function:

f f n: , ( )N N� �maximum number of dominant operations performed if
the input size is n.

When once the time complexity has been expressed as a function in this
way, comparing two algorithms amounts to comparing two functions
with domain and codomain N, to determine which function takes larger
values when the variable is sufficiently large. For this purpose, it will pay
us to investigate some of the functions that can arise as the time
complexity of algorithms.

Although we have specified N as the codomain in our definition of the
time complexity of an algorithm, it is actually more convenient to treat
time complexity as a real-valued function. A function of this type may
take non-integer values, yet it can still be a good approximation to the
true time complexity. For the rest of this chapter, we will take R rather
than N to be the codomain of time complexity functions.

Among the most important functions arising in this context are the
polynomial functions:

where the constants ak, ak – 1, ak – 2, ..., a0 (the coefficients) are real
numbers, and the non-negative integer k is the degree of the polynomial.
The algorithms in Examples 13.2.1 and 13.2.2 both have time complexity1

n – 1, which is a polynomial with degree 1. An algorithm with nested For-
do loops, such as the one in Chapter 1, Exercise 12, may have a
polynomial of degree 2 as its time complexity. In fact, if we take the
dominant operation in that algorithm to be the divisibility test performed
within the inner For-do, then the time complexity of the algorithm is n2,
where n is the natural number input.
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1 To be precise but pedantic, the time complexity is the function f whose rule is
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Example 13.3.1 Two algorithms, A and B, have time complexities f and g respectively,
where f(n) = n2 and g(n) = 3n2 – 3n + 1. Determine which algorithm is
faster.

Solution A good starting-point is to try to find a value of n such that f(n) = g(n).
We can do this here by solving the equation n2 = 3n2 – 3n + 1. Upon
collecting all the terms on one side, we obtain the quadratic equation:

2n2 – 3n + 1 = 0

The left-hand side can now be factorised:

(2n – 1)(n – 1) = 0

The solutions are n = 1/2 and n = 1. The larger solution, n = 1, is the one
of interest from the point of view of analysing the behaviour for large
values of n. We expect that one of the two functions f and g will be larger
for all values of n greater than 1. This is in fact the case; if n > 1 then the
two factors, 2n – 1 and n – 1, are both positive, so 2n2 – 3n + 1 > 0. Hence
3n2 – 3n + 1 > n2, so Algorithm A is faster.

In general, it is the term of the polynomial that contains the highest
power of n that is critical in the analysis of time complexity. For this
reason, monomials (polynomials with only one term) are especially
important in this work.

Example 13.3.2 Two algorithms, A and B, have time complexities f and g respectively,
where f(n) = n3 and g(n) = 10n2. Determine which algorithm is faster.

Solution We begin by solving the equation n3 = 10n2. Dividing both sides by n2

(which is permissible, because we may assume in this application that n is
positive), we obtain n = 10. It is now clear that n3 > 10n2 when n > 10
(just multiply both sides of the inequality n > 10 by the positive quantity
n2). Therefore f(n) > g(n) when n is sufficiently large, so Algorithm B is
faster.

Essentially the same argument as we used in Example 13.3.2 can be used
to establish the following result: if k k+ �and if a and b are positive
constants, then an bnk k+ � for sufficiently large values of n. It is the
exponents k and �k that really matter; if they are different, then the values
of a and b have no effect on the result, provided that n is sufficiently
large.

13.4 The fourth approximation and the O(f) notation

The three approximations we have made so far have certainly seemed
very reasonable. By contrast, our fourth and last approximation, for
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which we will introduce the notation O(f) (the so-called ‘big O’ notation),
will probably appear rather drastic. Nevertheless, this approximation is
useful, and it is commonly made in the analysis of the time complexity of
algorithms.

We introduce the fourth approximation by considering the following
sequence of functions of n, which we can think of as time complexities:

n, 2n, 3n, 4n, …

We can see that each term is greater than the previous term, provided
that n is positive. If the terms are the time complexities of algorithms,
then the algorithms become slower as we move further along the
sequence. In fact, we can state precisely by what factor any given term is
greater than some earlier term; 6n is 3 times 2n, for example.

Now consider the function n2. It is greater than all of the functions in
the sequence above, in the sense in which we have been comparing time
complexities. (To see this, note that n2 > kn when n > k, no matter what
the value of k is.) It is not possible to state a constant factor by which n2 is
greater than kn, however, because the ratio of n2 to kn is n/k, which
increases without bound as n increases. We say that n2 is an ‘order of
magnitude’ greater than the functions in the list above.

When we make the fourth of our approximations, all of the functions n,
2n, 3n, 4n, … will be treated as the same, while n2 will be treated as larger.
It may seem surprising that such a drastic approximation could be useful;
after all, it means, for example, that 1 000 000n is to be treated no
differently from n itself, even though the first function is a million times
larger than the second. It is certainly true that this approximation will
have to be treated with caution, and there will be times when it will not be
appropriate to make it. Nevertheless, it turns out to be very useful.

Fourth approximation: Don’t distinguish between two time complexities if
the growth rate of one is a constant multiple of the growth rate of the
other.

In order to implement this approximation in practice, the following
definition is useful.

Definition Let f and g be time complexities. Then f is O(g) if there is a positive
number c such that f n cg n( ) ( )% for all sufficiently large values of n. (O(g)
is read ‘big O of g’, where O is the letter ‘oh’, not the number zero.)

The expression ‘sufficiently large’ in the definition means that there is a
number N such that the condition f n cg n( ) ( )% is satisfied whenever n > N
(but not necessarily when n N% ). This is consistent with the third
approximation, which says that we need only consider what happens
when the input is large.

Informally, ‘f is O(g)’ means f is less than or equal to g in the sense of
the fourth approximation. If Algorithms A and B have time complexities f
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and g respectively, and f is O(g), then either A is faster than B or A has a
running time of the same order of magnitude as B.

When the ‘big O’ definition is used in practice, f is usually the time
complexity of the algorithm we are investigating, and g is a simple
function such as g(n) = nk.

Example 13.4.1 Let f(n) = 5n and g(n) = n. Show that f is O(g).

Solution In order to show that f is O(g), we need to find a positive number c such
that 5n cn% for all sufficiently large values of n. There is an obvious value
of c that satisfies this requirement: c = 5. Therefore f is O(g).

The value of c in Example 13.4.1 is not unique; we could have set c equal
to 6, or indeed to any number greater than 5, and the reasoning would
still have been correct.

Example 13.4.2 Let f(n) = 3n + 10 and g(n) = n. Show that f is O(g).

Solution We seek a positive number c such that 3 10n cn! % when n is sufficiently
large. It is clear that c = 3 won’t work, so we try c = 4. There are some
values of n (n = 1, for example) for which 3n + 10 > 4n; however, it could
still be the case that 3 10 4n n! % when n is large, so we should check this
possibility before we rule out c = 4. Solving the equation 3n + 10 = 4n, we
obtain n = 10 as the critical value of n.

The reasoning now runs as follows: Let n 10. Then 3 3 10n n n!  ! , so
3 10 4n n! % . Therefore the condition is satisfied with c = 4, so f is O(g).

In practice, only the final steps of the reasoning should be presented as
the solution; the rest is ‘rough working’.

Example 13.4.3 Let f(n) = n2 and g(n) = n. Show that f is not O(g).

Solution In order to show that f is not O(g), we have to prove that there is no value
of c satisfying the condition in the definition. In other words, we need to
show that there is no number c such that n cn2 % for all sufficiently large
values of n.

Suppose that such a number c did exist. Then from n cn2 % it would
follow that n c% , for all sufficiently large values of n. But this is clearly
impossible; no matter what value we give to c, n could always be chosen
to be a larger number. Therefore f is not O(g).
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The next example is important, because it illustrates a technique which
can be applied whenever the time complexity of an algorithm is a
polynomial function.

Example 13.4.4 Let f(n) = 2n4 – 5n3 + 10n2 – 6n + 9 and g(n) = n4. Show that f is O(g).

Solution The domain of any time complexity function is N, so n is positive. If the
negative terms of the polynomial are deleted, the resulting polynomial
will be larger. Thus:

If some of the terms on the right-hand side are replaced by terms with a
higher power of n, the new terms will be larger. Thus we can write:

Putting the two inequalities together, we obtain:

Taking c = 21 in the definition, we conclude that f is O(g).

There is no need to find the smallest value of c that works. In Example
13.4.4, it would be possible, with more effort, to find a value of c smaller
than 21 that could be used, but there would be no point in doing so.

The technique used in Example 13.4.4 can be used to establish the
following important result.

Theorem If f is a polynomial with degree k, then2 f is O(nk).

For example, if f(n) = 6n2 + 8n – 5 then f is O(n2). It would also be true to
say that f is O(n3), or indeed that f is O(nk) where k is any number greater
than 2, but these statements are weaker than the statement that f is O(n2);
they don’t say as much as ‘f is O(n2)’ is saying. As a general rule, we try to
make the strongest statement we possibly can; hence we say in this case
that f is O(n2) rather than, for instance, f is O(n3).

How does all this work in practice? If two algorithms have time
complexity O(n2), then their running times have the same ‘order of
magnitude’, although one could still be many times faster than the other.
If a third algorithm has time complexity O(n3), then it is slower than the
other two by an order of magnitude. Not only would it run more slowly
than the other two algorithms (for large input), but the discrepancy in the
running times would increase rapidly as the size of the input increased.
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Provided we exercise a little caution, we can usually say that an algorithm
with time complexity O(n2) is faster in practice than one with time
complexity O(n3).

13.5 Sorting algorithms

In order to put the theory we have been developing into a practical
setting, we will look at the problem of designing an algorithm for sorting
records into a specified order. Practical examples of sorting abound: a
company database may contain records of employees that need to be
sorted into alphabetical order of surname, or chronological order of date
of employment; an on-line library catalogue may sort records of its
holdings alphabetically by author or title, or numerically by call number;
and a computer operating system may sort files by filename, date of
creation, or the frequency with which the file is accessed.

In each of these examples, the records contain a sorting key – a variable
whose values can be compared one with another, in order to determine
where each record is to appear in the sorted list. We will assume that
these keys are numbers, and that the records are to be sorted so that the
keys are in increasing order. We will also assume that if two records have
the same key, then it does not matter which record appears first in the
sorted list. Essentially, then, we have a list of numbers that need to be
sorted into increasing order.

Let n be the length of the list of numbers to be sorted. We saw in
Chapter 9 that n items can be arranged in n! ways. An algorithm that
sorted the list by checking each permutation in turn to find out whether
the numbers were correctly ordered would surely be highly inefficient (we
will prove later that this is the case), so it is clear that a better method is
needed. Many sorting algorithms have been developed, each of which has
advantages and disadvantages depending on the situation. Here we will
look at a simple insertion algorithm for sorting.

Let x1, x2, ..., xn be the list of numbers in the order in which they are
input. The sorting will be carried out in place; each step in the algorithm
will involve rearranging the numbers in some way, and the algorithm will
terminate when the correct order is attained.

Imagine that we are already part-way through sorting the list, so that
the first k numbers, x1, x2, ..., xk, have been put into increasing order. If
we now insert the next term, xk + 1, into its correct position amongst the
numbers already sorted, then the first k + 1 numbers will be in their
correct order. This process can be repeated until the entire list has been
sorted. The starting point for the algorithm is the unsorted list, for which
we can take k = 1.

Here is an example showing how the process works, using the list 13, 8,
11, 2, 7 as input:
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Input: 13, 8, 11, 2, 7
After the first pass: 8, 13, 11, 2, 7
After the second pass: 8, 11, 13, 2, 7
After the third pass: 2, 8, 11, 13, 7
After the fourth pass: 2, 7, 8, 11, 13

In order to write this process as an algorithm, we need to specify how the
insertion point is to be found. For the moment, we will do this very
simply, by comparing the item to be inserted with each item in the sorted
list in turn, starting at the end of the sorted list and working towards the
start, until we have found the right place. A little later, we will investigate
how we can perform the insertion more efficiently.

Here is the algorithm:

1. Input x1, x2, ..., xn
2. For i = 2 to n do

2.1. insert xi�
{insert is to be inserted in its correct place in the sorted list
x1, x2, ..., xi – 1.}
2.2. j i� �1
2.3. While j 1and xj > insert do

2.3.1. x xj j! �1
2.3.2. j j� �1

2.4. x insertj! �1
3. Output x1, x2, ..., xn

The dominant operations here, from the point of view of the time
complexity, occur in the While-do loop at Step 2.3. The loop contains two
comparisons and a logical “and” operation in the While-do statement
itself, and a subtraction and two assignments in the body of the loop.
Thus it is the While-do loop that determines the time complexity.

Note that if the fourth approximation is being made, then we need not
concern ourselves with whether it is comparison or subtraction that is the
dominant operation, because this would only change the time complexity
by a constant factor. It follows that we can take the time complexity to be
just the number of iterations of the loop.

For a fixed value of i, the worst possible case occurs if xj is always
greater than insert, causing the statements within the While-do to be
executed i – 1 times. Now, taking account of the outer For-do loop, for
which i varies from 2 to n, the total number of iterations of the While-do
loop is given by the expression:

1 + 2 + 3 + ... + (n – 1)

In Example 7.2.1 in Chapter 7, it was proved using induction that

On replacing n by n – 1 in this result, we obtain the time complexity of the
algorithm:
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Applying the theorem from the previous section, we conclude that the
algorithm has time complexity O(n2).

The process for finding the place to insert the next term among the
terms already sorted makes no use of the fact that these terms are in
increasing order. We can improve the algorithm by employing a binary
search procedure. The method most people would use to look up a word
in a dictionary is perhaps not very different from a binary search – open
the dictionary in the middle first, determine in which half the word is to
be found, then apply the same procedure to the chosen half, repeating the
process until the word is found.

In the present example, the binary search procedure begins by
comparing insert with a number as near as possible to the middle of the
sorted list. If insert is less than the number, the search can be restricted to
the first half of the list; if it is not, then the search can be restricted to the
second half of the list. The restricted list is then divided in half again, and
the process is repeated until the insertion point is found.

Here is the modified version of the algorithm, incorporating the binary
search procedure:

1. Input x1, x2, ..., xn
2. For i = 2 to n do

2.1. insert xi�
2.2. lower_limit� 1; upper_limit� i
{lower_limit and upper_limit are respectively the leftmost and
rightmost positions in the list where insert could be inserted.}
2.3. While lower_limit < upper_limit do

2.3.1. j lower it upper it� !( _ _ )lim lim div 2
2.3.2. If insert < xj then

2.3.2.1. upper_limit� j
else
2.3.2.2. lower_limit� j + 1

{lower_limit = upper_limit after Step 2.3 has finished execution.}
2.4. For k = 1 to i – lower_limit do

2.4.1. x xi k i k� ! ��1
2.5. x insertlower it_lim �

3. Output x1, x2, ..., xn

The modified algorithm contains two inner loops: the While-do at Step
2.3, and the For-do at Step 2.4. In order to determine the time complexity
of the modified algorithm, we need to find out how many times each loop
is executed, expressed as a function of i. We explore this problem now.

When the While-do is entered for the first time, lower_limit = 1 and
upper_limit = i, and the number of positions where insert could be
inserted is i. After the steps within the While-do loop have been executed
once, the number of such positions is about half of its former value. (A
careful analysis shows that it might not be exactly half; if i = 9, for
example, then j is set to 5 and the number of positions is reduced to either
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4 or 5, depending on whether or not insert < xj. If we are making the
‘big O’ approximation, the fact that it is not exactly half is unimportant.)
With each iteration of the loop, the number of positions is reduced by
about half, and the loop terminates when the number reaches 1.

If i = 16 = 24, for example, the successive values for the number of
positions are 8, 4, 2, 1, and there will be four iterations of the loop. More
generally, if i is any power of 2, say i = 2m, there will be m iterations.

If i is not a power of 2, we can still write i = 2m and then express m in
terms of i, but the result will not be an integer. The number m satisfying
the equation i = 2m is the base 2 logarithm of i. The base 2 logarithm of i
is sometimes written log2 i, but base 2 logarithms arise so frequently in
the analysis of algorithms that another notation, lg i, is in common use.
This leads to the following definition.

Definition If n is a positive number, then lg n is the number m that satisfies the
equation n = 2m.

For example, lg 8 = 3 (because 23 = 8), and lg 16 = 4 (because 24 = 16).
Without the aid of a calculator, we can say that lg 10 must lie somewhere
between 3 and 4. If a numerical approximation to lg 10 is needed, it can
be obtained from a calculator with a natural logarithm key by using the
formula:

lg
ln

ln
n

n
�

2

where ln denotes the natural logarithm function.
We see now that the number of iterations of the While-do loop in the

sorting algorithm incorporating the binary search is approximately lg i.
Turning to the For-do at Step 2.4, we see that the worst case occurs if

lower_limit =1, so that insert is inserted at the start of the list. In this case,
the number of iterations of the For-do loop is i – 1.

Which of the loops dominates the time complexity of the algorithm? In
order to answer this and related questions, we need to know how the
growth rate of lg n compares with the growth rates of the monomial
functions nk. The answer is provided by the following results:

lg n is O(n)

n is not O(lg n)

You are asked to prove that lg n is O(n) in Exercise 10 at the end of this
chapter. In order to prove that n is not O(lg n), we need to show that there
cannot be a number c such that n c n% lg for all sufficiently large values of
n. We can make this very plausible by writing the inequality in the form:

n
n

c
lg
%
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If a number c existed with this property, then n/(lg n) would not increase
without bound as n increased. However, if we evaluate n/(lg n) for various
values of n, we are strongly led to suspect that it does increase without
bound. We will outline a proof of this result in the exercises.

These results show that lg n grows more slowly than n. In fact, it can be
proved that lg n grows more slowly than nk, where k can be any positive
number, no matter how small.

Now that we have established the growth rate of lg n, we can find the
time complexity of the sorting algorithm with binary insertion. Because
lg n grows more slowly than n, the algorithm is dominated by the For-do
at Step 2.4. In the worst case, the total number of iterations of the loop
when the algorithm is executed is 1 + 2 + 3 + ... + (n – 1), so the time
complexity is O(n2), the same as for the first version of the insertion sort
algorithm. The sorting algorithm is dominated by the process of shifting
the numbers to make room for the number to be inserted, so improving
the insertion process has not significantly changed the time complexity.

Is there a sorting algorithm that performs better than O(n2)? Yes; the
most efficient sorting algorithms have time complexity O(n lg n). One
such algorithm is presented in Exercises 12 and 13.

13.6 Tractable and intractable algorithms

At this stage, we know how to estimate the time complexity of algorithms
and use the results to compare the running times of different algorithms, at
least in simple cases where the time complexity is a function whose growth
rate we know. We would now like to extend the list of functions that could
arise as time complexities, and look at the problem of classifying algorithms
according to whether they can be executed within a realistic period of time.

A good way to start is to look at some of the algorithms we have studied in
earlier chapters. The algorithm we encountered in Chapter 10 for finding an
Eulerian circuit in an Eulerian graph is one such algorithm. Here it is again:

1. Input an Eulerian graph G, with vertex set V(G) = {v1, v2, ..., vm} and
edge set E(G) = {e1, e2, ..., en}.

2. circuit v� 1; unused edges E G_ ( )�
3. While unused edges_ "
 do

3.1. insertion po_ int� first vertex in circuit with unused edges incident
to it

3.2. v insertion po� _ int; new circuit v_ �
3.3. Repeat

3.3.1. e� first element of unused_edges incident to v
3.3.2. v� vertex adjacent to v via edge e
3.3.3. new circuit new circuit e v_ _ , ,�
3.3.4. unused edges unused edges e_ _ { }� �
until no element of unused_edges is incident to v

3.4. circuit� (circuit before insertion_point), new_circuit,
(circuit after insertion_point)

4. Output circuit
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The steps within the While-do at Step 3 are executed at most n times,
where n is the number of edges in the graph. With each iteration of the
While-do, the steps within the Repeat-until at Step 3.3 are executed m
times in the worst case, where m is the number of vertices in the graph.
(We could be more precise here, and allow for the fact that the number of
unused edges decreases with each iteration of the While-do, but this
would make the analysis more difficult.) The statements within the
Repeat-until will therefore be executed O(mn) times altogether.

Now, looking carefully at the steps within the Repeat-until, we see
that Step 3.3.1 involves a search for the first element of unused_edges that
is incident to v. This means examining all of the elements of
unused_edges until the required edge is found, which in the worst case
would take n comparisons. The time complexity of the algorithm is
therefore O(mn2).

How do we measure the size of the input? A careful answer to this
question would require us to examine the way in which the graph is to be
input (as an adjacency matrix, for example), and then to relate the
number of edges and vertices of the graph to the number of bits in the
input. In the present example, however, we will disregard this
complication and express the complexity as a function of n, the number
of edges.

Note that n cannot be less than m – 1 in a connected graph, because
n = m – 1 for a tree, and removing an edge from a tree produces a
disconnected graph. Therefore either m and n have the same order of
magnitude, or m has a smaller order of magnitude than n. Hence we can
write the time complexity of the Eulerian circuit algorithm as O(n3).

We now turn our attention to the corresponding problem for
Hamiltonian circuits. Recall that a Hamiltonian circuit is a circuit that
visits each vertex exactly once and then returns to the starting vertex.
When we studied Hamiltonian circuits in Chapter 10, we did not provide
an algorithm for finding a Hamiltonian circuit in a Hamiltonian graph.
One way of searching for a Hamiltonian circuit in a graph would be to test
every permutation of the vertices to find out whether the permutation
corresponds to a circuit. This doesn’t seem to be a very efficient way of
solving the problem, but just how inefficient is it?

We know that there are n! permutations of the n vertices. Even without
analysing how long it would take to check a particular permutation, the
process of generating all of the permutations will be very time-consuming
if n is large. We can prove this by establishing the following results:

2n is not O(nk), for any value of k

2n is O(n!)

We have already established that n is not O(lg n). This means that there is
no number k such that n k n% lg for all sufficiently large values of n. We
can obtain an inequality that is equivalent to n k n% lg by raising 2 to the
power of each side of the inequality:

2 2n k n% lg
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Now:

2k lg n = (2lg n)k = nk

and so the original inequality is equivalent to the following one:

2n kn%

Therefore we can say that there is no number k such that 2n kn% for all
sufficiently large values of n. This proves the first result.

To prove the second result, we can use the definition of n! to obtain the
following inequality:

Therefore 2 2n n% !, so 2n is O(n!) (taking c = 2 in the definition of
‘big O’).

What these results tell us is that an algorithm that has time complexity
O(2n) or O(n!) (and that does not have time complexity O(f) for some
smaller function f) is always slower than an algorithm that has a
polynomial for its time complexity.

In fact, it is possible to say rather more. From a practical point of view,
an algorithm with a polynomial time complexity and ‘realistic’ input can
usually be executed within a reasonable amount of time if a sufficiently
powerful machine is available. Conversely, if the time complexity is O(2n)
or O(n!), then the execution time grows so rapidly as a function of the size
of the input that it will usually be impracticable to run the algorithm
when once the input exceeds a very modest size. In this context, the
following definition is useful.

Definition An algorithm is tractable if its time complexity is O(nk) for some number
k, where n is the size of the input (in number of bits).

Algorithms with polynomial time complexities are tractable. Algorithms
with exponential time complexities such as 2n are intractable, as are
algorithms with time complexity n!. Thus our algorithm for finding an
Eulerian circuit is tractable, while the search for a Hamiltonian circuit by
checking each permutation of the vertices is intractable.

There are many problems of practical interest for which no tractable
algorithm is known. The Hamiltonian circuit problem falls into this class;
while it is true that there are more efficient ways of solving the problem
than the way we proposed, no-one has yet constructed an algorithm that
performs the task in polynomial time. We met another example in
Chapter 11 – the Travelling sales representative problem, again with the
input size measured by the total number of vertices in the graph. Here are
some further examples of problems with no known tractable algorithm
for their solution: factorising a natural number into primes (with input
size measured by the number of digits in the number), determining
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whether two graphs are isomorphic (where the input size is the total
number of vertices and edges), and determining whether a logical
expression is a tautology (where the input size is the number of variables
in the expression). In connection with the last of these problems, notice
that constructing a truth table is an intractable algorithm, because a truth
table for an expression with n variables has 2n rows. If a logical expression
has a large number of variables, constructing a truth table for it becomes
infeasible.

It might seem that we are being rather dogmatic in claiming that
algorithms that cannot run in polynomial time will also take an
impossibly long time to run on a real computer. After all, computer
technology is advancing rapidly, and it could be argued that computers in
the future might be able to execute algorithms that seem impractical at
present.

A look at some figures should persuade you that this argument cannot
be sustained. Suppose we have at our disposal a ‘1 teraflop’ machine that
performs 1012 floating-point operations (operations with real numbers)
per second. If we take a floating-point operation to be the ‘time-
consuming operation’ in our analysis of time complexity, we can calculate
how long algorithms with various time complexities would take to run as
a function of the input size. The results are shown in Table 13.2.

Even a computer of the future that could run billions of times faster
would scarcely make a dent in the astronomical figures in the lower right-
hand corner of Table 13.2. In the face of figures like these, the fact that we
have made a few approximations along the way in order to obtain them
hardly seems relevant.
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Input size

Time complexity 10 100 1000

n 10–11 s 10–10 s 10–9 s

n lg n 3 × 10–11 s 7 × 10–10 s 10–8 s

n2 10–10 s 10–8 s 10–6 s

n3 10–9 s 10–6 s 10–3 s

n4 10–8 s 10–4 s 1 s

n5 10–7 s 10–2 s 17 min

n10 10–2 s 3 yr 3 × 1010 yr

2n 10–9 s 4 × 1010 yr 10281 yr

n! 4 × 10–6 s 10138 yr 102548 yr

Table 13.2



In fact, there are a few exceptions to the situation as we have portrayed
it here. One exception arises in the branch of mathematics known as
linear programming, which deals with certain types of problems in which
a quantity (such as profit) is to be maximised subject to certain
constraints (such as limitations on the availability of labour and
materials). One algorithm in widespread use for solving linear
programming problems (the ‘simplex’ method) is actually known to be
intractable in the sense we have defined it. In this case, it is our second
approximation that is to blame; the linear programming problems that
arise in practice can always be solved much more efficiently than the
theoretical ‘worst case’.

Isolated exceptions such as this, however, do not substantially alter the
general conclusion, which is that an intractable algorithm will almost
always be impractical to implement on a computer except when the input
is small. If a problem of practical importance has no known tractable
algorithm, we must make a choice. In some problems, an approximate
solution may be acceptable; for example, in the Travelling sales
representative problem, we might design an algorithm to find a circuit
that is fairly short but not necessarily the shortest possible. Otherwise, we
must accept that we have reached the limits of current knowledge, and
that the problem cannot be solved until such time as a tractable algorithm
has been developed. It is with these sobering thoughts that we conclude
our study of algorithms.
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EXERCISES
1 Identify the dominant operation in the algorithm in Chapter 1,

Exercise 10. Hence obtain an expression for the time complexity
of the algorithm as a function of n.

2 For the algorithm you obtained as the answer to Chapter 1,
Exercise 6, identify the dominant operation, and hence obtain an
expression for the time complexity in the worst case.

3 Trace the algorithm in Section 13.3 for evaluating xn, with x = 2
and n = 10112.

4 Find the number of multiplications needed when x15 is calculated
as:

(a) ((x2)2)2(x2)2x2x

(b) ((x2)2x)3

5 Two algorithms, A and B, have time complexities f and g
respectively, where f(n) = 3n2 + n – 4 and g(n) = n2 + 2n + 2.
Without using the ‘big O’ approximation, determine which
algorithm is faster.

6 Use the definition of ‘big O’ to show that f is O(g) for the
following functions f and g:
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(a) f(n) = 8n, g(n) = n

(b) f(n) = 4n – 1, g(n) = n

(c) f(n) = 2n2 + 5n – 3, g(n) = n2

(d) f(n) = n2, g(n) = n3

7 Let f(n) = n3 and g(n) = n2. Use the definition of ‘big O’ to show
that f is not O(g).

8 Using any of the results obtained in the text, rank the following
complexities in increasing order in the sense of ‘big O’. Identify
any complexities that are equivalent in the ‘big O’ sense.

n3 + 4n, n2 lg n, 3 × 2n, 10n + 13, n2 + n lg n, n – 4, n n

9 Trace the insertion sort algorithm with the binary search
procedure, using the sequence 8, 5, 7 as input.

10 Prove that lg n is O(n). (Use the fact that 2n > n for n 0, which
you proved in Chapter 7, Exercise 20(c).)

11 Prove that n/(lg n) increases without bound, using the following
steps:

1. In the result 2n > n, which we already know to be true when
n 0, replace n by k – 1, and hence show that 2k – k > k – 2
when k 1.

2. By substituting n k� 22 in n/(lg n), show that

n
n

k
lg
+ �2 2

3. Deduce from Step 2 that n/(lg n) must increase without bound
as n increases.

12 The following function merges two sorted lists, that is, it takes as
its arguments two lists of numbers sorted into increasing order,
and returns a single list of all the numbers in the two original
lists, sorted into increasing order.

Function merge((a1, ..., am), (b1, ..., bn)):
{a1, a2, ..., am and b1, b2, ..., bn are sorted lists}
1. i�1; j�1; k�1
2. While i m% and j n% do

{Append the smaller of ai and bj to the merged list.}
2.1. If ai < bj then

2.1.1. c ak i�
2.1.2. i i� !1
else
2.1.3. c bk j�
2.1.4. j j� !1

2.2. k k� !1
3. If j > n then
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{All the bjs have been merged. Append the remaining ais to the
merged list.}
3.1. While k m n% ! do

3.1.1. c ak i�
3.1.2. i i� !1
3.1.3. k k� !1

else if i > m then
{All the ais have been merged. Append the remaining bjs to the
merged list.}
3.2. While k m n% ! do

3.2.1. c bk j�
3.2.2. j j� !1
3.2.3. k k� !1

4. merge c c cm n� !( , , , )1 2 �

(a) Trace the algorithm with the sorted lists 3, 6, 8 and 4, 7. Use
a table with columns for i, j, k, ai, bj and ck.

(b) Taking the “dominant operation” to be all the statements in
one iteration of any of the While-do loops, what is the time
complexity of the algorithm?

13 The following recursive algorithm uses merging to sort a list of
numbers:

Algorithm mergesort(x1, ..., xn):
1. If n > 1 then

1.1. � �mergesort x x n( , , )/1 2�

1.2. � �mergesort x xn n( , , )/2 1! �

1.3. � � � �( , , ) (( , , ), ( , , ))/ /x x merge x x x xn n n n1 1 2 2 1� � �� !
(In words: Divide the list into two sublists, sort each sublist, then
merge the two sorted sublists. The sublists are themselves sorted
using the same algorithm.)

Let an be the number of times the dominant operation is
executed, where “dominant operation” means the dominant
operation in the merge, as defined in Exercise 12.

(a) Suppose n is a power of 2: n = 2m. Show that
a am m

m
2 22 21� !� , with a1 = 0.

(b) Prove by induction on m that a mm
m

2 2� for m = 0, 1, 2, ....
Deduce that an = n lg n if n is a power of 2.

(c) Now suppose n is any natural number. Use the result of (b)
to show that an < 2n lg(2n). Deduce that the mergesort
algorithm has time complexity O(n lg n).

14 Consider the problem of obtaining a ‘big O’ estimate of the time
complexity of Prim’s algorithm in Chapter 11 as a function of the
number of vertices, n, and the number of edges, m, in the graph.

(a) Obtain a ‘big O’ estimate of the time complexity of Step 3.1
of Prim’s algorithm, assuming that the process of
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determining whether an edge is incident to exactly one
vertex could require that each vertex be investigated.

(b) Hence obtain a ‘big O’ estimate of the time complexity of
Prim’s algorithm.

15 Comment on the tractability of an algorithm that lists all of the
subsets of a set with n elements.



Answers to exercises

Chapter 1

1 1. Input the number of values n
2. Input the list of numbers x1, x2, ..., xn
3. min� x1
4. position�1
5. For i = 2 to n do

5.1. If xi < min then
5.1.1. min� x1
5.1.2. position� i

6. Output min, position

2 1. Input hours, minutes, seconds
2. answer hours utes onds� # ! # !3600 60 min sec
3. Output answer

3 1. Input n
2. sum� 0
3. For i = 1 to n do

3.1. sum sum i� ! 2

4. Output sum

4 1. Input price, tendered
2. If tendered < price then

2.1. Output ‘Amount tendered is not sufficient.’
else
2.2. ch e tendered pricearg � �
2.3. Output change

5 1. Input income
2. If income%5400 then

2.1. tax� 0
else if income% 20700 then
2.2. tax income� # �0 2 5400. ( )
else if income%38000 then
2.3. tax income� ! # �3060 034 20700. ( )
else if income%50000 then
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2.4. tax income� ! # �8942 043 38000. ( )
else
2.5. tax income� ! # �14102 047 50000. ( )

3. Output tax

6 1. Input x1, x2, ..., xn
2. i�1
3. order ok_ � true
4. While i < n and order_ok do

4.1. If xi > xi + 1 then
4.1.1. order ok_ � false

4.2. i i� !1
5. If order_ok then

5.1. Output ‘Numbers are in order.’
else
5.2. Output ‘Numbers are out of order.’

7 1. Input x, n
2. answer �1
3. For i = 1 to n do

3.1. answer answer x� #
4. Output answer

8 (a)

(b) 1, 2, 3, 4, 5, 6, 7, 8, 9
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Step n d Output

1 8678 – –

2 8678 4 –

3 8678 4 –

3.1 29 4 –

3.2 29 2 –

3 29 2 –

3.1 11 2 –

3.2 11 2 –

3 11 2 –

3.1 2 2 –

3.2 2 1 –

3 2 1 –

4 2 1 2



9 (a) 2 (b) 0 (c) The process never terminates (d) No

10 (a)

(b) Yes. The steps are well defined. The execution sequence is well
defined. Step 3 is executed n – 1 times, so the process always
terminates.

11 1. Input n
2. Input c1c2...cn
3. excess left_ � 0; i�1
4. While i n% and excess left_  0 do

4.1. If ci = ‘(’ then
4.1.1. excess left excess left_ _� !1
else if ci = ‘)’ then
4.1.2. excess left excess left_ _� �1

4.2. i i� !1
5. If excess_left = 0 then

5.1. Output ‘Parentheses paired correctly.’
else
5.2. Output ‘Parentheses paired incorrectly.’

12 (a) 1st pass: 1111111111
2nd pass: 1010101010
3rd pass: 1000111000
4th pass: 1001111100
5th pass: 1001011101
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Step n answer Output

1 4 – –

2 4 4 –

3 4 4 –

3.1 3 4 –

3.2 3 12 –

3 3 12 –

3.1 2 12 –

3.2 2 24 –

3 2 24 –

3.1 1 24 –

3.2 1 24 –

3 1 24 –

4 1 24 24



6th pass: 1001001101
7th pass: 1001000101
8th pass: 1001000001
9th pass: 1001000011
10th pass: 1001000010

(b) ai = 1 if i is a perfect square, ai = 0 otherwise.

13 (a) 7, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1

Chapter 2

1 3 × 102 + 9 × 101 + 4 ×100 + 2 ×10–1 + 7 × 10–2

2 (a) 10110 (b) 87.687510

3 (a) 11001110102 (b) 0.010112
(c) 11001000100.00112 (d) –111010111.012

4 (a) 0.001102 (b) 1101.011112

5 (a) The integer is multiplied by 2.
(b) The integer is multiplied by 2, and 1 is added.

6 (a) 250910 (b) 387.32812510 (c) 318210
(d) 762.510

7 (a) 372610 (b) 18209510 (c) 3601810
(d) 1497929510

8 1. Input b {b is the base}
2. Input d1d2...dn {the number to be converted, expressed in base b}
3. answer d� 1
4. For i = 2 to n do

4.1. answer answer b di� # !
5. Output answer

9 (a) 74028 (b) 443.748

10 (a) 746B16 (b) 1B32.9416

11 (a) 16468, 3A616 (b) 305.168, C5.3816

12 (a) 101001112 (b) 11001.1100112 (c) 1001001110112
(d) 10101101.0001112

13 (a) 74, 1D (b) CE, 73
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14 (a) 110010112 (b) 11110002
(c) 10001102 (d) 10112
(e) 111101112 (f) 10001000102
(g) 1102 (h) 111.0102

15 (a) 111, 1 1, 10, 11, 1, 0, 1,11, 10, 11,11 1
(b) Replace each occurrence of 1 by 1, and each occurrence of 1 by 1.

This corresponds to replacing each 1 by –1 and each –1 by 1 in
the expansion of n in terms of powers of 3, while zeros remain
unchanged. The effect of these replacements is to multiply each
term by –1, and hence n is multiplied by –1.

Chapter 3

1 (a) 001011002 (b) 100101112

2 1. Input b1b2...bn
2. i n�
3. While bi = 0 do

3.1. ci � 0
3.2. i i� �1

4. ci �1
5. For j = 1 to i – 1 do

5.1. c bj j� �1
6. Output c1c2...cn

4 (b) The 10’s complement of b is 10k – b, where k is the number of
digits in b. Therefore a plus the 10’s complement of b equals a +
10k – b. Ignoring the leftmost 1 is equivalent to subtracting 10k,
giving an answer of a – b.

5 (a) 01110100 01101011 (b) 11100000 00100101

6 48

9 0.11011101001001 × 210; 01000100 11101110 10010010 00000000

10 (a) 01000110 01011100 00011001 10000001
(b) 10111101 11001111 01000001 11110010

11 01000000 01001110 11101001 00100000

12 0.56 × 10–308 to 0.18 × 10309

13 Because the representation of real numbers is not exact, the condition
x = 10.0 may never be satisfied. Replace x = 10.0 with | x – 10.0 | < 0.05.

14 (a) 0.7097 × 108 (b) 0.6925 × 103 (c) 0.6700 × 10–2
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15 If the two numbers have equal exponents and almost equal
significands, so that the difference between the significands is less
than 0.1, then the normalised significand of the answer will have one
or more trailing zeros that are not significant. (An example where this
occurs is Exercise 14(c).)

Chapter 4

1 (a) ( )p q q�� � or
(b) � �( )p q not
(c) p q r� � �( ) if and only if
(d) [( ) ] [ ( ) ( )]p q r q r p r�� � � � �� � � first implies

2 (a) It is not snowing and I will go skiing.
(b) If it is snowing then I will go skiing.
(c) If I will not go skiing then it is snowing.
(d) It is snowing or I will not go skiing, and it is snowing.

3 (a)

(b)

4 (a) If an error message is not generated, then the input file exists.
If an error message is generated, then the input file does not
exist.

(b) If my program cannot run, then the database is not accessible.
If my program can run, then the database is accessible.

(c) If my program produces correct output, then it contains no bugs.
If my program doesn’t produce correct output, then it contains
bugs.

5 If I will go skiing then it is snowing.
If I will not go skiing then it is not snowing.
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p q p q� p q� � �( )p q ( ) ( )p q p q� �� �

T T T T F F

T F T F T T

F T T F T T

F F F F T F

p q p q�

T T F

T F T

F T T

F F F



6 (a)

Neither

(b)

Neither

(c)

Contradiction

(d)

Neither

7 (a) If for a particular set of truth values of the variables P is true, then
P Q� must be true, so there is no need to find the truth value of Q.

Discrete mathematics for computing
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p q � �� �( )p q p

T T T

T F T

F T T

F F F

p q [ ( )]p p q q� � ��

T T F

T F T

F T F

F F T

p q ( ) ( )p q p q� � � ��

T T F

T F F

F T F

F F F

p q r [( ) ( )] ( )p r q r p q� � � � ��

T T T F

T T F T

T F T T

T F F T

F T T T

F T F T

F F T T

F F F T



(b) (i)

(ii)

10 (a) p (b) p q� (c)� ��p q (d)� �� ��p q r

11 If x < 3 or x 6 then ...

12 1. n� 0
2. term�1
3. sum� 0
4. n n� !1
5. term term� / 2
6. sum sum term� !
7. While term 0001. and n"100 do

7.1. n n� !1
7.2. term term� / 2
7.3. sum sum term� !

13 (a) Tautology (b) Contradiction (c) Tautology

14 [( ) ]p q q p� � � ; not valid.

273

Answers to exercises

p q r [ ( ) ( )] [( ) ]� � � �� � � ��p q p r p r q

T T T F

T T F F

T F T T

T F F T

F T T F

F T F F

F F T F

F F F T

p q r �� � � �� ��[ ( )] ( )p q r p r

T T T T

T T F T

T F T T

T F F T

F T T F

F T F T

F F T F

F F F T



15 [( ) ( )]p q q p p�� � �� � ; not valid.

16 �� ��( )p q

17 (a) p | p (b) (p | q) | (p | q) (c) (p | p) | (q | q)

18 (a) 
xP x( ), where P(x) denotes ‘x2 – 3x + 2 = 0’; (or, more simply,

 � ! �x x x( )2 3 2 0 ). True.

(b) 	 
x yP x y( , ), where P(x, y) denotes ‘x = y2’. False.

19 (a) 	 � ! "x x x( )2 3 2 0 . For every number x, x x2 3 2 0� ! " .
(b) 
 	 "x y x y( )2 . There is a number x such that, for every number y,

x y" 2 .

20 (a) 
bB p b( , ) (b)
pB p b( , ) (c) 	 �p B p b[ ( , )]
(d) 
 
 " � �b c b c B p b B p c[( ) ( , ) ( , )]
(e) 	 	 	 � � �p q b B p b B q b p q{[ ( , ) ( , )] ( )]
(f) 	 �b O b[ ( )] (g) 	 � 
b O b pB p b{ ( ) [ ( , )]}
(h) 
 �b B p b O b[ ( , ) ( )]

24 (a) True (b) ‘This statement doesn’t have five words.’ True

26 Ask the second person: ‘Are you using the software on the network?’
Ask the third person: ‘Are you a student?’

Chapter 5

1 (a) {a, e, i, o, u} (b) {12, 15, 18} (c) {1, 6, 11, 16, 21, ...}

2 (a) {x�N: x% 20 and x is divisible by 4}
(b) {x: x is a string of 3 bits}
(c) {x: x = y2 for some natural number y}

3 (a), (c), (d), (e), (g) and (j) are true, the others are false.

4 (a) {9, 11} (b) {3, 6, 8, 9, 10, 11, 12} (c) {2, 4, 6, 8, 10, 12}
(d) {3, 6, 9} (e) {1, 2, 4, 5, 7, 8, 10, 11}

8 Yes:
has exactly one subset, namely
 itself.

9 (a) {(a, p), (a, q), (b, p), (b, q), (c, p), (c, q)}
(b) {(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), (c, b), (c, c)}
(c) {(p, p, p), (p, p, q), (p, q, p), (p, q, q), (q, p, p), (q, p, q), (q, q, p),

(q, q, q)}

10 (a) {entrées} × {main courses} × {desserts}
(b) L3 × D3, where L is the set of letters and D is the set of digits.
(c) {heads, tails}3
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11 (a) 0010 1101 0001 0010 (b) {0, 2, 5, 6, 8, 9, 10, 12, 15}
(c) 0010 0000 0000 0101

1011 1101 0111 1111
1100 1011 1001 0010
0101 0110 1110 1000

12 1. Input n
2. Input a1a2…an {string of bits representing A}
3. Input b1b2…bn {string of bits representing B}
4. For i = 1 to n do

4.1. If ai = 1 and bi = 0 then
4.1.1. ci �1
else
4.1.2. ci � 0

5. Output c1c2…cn

15 (a)
1 2 3 4 5

1

2

3

4

5

F F T T F

T T F T F

F F F F T

F F F F F

F T F F T

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

(b)

16 (a)

(b) Reflexive: the matrix has T along its principal diagonal. Not
symmetric: a R c but c is not related to a. Not transitive: a R c and
c R b but a is not related to b.

17 By changing the order of the elements in the underlying set, different
matrices representing the same relation can be produced.
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18 (a) Irreflexive, symmetric
(b) Irreflexive, antisymmetric
(c) Irreflexive, antisymmetric, transitive
(d) Reflexive, symmetric, transitive
(e) Reflexive, symmetric, transitive
(f) Reflexive, antisymmetric, transitive

19 (d) and (e) are equivalence relations. Equivalence classes for (d): all
sets of the form {x, –x} where x is a positive real number, and the set
{0}. Equivalence classes for (e): all sets of the form { : }x n x n% & !1
where n�N; all sets of the form { : }x n x n� & %� !1 ; and the set
{x: –1 < x < 1}.

20 Only (f) is a partial order relation.

21 (b) M3

Chapter 6

1 (a) Domain = R, codomain = R, range = R
(b) Not well defined
(c) Not well defined
(d) Domain = N, codomain = N, range = N
(e) Domain = R – {0}, codomain = R, range = R – {0}
(f) Not well defined
(g) Domain = N, codomain = J, range = {0, 1, 2, 3, 4, 5}
(h) Not well defined

2 (a) One-to-one, onto (b) Onto (c) One-to-one
(d) Onto (e) One-to-one
(f) One-to-one only if | |A %1

3

One-to-one and onto.

4 (b) Not one-to-one – two different strings can have the same check
digit. Onto – every digit can occur as a check digit.

(c) No; f is not one-to-one, so an incorrect code could have the same
check digit as the correct code.
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5 (a) ( )( ) ( )f f x x� � � �4 4 3 3
(b) ( )( ) ( )f g x x� � ! �4 1 32

(c) ( )( ) ( )g f x x� � � !4 3 12

(d) ( )( )f h x
x

x
� �

 

� &

'
(
)

1 0

3 0

if

if

(e) ( )( )h f x
x

x
� �

 

&

'
(
4

)4

1

0

3
4
3
4

if

if

(f) ( )( )g h x
x

x
� �

 

&

'
(
)

2 0

1 0

if

if

(g) ( )( )h g x� �1

6 (a) f f x
x� �� �
�1 1 2

3
: , ( )R R

(b) No inverse – not one-to-one (and not onto).
(c) g is its own inverse.
(d) h S S h s� �� �1 1: , ( ) the string obtained by moving the first

character to the end of the string.

7 (a) g f X g f x� �: , ( )( )� �N age of student with name x
f Y X f y� �� �1 1: , ( ) name of student with ID number y

(b) g is not onto, since there are elements of N that cannot possibly
correspond to ages of students. (g is presumably not one-to-one
either, since we would expect to be able to find two different
students of the same age.)

8 (a) ‘BARBARA HILL’, ‘barbara hill’
(b) No, since lwr upr� is not the identity function.

9 (a) (i) Yes; two different numbers cannot correspond to the same
English word.

(ii) No; some character strings are not words for numbers from 1
to 20.

(iii) No, since f is not onto.
(b) (i) 5 (ii) Does not exist (iii) Does not exist (iv) ‘five’

10 (a) Not one-to-one – two different natural numbers can have the
same digital root, for example, 2 and 11 both have a digital root
of 2. Not onto – the range of f is {1, 2, 3, 4, 5, 6, 7, 8, 9}, which is a
proper subset of the codomain.

(b) No, since f is not one-to-one (and not onto).
(c) f f f� �

Answers to exercises

277



Chapter 7

1 (a) 7, 11, 15 (b) 3, 6, 10 (c) 1, 3, 7
(d) 6, 15, 31

2 3, 5, 11

3 (a) 1. Input m
2. t� 3
3. Output t
4. For n = 2 to m do

4.1. t t� !4
4.2. Output t

(b) 1. Input m
2. t�1
3. Output t
4. For n = 2 to m do

4.1. t t n� !
4.2. Output t

4 20 = 1; 2n = 2 × 2n – 1 (n > 0)

5 t(1) = 1; t(n) = t(n – 1) + 2n – 1 (n > 1)

6 Recursive: t(1) = 2; t(n) = t(n – 1) + 5 (n > 1)
Non-recursive: t(n) = 5n – 3

7 t(1) = 1; t(n) = 2t(n – 1) + 3 (n > 1)

9 (a) 25 (b) 990 (c) 120 (d) n(n – 1)
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10

13 (a) 22 (b) 175 (c) 220

17 (a) t(n) = 5n – 2 (b) t(n) = 1/n (c) t(n) = n2 + 1

18 All natural numbers greater than or equal to 5.

19 All odd natural numbers.

21 (a) value(1) = 2; value(i) = value(i – 1) + i + 1 (i > 1)
(b) value(1) = 1; value(i) = value(i – 1) + (2i – 1)2 (i > 1)

23 (a) t n n( )�� # !1
4 4 3 (b) t n n n( ) ( )� # � #�1

12
1
34 2

(c) t n n n( ) ( )� � #16
9

7
9 3 (d) t n n n( ) ( ) ( )� #� � #�1

2
2
32 3

(e) t n n n( ) ( ) ( )� � ! #�9 6 1 (f) t n n n( ) ( )�� # ! #�2
25

3
255 5

25 (a) Function t(n):
1. If n = 1 then

1.1. t� 3
else
1.2. t t n� � !( )1 4

(b) Function t(n):
1. If n = 1 then

1.1. t�1
else
1.2. t t n n� � !( )1
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Step n f i Output

1 4 – – –

2 4 1 – –

3 4 1 1 –

3.1 4 1 1 –

3 4 1 2 –

3.1 4 2 2 –

3 4 2 3 –

3.1 4 6 3 –

3 4 6 4 –

3.1 4 24 4 –

4 4 24 – 24



26 (c) Algorithm write_sequence(m, last_term):
1. If m = 1 then

1.1. last term_ � 0
else
1.2. write_sequence(m – 1, secondlast_term)
1.3. last term ondlast term_ _� !2 1sec

2. Output last_term

(d) Algorithm write_sequence(m, last_term):
1. If m = 1 then

1.1. last term_ � 2
else
1.2. write_sequence(m – 1, secondlast_term)
1.3. last term ondlast term m_ _� !sec 2

2. Output last_term

27 (c)
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Copy 1 Copy 2 Copy 3

Step m last secondlast m last secondlast m last secondlast Output

Initially 3 – –

1.2 (hold)

Initially 2 – –

1.2 (hold)

Initially 1 – –

1.1 1 0 –

2 1 0 – 0

1.2 2 – 0

1.3 2 1 0

2 2 1 0 1

1.2 3 – 1

1.3 3 3 1

2 3 3 1 3



(d)

28 Algorithm test_for_all_zeros(n, all_zeros):
1. Input bn {the nth bit}
2. If n = 1 then

2.1. If b1 = 0 then
2.1.1. all zeros_ � true
else
2.1.2. all zeros_ � false

else
2.2. test_for_all_zeros(n – 1, all_zeros)
2.3. If all_zeros = true and bn = 0 then

2.3.1. all zeros_ � true
else
2.3.2. all zeros_ � false

29 Algorithm find_number_of_a(n, number_of_a):
1. Input cn
2. If n = 1 then

2.1. If c1 = ‘a’ then
2.1.1. number of a_ _ �1
else
2.1.2. number of a_ _ � 0

else
2.2. find_number_of_a(n – 1, number_of_a)
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Copy 1 Copy 2 Copy 3

Step m last secondlast m last secondlast m last secondlast Output

Initially 3 – –

1.2 (hold)

Initially 2 – –

1.2 (hold)

Initially 1 – –

1.1 1 2 –

2 1 2 – 2

1.2 2 – 2

1.3 2 6 2

2 2 6 2 6

1.2 3 – 6

1.3 3 15 6

2 3 15 6 15



2.3. If cn = ‘a’ then
2.3.1. number of a number of a_ _ _ _� !1

Chapter 8

1 Division by 0 is not defined. Division is a binary operation on R – {0},
because the quotient of two non-zero real numbers is always defined,
and is a non-zero real number.

2 (a), (c) and (d) are binary operations.

9 (a) Yes (b) No (c) No

10 (a) y (b) x × y (c) (x + y) × z (d) ( )�! � !x y z

11 (a) q p p q q� �� � �[ ( )] (b) B A A B B� � � �[ ( )]

12 (a) x + y

(b) �x y

(c) �! �! �x y z

13 (a) xy (b) x y z( )! �
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14 � � ! � ! � �! �x y z x yz xy z xy z

15 � � ! � � �! � �! �x y z x y z x yz xy z

16 (a) �! �x y (b) �! � �x y z (c) xy x z! � � (d) xy xz! �
(e) � ! � ! �! � �x y x w zw y z w
(f) xyw xzw x yz w x y zw x y z w�! �! � � ! � � ! � � � � (g) xy z xy w� ! � �

17 (a) ( )y xz x z! ! � � � (b) ( )�! �! �! � �x yz zw y z

18

19 Sample answer for segment 1 only: x z yw y w! ! ! � �

20 Units: xy x y�! � ; twos: xy
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21 Sum: xyz xy z x y z x yz! � �! � � ! � �; carry: xz + xy + yz

22 (a)

(b)
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23

Chapter 9

1 20

2 | | | | | | | | | | | | | | | |A B C A B C A B A C B C A B C� � � ! ! � � � � � � ! � �

3 {tea, coffee} × {full milk, reduced milk, no milk} × {sugar, no sugar}

4 17576000

5 (a) 80000000 (b) 38263752 (c) 41736248
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6 6100

7 (a) 4096 (b) 768

8 1828641201920

9 1 hour 48 minutes

10 (a) Approximately 1 hour (b) Approximately 41 years

11 (a) 151200 (b) 19958400 (c) 1287 (d) 1365

12 3575880

13 39916800

14 (a) 4368 (b) 1764

15 14

16 (a) 84 (b) 840 (c) 47040 (d) 94080

19 n = 6: 1, 6, 15, 20, 15, 6, 1; n = 7: 1, 7, 21, 35, 35, 21, 7, 1

20 2n

21 (a) For each element x there is a corresponding 1-element subset {x}.
(b) To each element x there corresponds the (n – 1)-element subset

containing every element except x.
(c) To each r-element subset X there corresponds the (n – r)-element

subset containing all the elements that are not in X.

Chapter 10

1 (a) Vertices: nodes; edges: electronic components (for example,
resistors); loops: no meaning; parallel edges: components in
parallel; directed edges could be used in a DC circuit to indicate
current flow.

(b) Vertices: atoms; edges: chemical bonds; loops: no meaning;
parallel edges: double or triple bonds; directed edges: no
meaning.

(c) Vertices: people; edges: two vertices are adjacent if the
corresponding people are friends; loops: no meaning; parallel
edges: no meaning; directed edges: no meaning (unless you
believe in one-way friendships!).

(d) Vertices: company employees; edges: two vertices are adjacent if
one person has managerial authority over the other; loops: no
meaning; parallel edges: no meaning; directed edges: used to
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show the direction of authority.
(e) Vertices: program modules; edges: two vertices are adjacent if

one module calls another; loops: used if a module calls itself
recursively; parallel edges: could perhaps be used if a module
contains more than one calling statement to another module;
directed edges: from the calling module to the module being
called.

2

(Check carefully that each graph you have obtained is isomorphic to
exactly one of the graphs shown above.)

4 (a) No such graph: the number of vertices with odd degree is odd.
(b)

6 [n(n – 1)]/2 – m

7 (a) (b)A B C D
A

B

C

D

0 1 0 2

1 1 1 0

0 1 1 1

2 0 1 0

-

�

.

.

.

.

/

�

0
0
0
0

A B C D E
A

B

C

D

E

1 0 0 1 0

0 0 1 0 1

0 1 0 1 0

1 0 1 1 1

0 1 0 1 0

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

8 (a) (b)
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9 (a) (b)A B C D
A

B

C

D

0

1 1

0 1 1

2 0 1 0

-

�

.

.

.

.

/

�

0
0
0
0

A B C D E
A

B

C

D

E

1

0 0

0 1 0

1 0 1 1

0 1 0 1 0

-

�

.

.

.

.

.

.

/

�

0
0
0
0
0
0

11 (a) f(A) = B, f(B) = A, f(C) = E, f(D) = D, f(E) = C
(b) f(A) = E, f(B) = F, f(C) = D, f(D) = A, f(E) = C, f(F) = B

12 (a) The second graph has a vertex with degree 4, while the first does
not.

(b) The second graph is connected, while the first is not.

13 (a)

Isomorphism: f(A) = D, f(B) = A, f(C) = C, f(D) = E, f(E) = B
(b) No.

15 (a) Semi-Eulerian. Eulerian path: Fcabhjidefg
(b) Eulerian. Eulerian circuit: Aabceijklgdhf
(c) Neither Eulerian nor semi-Eulerian
(d) Eulerian. Eulerian circuit: Aaikcebhjgfd

17 (a) Aabhjic
(b) No Hamiltonian circuit, since it is impossible to visit A and F

without visiting E and G twice.
(c) Cabdeij (d) Acebijd

20 (a) The number of paths of length 2 from vi to vj via vk equals:

(number of edges from vi to vk) × (number of edges from vk to vj)

The total number of paths of length 2 from vi to vj is then
obtained by summing these values for all vertices vk in G.

(b) The entry in the ith row and jth column of M2 is the number of
paths of length 2 from vi to vj in G.
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(c) A B C D
A

B

C

D

5 1 3 0

1 3 2 3

3 2 3 1

0 3 1 5

-

�

.

.

.

.

/

�

0
0
0
0

Chapter 11

1 (a) a, bce, cd, bde (b) aed, ef, bcf, afd, bce, abcd

2

3 (a)

(b) No such tree: a tree with 8 vertices must have 7 edges, but the
sum of the degrees of the vertices is 16, which does not equal
twice the number of edges.

4 15

5 (a) (b)

289

Answers to exercises



6 (a) A B C D E F
A

B

C

D

E

F

0 4 15 20

4 0 10 7 12

10 0 6

7 6 0 25

15 12 25 0

3 3

3

3 3 3

3 3

3 22

20 22 03 3 3

-

�

.

.

.

.

.

.

.

/

�

0
0
0
0
0
0
0

(b) A B C D E F G
A

B

C

D

E

F

G

0 28 8 18

28 0 30 22

30 0 10 5

10 0 9 1

3 3 3

3 3 3

3 3 3

3 3 3 2

9 0 20 16

8 20 0 24

18 22 5 12 16 24 0

3 3 3

3 3 3

-

�

.

.

.

.

.

.

.

.

.

/

�

0
0
0
0
0
0
0
0
0

7 Build the links AD, AE, AF, BD and CF, with a total cost of 295 cost
units.

8 (a) Path CBAF with length 34
(b) Path AGC with length 23

9 (a) (b) (c)

10 (a) + a × – b c d (b) – / × a b × c d / e f
(c) – – a + b + c d × × e f g

11 (a) a b c – d × + (b) a b × c d × / e f / –
(c) a b c d + + – e f × g × –

12 (a) ((a + b) – c) + (d × e) (b) (a × (b × c))/(((d + e) – f) – g)
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13 (b) 00011011 11110110 01011111 10101101 11110001 10100011
11000110 11111101 10010

(c) Letters that occur with higher frequency in English (such as E)
can be given shorter codes. This results in coded messages that
are shorter on average than if a fixed number of bits is used for
each letter.

Chapter 12

3 1. Input n
2. number of primes_ _ � 0
3. For i = 2 to n do

3.1. j�1
3.2. While j number of primes% _ _ and p ij �| do

3.2.1. j j� !1
3.3. If j = number_of_primes + 1 then

3.3.1. number of primes number of primes_ _ _ _� !1
3.3.2. p inumber of primes_ _ �

4. Output p1, …, pnumber_of_primes

4 (a) 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47
(b) 1. Input n

2. For i = 2 to n do
2.1. prime i( )� true

3. For i = 2 to n do
3.1. If prime(i) = true then

3.1.1. For j = 2 to n div i do
3.1.1.1. prime(ij) = false

4. For i = 2 to n do
4.1. If prime(i) = true then

4.1.1. Output i

6 (a) gcd = 11, lcm = 15444 (b) gcd = 8, lcm = 197912
(c) gcd = 1, lcm = 3211860

7 (a) 279/53 (b) 61/97

8 (a) x = 699 + 5726n, y = –558 – 4571n, n�J
(b) No solution: 11 | 2783 and 11 | 2046 but 11 �| 10.
(c) x = 151 + 2091n, y = –289 – 4002n, n�J

9 (a) x = 200 + 5n, y = –300 – 8n, n�J
(b) x = 10, y = 4; x = 5, y = 12

11 E n n( ) { , , , , , , } { : }0 10 5 0 5 10 5� � � � �� � J
E n n( ) { , , , , , , } { : }1 9 4 1 6 11 5 1� � � � ! �� � J
E n n( ) { , , , , , , } { : }2 8 3 2 7 12 5 2� � � � ! �� � J
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E n n( ) { , , , , , , } { : }3 7 2 3 8 13 5 3� � � � ! �� � J
E n n( ) { , , , , , , } { : }4 6 1 4 9 14 5 4� � � � ! �� � J

12

14 (a) E(1), E(2), E(4), E(5), E(7), E(8) (b) E(1), E(3), E(7), E(9)

15 (a) x�17 19mod (b) x�18 27mod

16 1, 2, 9, 10, 1, ... (repeats from this point on).

17 1, 4, 15, 2, 13, 0, 11, 14, 9, 12, 7, 10, 5, 8, 3, 6, 1, ... (repeats from this
point on).

20 Sample mean: 0.514423; sample variance: 0.095786

21 (a) 121 (b) 109 (c) 47

23 (a) 9 × 1099 (b) 2.85 × 1074

Chapter 13

1 Dominant operation: multiplication in Step 3.2; time complexity:
n – 1

2 (This answer refers to the algorithm given as the answer to Chapter 1,
Exercise 6.) Dominant operation: comparison in Step 4.1; time
complexity: n – 1
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+ E(0) E(1) E(2) E(3) E(4)

E(0) E(0) E(1) E(2) E(3) E(4)

E(1) E(1) E(2) E(3) E(4) E(0)

E(2) E(2) E(3) E(4) E(0) E(1)

E(3) E(3) E(4) E(0) E(1) E(2)

E(4) E(4) E(0) E(1) E(2) E(3)

× E(0) E(1) E(2) E(3) E(4)

E(0) E(0) E(0) E(0) E(0) E(0)

E(1) E(0) E(1) E(2) E(3) E(4)

E(2) E(0) E(2) E(4) E(1) E(3)

E(3) E(0) E(3) E(1) E(4) E(2)

E(4) E(0) E(4) E(3) E(2) E(1)



3

4 (a) 6 (b) 5

5 B is faster.

8 10n + 13, n – 4, n n, n2 + n lg n, n2 lg n, n3 + 4n, 3 × 2n; the first two
complexities in the sequence are equivalent.
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Step d i bi x answer Output

1 – – – 2 – –

2 4 – – 2 – –

3 4 – – 2 – –

3.1 4 – – 2 2 –

4 4 2 1 2 2 –

4.1 4 2 1 4 2 –

4.2 4 2 1 4 2 –

4.2.1 4 2 1 4 8 –

4 4 3 0 4 8 –

4.1 4 3 0 16 8 –

4.2 4 3 0 16 8 –

4 4 4 1 16 8 –

4.1 4 4 1 256 8 –

4.2 4 4 1 256 8 –

4.2.1 4 4 1 256 2048 –

5 4 – 1 256 2048 2048



9
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Step i x1 x2 x3 insert lower_limit upper_limit j k Output

1 – 8 5 7 – – – – – –

2 2 8 5 7 – – – – – –

2.1 2 8 5 7 5 – – – – –

2.2 2 8 5 7 5 1 2 – – –

2.3 2 8 5 7 5 1 2 – – –

2.3.1 2 8 5 7 5 1 2 1 – –

2.3.2 2 8 5 7 5 1 2 1 – –

2.3.2.1 2 8 5 7 5 1 1 1 – –

2.3 2 8 5 7 5 1 1 1 – –

2.4 2 8 5 7 5 1 1 1 1 –

2.4.1 2 8 8 7 5 1 1 1 1 –

2.5 2 5 8 7 5 1 1 1 – –

2 3 5 8 7 5 1 1 1 – –

2.1 3 5 8 7 7 1 1 1 – –

2.2 3 5 8 7 7 1 3 1 – –

2.3 3 5 8 7 7 1 3 1 – –

2.3.1 3 5 8 7 7 1 3 2 – –

2.3.2 3 5 8 7 7 1 3 2 – –

2.3.2.1 3 5 8 7 7 1 2 2 – –

2.3.1 3 5 8 7 7 1 2 1 – –

2.3.2 3 5 8 7 7 1 2 1 – –

2.3.2.2 3 5 8 7 7 2 2 1 – –

2.3 3 5 8 7 7 2 2 1 – –

2.4 3 5 8 7 7 2 2 1 1 –

2.4.1 3 5 8 8 7 2 2 1 1 –

2.5 3 5 7 8 7 2 2 1 – –

3 – 5 7 8 7 2 2 1 – 5, 7, 8



12 (a)

(b) m + n
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Step i j k ai bj ck merge

1 1 1 1 3 4 – –

2 1 1 1 3 4 – –

2.1 1 1 1 3 4 – –

2.1.1 1 1 1 3 4 3 –

2.1.2 2 1 1 6 4 3 –

2.2 2 1 2 6 4 – –

2 2 1 2 6 4 – –

2.1 2 1 2 6 4 – –

2.1.3 2 1 2 6 4 4 –

2.1.4 2 2 2 6 7 4 –

2.2 2 2 3 6 7 – –

2 2 2 3 6 7 – –

2.1 2 2 3 6 7 – –

2.1.1 2 2 3 6 7 6 –

2.1.2 3 2 3 8 7 6 –

2.2 3 2 4 8 7 – –

2 3 2 4 8 7 – –

2.1 3 2 4 8 7 – –

2.1.3 3 2 4 8 7 7 –

2.1.4 3 3 4 8 – 7 –

2.2 3 3 5 8 – – –

2 3 3 5 8 – – –

3 3 3 5 8 – – –

3.1 3 3 5 8 – – –

3.1.1 3 3 5 8 – 8 –

3.1.2 4 3 5 8 – 8 –

3.1.3 4 3 6 8 – – –

4 4 3 6 8 – – (3, 4, 6, 7, 8)



14 (a) O(mn) (b) O(mn2)

15 Not tractable: a set with n elements has 2n subsets, so any such
algorithm would have time complexity at least O(2n).

296

Discrete mathematics for computing



Index

1’s complement 30
2’s complement 29–30, 33
10’s complement of a decimal integer

42

absolute value 29
absorption laws

in Boolean algebra 143
in logic 55
in sets 79

addition
binary 24
in Boolean algebra 141
integer, on a computer 32–3, 229
real, on a computer 39

adjacency matrix 180–1
adjacent 175
algorithm 2

greedy 206
iterative 113
recursive 126–31
for a sequence 111
tracing 4
tractable 260

ancestor 210
and (connective) 46, 47
AND gate 148
annihilation laws

in Boolean algebra 143
in logic 55
in sets 79

antisymmetric relation 85
argument, validity of 58–9
arithmetic

binary 23–5
IEEE standard 35, 36, 39
integer, on a computer 31–4, 228–9
real number, on a computer 39–40

arrow diagram 96
assignment 2–3
associative axioms in Boolean algebra

141
associative laws

in logic 55
in sets 79

atomic proposition 46
axiom, Boolean 140–1

balanced ternary number system 27
base (in exponential notation) 34
base, number 14–16
bases, related 22
BCD representation 40–1
‘big O’ 251
binary arithmetic 23–5
binary coded decimal representation

40–1
binary exponential form, normalised 35
binary number system 16–17

arithmetic 23–5
conversion 17–20, 22–3

binary operation 140
binary relation 84
binary rooted tree 211
binary search 256
binomial coefficient 168, 170–1
bit 16
bitwise operation 83
Boolean algebra 140–1

laws 143
Boolean expression 143
Boolean function 147
Boolean variable 6
bound variable 60

cardinality 80
Cartesian product 81
characteristic 36
characteristic equation 123
child 210
circuit

digital 146
Eulerian 188, 258–9
in a graph 187
Hamiltonian 193, 259

codomain 94
combination 167–8
comment (in pseudocode) 2
commutative axioms in Boolean algebra

141

297



commutative laws
in logic 55
in sets 79

complement
1’s 30
2’s 29–30
10’s, of a decimal integer 42
of a graph 180
of a set 76

complement laws in Boolean algebra
143

complementation in Boolean algebra
141

complete graph 180
complexity of an algorithm 242
component of a graph 188
composite function 99–100
composite number 218
compound proposition 46, 49–50
compression, file 104–5
computer representation

of numbers 28–30, 34–9
of sets 82–3

conclusion 58
congruent 226
connected graph 175, 187
connective 46

principal 50
contradiction 52

proof by 66
contrapositive 53–4

proof using 65–6
control structures 3–4
converse 53–4
conversion

binary to hexadecimal 23
binary to octal 22
decimal to binary 17–20
decimal to hexadecimal 21–2
decimal to octal 21
hexadecimal to binary 23
octal to binary 23

coprime 220
counterexample 66
cryptography, public key 235–8
cryptosystem, RSA 236–8
cycle 200

de Morgan’s laws
in Boolean algebra 143
in logic 55
in sets 79

decimal number system 14–15
decision tree 210
decryption 235
degree 178
descendant 210
difference (of sets) 76–7

digital circuit 146
Dijkstra’s algorithm 208–9
direct proof 65
directed graph 85, 176
disjoint sets 75
disjunctive normal form 151–2
distance in a weighted graph 208
distributive axioms in Boolean algebra

141
distributive laws

in logic 55
in sets 79

divides 218
division

binary 25
real, on a computer 39

divisor 218
domain 94
double complement law

in Boolean algebra 143
in sets 79

double negation law in logic 55
dual (of a law of logic) 54
duality in Boolean algebra 142–3

edge 174
element 72, 73
encryption 104, 235–8

public key 236
enumerated form 72–3
equality (of sets) 75
equivalence class 87–9, 226–8
equivalence law in logic 55
equivalence, logical 53
equivalence relation 87, 226
error detection 107–8
Euclidean algorithm 221–2
Eulerian circuit 188, 258–9
Eulerian graph 188–9
Eulerian path 188
exclusive-or 47, 67

bitwise 92
exponent 34
exponent bias 36
exponential notation 34
expression

Boolean 143
logical 50

expression tree 211
logical 50

factorial 114, 126–7, 166, 259–60
factorisation, prime 218–19
Fibonacci sequence 113–14, 133, 136,

137
file compression 104–5
‘for all’ 60
for-do 3, 4
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forest 201
fractional part 19
free variable 60
full adder 161
function 94

Boolean 147
composite 99–100
identity 102
inverse 102–3
one-to-one 97, 103
onto 97, 103
in a programming language 105–6,

125–6, 131–2
recursively defined 126–8

Fundamental theorem of arithmetic
219, 238

general solution of a recurrence 123
graph 174

complete 180
connected 175, 187
directed 85, 176
Eulerian 188–9
Hamiltonian 193
null 175
semi-Eulerian 188–9, 193
simple 176
weighted 202–3

graphs, isomorphism of 176–7, 182–5
greatest common divisor 220–2
greedy algorithm 206

half adder 161
Hamiltonian circuit 193, 259
Hamiltonian graph 193
Hamiltonian path 193
Handshaking lemma 179
hexadecimal number system 16, 21–3
homogeneous recurrence 122
Horner’s method 26
Huffman code 215–6

idempotent laws
in Boolean algebra 143
in logic 55
in sets 79

identity axioms in Boolean algebra 141
identity function 102
identity laws

in logic 55
in sets 79

IEEE standard arithmetic 35, 36, 39
if-and-only-if (connective) 46, 49
if-then (connective) 46, 48–9
if-then (control structure) 4
if-then-else 4, 10
image 94
implication 53

implication law in logic 55
in-order traversal 212
incident 175
inclusion and exclusion, Principle of 163
inclusive-or 47
index variable 3
induction 115–19

and recursion 119–22
infix notation 212
initial condition 122
insertion sort 254–8
integer arithmetic on a computer 31–4,

228–9
integer part 19
integers 14, 73

computer representation 28–30
intersection 75–6
inverse axioms in Boolean algebra 141
inverse of a function 102–3
inverse laws

in logic 55
in sets 79

inverter 148
irrational numbers 14–15, 70
irreflexive relation 85
isolated vertex 178
isomorphic graphs 176–7, 182–5
iterative algorithm 113

Karnaugh map 153–8
Königsberg bridge problem 185–6,

188–9

laws
of Boolean algebra 143
of logic 55, 139
of sets 79, 139

leaf 210
least common multiple 220, 225
length of path 208
linear congruential method 232–3
linear recurrence 122
local area network 202
logarithm (base 2) 257
logic

laws 55, 139
predicate 59–64
propositional 44–59, 138–9

logic gate 147–8
logic gate circuit 146
logical equivalence 53
logical expression 50

simplification 56–7
logical paradox 45
logical variable 6
loop

in an algorithm 3–4
in a graph 175
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lower triangular matrix representation
182

matrix
adjacency 180–1
relation 85
weight 206–7

merging 263–4
mergesort 264
minimal spanning tree 203
minimum distance problem 208
minterm 151
modulus 226
multiple 218
multiplication

binary 24–5
in Boolean algebra 140–1
real, on a computer 39

Multiplication principle 164–5
multiplicative congruential method

232–3

nand (connective) 69
NAND gate 162
natural numbers 14, 73
nearest neighbour algorithm 206
negating a proposition 62–3
non-decimal arithmetic 23–5
non-recursive definition of a sequence

110–11
normalised binary exponential form 35
normalised representation of a real

number 34–5
not (connective) 46–8, 62
NOT gate 148
n-tuple, ordered 80–1
null graph 175
null set 73–4, 75
number base 14–16
number system

balanced ternary 27
binary 16–17
decimal 14–15
hexadecimal 16, 21–3
octal 16, 21–3
positional 15

numbers
computer representation 28–30,

34–9
irrational 14–15
natural 14, 73
rational 14, 73
real 15, 73
representation 14

octal number system 16, 21–3
one-to-one function 97, 103
onto function 97, 103

operation
binary 140
unary 140

or (connective) 46, 47–8
OR gate 148
ordered n-tuple 80–1
ordered pair 81
overflow 33, 38

paradox, logical 45
parallel edges 175–6
parent 210
partial order relation 89–90
partition 87
Pascal’s triangle 170–1
path 187

Eulerian 188
Hamiltonian 193

permutation 166–7
place value (of a digit) 15
Polish prefix notation 213
positional number system 15
post-order traversal 213–14
power set 80
powers-of-ten notation 34
pre-order traversal 213
predicate 45, 60
predicate form 73
predicate logic 59–64
premise 58
Prim’s algorithm 204
prime factorisation 218–19
prime number 218
principal connective 50
Principle of inclusion and exclusion

163
proof 64

by contradiction 66
using contrapositive 65–6
direct 65
disproof by counterexample 66
by induction 115–19

proper subset 75
proposition 44–5

atomic 46
compound 46, 49–50

propositional logic 44–59, 138–9
pseudo-random number 232
pseudo-random number generator 106,

232–3
pseudocode 2
public key encryption 236

quantifier 60
quotient 17–18

random number 231–2
range 95
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rational numbers 14, 73
real numbers 15, 73

computer representation 34–9
real number arithmetic on a computer

39–40
recurrence, linear 122
recursion 90, 109

and induction 119–22
recursive algorithm 126–31
recursive definition 114–15

of a sequence 111–14
recursively defined function 126–8
reflexive relation 85
related bases 22
relation matrix 85
relation 83–4

antisymmetric 85
binary 84
equivalence 87, 226
irreflexive 85
partial order 89–90
reflexive 85
symmetric 85
total order 90
transitive 85

relatively prime 220
remainder 17–18
repeat-until 4
representation

binary coded decimal (BCD) 40–1
of integers, computer 28–30
of numbers 14
of real numbers, computer 34–9
of sets, computer 82–3

reverse Polish notation 214
rooted tree 209–10

binary 211
RSA cryptosystem 236–8

second-order recurrence 122
seed 232
self-reference 45
semi-Eulerian graph 188–9, 193
sequence 110
set 72
sets

computer representation 82–3
laws 79, 139

Sieve of Eratosthenes 239
sign bit 29
significand 34
simple graph 176
solution of recurrence 123
sorting 254–8
spanning tree 203

subset 74–5
subtraction

binary 24
integer, on a computer 33–4
real, on a computer 39

subtree 211
summation notation 116
symmetric relation 85

tautology 51, 57–8
term 110
‘there exists’ 60
time complexity 242
total order relation 90
trace table 4–5
tracing an algorithm 4
tractable algorithm 260
transitive relation 85
Travelling sales representative problem

206
traversal

in-order 212
post-order 213–14
pre-order 213
of a tree 212

tree 174, 201
binary rooted 211
decision 210
expression 211
rooted 209–10

truth table 47–54, 145–6
truth value 44

unary operation 140
underflow 38
union 76
universal set 74

validity of an argument 58–9
variable

Boolean 6
bound 60
free 60
logical 6

Venn diagram 74
vertex 174

isolated 178

weight of edge 203
weight matrix 206–7
weighted graph 202–3
while-do 4

xor 47, 67
bitwise 92
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